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Preface 


This is the sequel to my book Functions of One Complex Variable I, and 
probably a good opportunity to express my appreciation to the mathemat- 
ical community for its reception of that work. In retrospect, writing that 
book was a crazy venture. 

As a graduate student I had had one of the worst learning experiences 
of my career when I took complex analysis; a truly bad teacher. As a 
non-tenured assistant professor, the department allowed me to teach the 
graduate course in complex analysis. They thought I knew the material; I 
wanted to learn it. I adopted a standard text and shortly after beginning 
to prepare my lectures I became dissatisfied. All the books in print had 
virtues; but I was educated as a modern analyst, not a classical one, and 
they failed to satisfy me. 

This set a pattern for me in learning new mathematics after I had become 
a mathematician. Some topics I found satisfactorily treated in some sources; 
some I read in many books and then recast in my own style. There is also the 
matter of philosophy and point of view. Going from a certain mathematical 
vantage point to another is thought by many as being independent of the 
path; certainly true if your only objective is getting there. But getting there 
is often half the fun and often there is twice the value in the journey if the 
path is properly chosen. 

One thing led to another and I started to put notes together that formed 
chapters and these evolved into a book. This now impresses me as crazy 
partly because I would never advise any non-tenured faculty member to 
begin such a project; I have, in fact, discouraged some from doing it. On 
the other hand writing that book gave me immense satisfaction and its re- 
ception, which has exceeded my grandest expectations, makes that decision 
to write a book seem like the wisest I ever made. Perhaps I lucked out by 
being born when I was and finding myself without tenure in a time (and 
possibly a place) when junior faculty were given a lot of leeway and allowed 
to develop at a slower pace—something that someone with my background 
and temperament needed. It saddens me that such opportunities to develop 
are not so abundant today. 

The topics in this volume are some of the parts of analytic function 
theory that I have found either useful for my work in operator theory or 
enjoyable in themselves; usually both. Many also fall into the category of 
topics that I have found difficult to dig out of the literature. 

I have some difficulties with the presentation of certain topics in the 
literature. This last statement may reveal more about me than about the 
state of the literature, but certain notions have always disturbed me even 
though experts in classical function theory take them in stride. The best 
example of this is the concept of a multiple-valued function. I know there 
are ways to make the idea rigorous, but I usually find that with a little 
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work it isn’t necessary to even bring it up. Also the term multiple-valued 
function violates primordial instincts acquired in childhood where I was 
sternly taught that functions, by definition, cannot be multiple-valued. 

The first volume was not written with the prospect of a second volume 
to follow. The reader will discover some topics that are redone here with 
more generality and originally could have been done at the same level of 
sophistication if the second volume had been envisioned at that time. But 
I have always thought that introductions should be kept unsophisticated. 
The first white wine would best be a Vouvray rather than a Chassagne- 
Montrachet. 

This volume is divided into two parts. The first part, consisting of Chap- 
ters 13 through 17, requires only what was learned in the first twelve chap- 
ters that make up Volume I. The reader of this material will notice, how- 
ever, that this is not strictly true. Some basic parts of analysis, such as 
the Cauchy-Schwarz Inequality, are used without apology. Sometimes re- 
sults whose proofs require more sophisticated analysis are stated and their 
proofs are postponed to the second half. Occasionally a proof is given that 
requires a bit more than Volume I and its advanced calculus prerequisite. 
The rest of the book assumes a complete understanding of measure and 
integration theory and a rather strong background in functional analysis. 

Chapter 13 gathers together a few ideas that are needed later. Chapter 
14, “Conformal Equivalence for Simply Connected Regions,” begins with a 
study of prime ends and uses this to discuss boundary values of Riemann 
maps from the disk to a simply connected region. There are more direct 
ways to get to boundary values, but I find the theory of prime ends rich in 
mathematics. The chapter concludes with the Area Theorem and a study 
of the set S of schlicht functions. 

Chapter 15 studies conformal equivalence for finitely connected regions. 
I have avoided the usual extremal arguments and relied instead on the 
method of finding the mapping functions by solving systems of linear equa- 
tions. Chapter 16 treats analytic covering maps. This is an elegant topic 
that deserves wider understanding. It is also important for a study of Hardy 
spaces of arbitrary regions, a topic I originally intended to include in this 
volume but one that will have to await the advent of an additional volume. 

Chapter 17, the last in the first part, gives a relatively self contained 
treatment of de Branges’s proof of the Bieberbach conjecture. I follow the 
approach given by Fitzgerald and Pommerenke [1985]. It is self contained 
except for some facts about Legendre polynomials, which are stated and 
explained but not proved. Special thanks are owed to Steve Wright and 
Dov Aharonov for sharing their unpublished notes on de Branges’s proof 
of the Bieberbach conjecture. 

Chapter 18 begins the material that assumes a knowledge of measure 
theory and functional analysis. More information about Banach spaces is 
used here than the reader usually sees in a course that supplements the 
standard measure and integration course given in the first year of graduate 


Preface ix 


study in an American university. When necessary, a reference will be given 
to Conway [1990]. This chapter covers a variety of topics that are used in 
the remainder of the book. It starts with the basics of Bergman spaces, some 
material about distributions, and a discourse on the Cauchy transform and 
an application of this to get another proof of Runge’s Theorem. It concludes 
with an introduction to Fourier series. 

Chapter 19 contains a rather complete exposition of harmonic functions 
on the plane. It covers about all you can do without discussing capacity, 
which is taken up in Chapter 21. The material on harmonic functions from 
Chapter 10 in Volume I is assumed, though there is a built-in review. 

Chapter 20 is a rather standard treatment of Hardy spaces on the disk, 
though there are a few surprising nuggets here even for some experts. 

Chapter 21 discusses some topics from potential theory in the plane. It 
explores logarithmic capacity and its relationship with harmonic measure 
and removable singularities for various spaces of harmonic and analytic 
functions. The fine topology and thinness are discussed and Wiener’s cri- 
terion for regularity of boundary points in the solution of the Dirichlet 
problem is proved. 

This book has taken a long time to write. I’ve received a lot of assistance 
along the way. Parts of this book were first presented in a pubescent stage 
to a seminar I presented at Indiana University in 1981-82. In the sem- 
inar were Greg Adams, Kevin Clancey, Sandy Grabiner, Paul McGuire, 
Marc Raphael, and Bhushan Wadhwa, who made many suggestions as the 
year progressed. With such an audience, how could the material help but 
improve. Parts were also used in a course and a summer seminar at the 
University of Tennessee in 1992, where Jim Dudziak, Michael Gilbert, Beth 
Long, Jeff Nichols, and Jeff vanEeuwen pointed out several corrections and 
improvements. Nathan Feldman was also part of that seminar and besides 
corrections gave me several good exercises. Toward the end of the writing 
process I mailed the penultimate draft to some friends who read several 
chapters. Here Paul McGuire, Bill Ross, and Liming Yang were of great 
help. Finally, special thanks go to David Minda for a very careful read- 
ing of several chapters with many suggestions for additional references and 
exercises. 

On the technical side, Stephanie Stacy and Shona Wolfenbarger worked 
diligently to convert the manuscript to TeX. Jinshui Qin drew the figures in 
the book. My son, Bligh, gave me help with the index and the bibliography. 

In the final analysis the responsibility for the book is mine. 

A list of corrections is also available from my WWW page (http: // 
www.math.utk.edu/~conway /). 

Thanks to R. B. Burckel. 

I would appreciate any further corrections or comments you 
wish to make. 

John B Conway 
University of Tennessee 
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Chapter 13 


Return to Basics 


In this chapter a few results of a somewhat elementary nature are collected. 
These will be used quite often in the remainder of this volume. 


81 Regions and Curves 


In this first section a few definitions and facts about regions and curves in 
the plane are given. Some of these may be familiar to the reader. Indeed, 
some will be recollections from the first volume. 

Begin by recalling that a region is an open connected set and a simply 
connected region is one for which every closed curve is contractible to a 
point (see 4.6.14). In Theorem 8.2.2 numerous statements equivalent to 
simple connectedness were given. We begin by recalling one of these equiv- 
alent statements and giving another. Do not forget that C,. denotes the 
extended complex numbers and 0,,G denotes the boundary of the set G in 
C,.. That is, 0,,G = 0G when G is bounded and 0,.G = 0G U {oo} when 
G is unbounded. 

It is often convenient to give results about subsets of the extended plane 
rather than about C. If something was proved in the first volume for a 
subset of C, but it holds for subsets of C,. with little change in the proof, 
we will not hesitate to quote the appropriate reference from the first twelve 
chapters as though the result for C,. was proved there. 


1.1 Proposition. If G is a region in Cao, the following statements are 
equivalent. 


(a) G is simply connected. 
(b) Cy \ G is connected 


(c) OxoG is connected. 


Proof. The equivalence of (a) and (b) has already been established in 
(8.2.2). In fact, the equivalence of (a) and (b) was established without 
assuming that G is connected. That is, it was only assumed that G was 
a simply connected open set; an open set with every component simply 
connected. The reader must also pay attention to the fact that the con- 
nectedness of G will not be used when it is shown that (c) implies (b). This 
will be used when it is shown that (b) implies (c). 
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So assume (c) and let us prove (b). Let F be a component of C,, \ G; so 
F is closed. It follows that FNcl G 4 @ (cl denotes the closure operation in 
C while cl. denotes the closure in the extended plane.) Indeed, if it were 
the case that FMcl G = @, then for every z in F there is an € > 0 such that 
B(z;e) NG =9. Thus FU B(z;e) CC \G. But FU B(z;e) is connected. 
Since F’ is a component of C, \ G, B(z;e) C F. Since z was an arbitrary 
point, this implies that F’ is an open set, giving a contradiction. Therefore 
FoudGF%. 

Let z € FN cl G; so zp € OnoG. By (c) 04.G is connected, so F U0.G 
is a connected set that is disjoint from G. Therefore 0,,G C F since Fis a 
component of C,, \G. What we have just shown is that every component 
of C,, \G must contain 0..G. Hence there can be only one component and 
so C, \ G is connected. 

Now assume that condition (b) holds. So far we have not used the fact 
that G is connected; now we will. Let U = Cy \cloG. Now Cy \U = 
cl..G and clwG is connected. Since we already have that (a) and (b) are 
equivalent (even for non-connected open sets), U is simply connected. Thus 
Cy \0oG = GUU is the union of two disjoint simply connected sets and 
hence must be simply connected. Since (a) implies (b), 0..G = Cy \(GUU) 
is connected. O 


1.2 Corollary. If G is a region in C, then the map F — F NOG defines 
a bijection between the components of C.\\G and the components of Oo.G. 


Proof. If F isa component of C,, \G, then an argument that appeared in 
the preceding proof shows that FN 0,.G 4 @. Also, since 0.,G C Cy \ G, 
any component C’ of 0..G that meets F' must be contained in F’. It must 
be shown that two distinct components of 0,,G cannot be contained in F’. 

To this end, let G; = C, \ F. Since G, is the union of G and the 
components of C,, \ G that are distinct from F’, G; is connected. Since 
C. \G, = F,, a connected set, G; is simply connected. By the preceding 
proposition, 0,,G, is connected. Now 0,,G1 C 0G. In fact for any point z 
in 0..G1, 04 Blz;e)N(CQ\Gi1) C B(z;e)N(C~\G). Also if B(z;e)NG = 
0, then B(z;e) C Cy, \G and B(z;e)NF £ 9; thus z € int F,, contradicting 
the fact that z € 0,,G,. Thus 0,,G; C 0,,G. Therefore any component of 
0,.G that meets F’ must contain 0,,G,. Hence there can be only one such 
component of 0,,.G. That is, FN @..G is a component of 0,.G. 

This establishes that the map F — F'™0,.G defines a map from the 
components of C,, \ G to the components of 0,,G. The proof that this 
correspondence is a bijection is left to the reader. O 


Recall that a simple closed curve in C is a path y: [a,b] — C such that 
y(t) = >(s) if and only if t = s or |s — t| = b—a. Equivalently, a simple 
closed curve is the homeomorphic image of OD. Another term for a simple 
closed curve is a Jordan curve. The Jordan Curve Theorem is given here, 


13.1. Regions and Curves 3 


but a proof is beyond the purpose of this book. See Whyburn [1964]. 


1.3 Jordan Curve Theorem. /f y is a simple closed curve in C, then 
C\7y has two components, each of which has y as its boundary. 


Clearly one of the two components of C \ is bounded and the other is 
unbounded. Call the bounded component of C \ + the inside of y and call 
the unbounded component of C \ y the outside of y. Denote these two sets 
by ins y and out ¥, respectively. 

Note that if + is a rectifiable Jordan curve, so that the winding number 
n(y; a) is defined for all a in C \ 7, then n(y;a) = +1 for a in ins y while 
n(y;a) = 0 for a in out +. Say ¥ is positively oriented if n(y;a) = 1 for all 
ain ins . A curve 7¥ is smooth if y is a continuously differentiable function 
and +‘(t) # 0 for all t. Say that + is a loop if y is a positively oriented 
smooth Jordan curve. 

Here is a corollary of the Jordan Curve Theorem 


1.4 Corollary. If is a Jordan curve, ins - and (out y) U {oo} are simply 
connected regions. 


Proof. In fact, C, \ ins y = cl.(out y) and this is connected by the 
Jordan Curve Theorem. Thus ins ¥y is simply connected by Proposition 1.1. 
Similarly, out -y U {co} is simply connected. O 


A positive Jordan system is a collection T = {7,...,%m} of pairwise 
disjoint rectifiable Jordan curves such that for all points a not on any 4;, 
n(T; a) = Do, 2(7;;@) = 0 or 1. Let out T = {a € C: n(I'; a) = 0} = the 
outside of I and let ins T = {a € C: n(T;a) = 1} = the inside of T. Thus 
C\T = out PUins [. Say that [ is smooth if each curve y; in T is smooth. 

Note that it is not assumed that ins I is connected and if [ has more 
than one curve, out I is never connected. The boundary of an annulus is 
an example of a positive Jordan system if the curves on the boundary are 
given appropriate orientation. The boundary of the union of two disjoint 
closed annuli is also a positive Jordan system, as is the boundary of the 
union of two disjoint closed disks. 

If _X is any set in the plane and A and B are two non-empty sets, say that 
X separates A from B if A and B are contained in distinct components of 
the complement of X. The proof of the next result can be found on page 
34 of Whyburn [1964]. 


1.5 Separation Theorem. If K is a compact subset of the open set U, 
aé kK, andbe Cy \U, then there is a Jordan curve y in U such that y is 
disjoint from K and + separates a from b. 


In the preceding theorem it is not possible to get that the point a lies 
in ins . Consider the situation where U is the open annulus ann(Q; 1,3), 
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K = {z;|z| = 3/2}, a = 3/2, and b=0. 


1.6 Corollary. The curve y in the Separation Theorem can be chosen to 
be smooth. 


Proof. Let 2 = ins y and for the moment assume that a € (2. The other 
case is left to the reader. Let Ko = KNQ. Since yN K = 9, it follows that 
Ko is a compact subset of 2 that contains a. Since 2 is simply connected, 
there is a Riemann map 7 : D — 22. By a compactness argument there is 
a radius r, 0 <r <1, such that r(rD) D Ko. Since U is open and y C U, 
r can be chosen so that 7(rOD) C U. Let o be a parameterization of the 
circle rOD and consider the curve 7 oc. Clearly 7 oo separates a from J, is 
disjoint from K, and lies inside U. O 


Note that the proof of the preceding corollary actually shows that y can 
be chosen to be an analytic curve. That is, y can be chosen such that 
it is the image of the unit circle under a mapping that is analytic in a 
neighborhood of the circle. (See §4 below.) 


1.7 Proposition. If K is a compact connected subset of the open set U 
and 6 is a point in the complement of U, then there is a loop y in U that 
separates K and b. 


Proof. Let a € K and use (1.6) to get a loop y that separates a and b. 
Let Q“ be the component of the complement of y that contains a. Since 
KNQ490, KNy=49, and K is connected, it must be that K CQ. O 


The next result is used often. A proof of this proposition can be given 
starting from Proposition 8.1.1. Actually Proposition 8.1.1 was not com- 
pletely proved there since the statement that the line segments obtained in 
the proof form a finite number of closed polygons was never proved in de- 
tail. The details of this argument are combinatorially complicated. Basing 
the argument on the Separation Theorem obviates these complications. 


1.8 Proposition. If E is a compact subset of an open set G, then there 
is a smooth positively oriented Jordan system T contained in G such that 
E Cinsl CG. 


Proof. Now G can be written as the increasing union on open sets Gy, 
such that each G, is bounded and C \ G, has only a finite number of 
components (7.1.2). Thus it suffices to assume that G is bounded and C\G 
has only a finite number of components, say Ko, K,,..., AK, where Ko is 
the unbounded component. 

It is also sufficient to assume that G is connected. In fact if U;,Uo,... 
are the components of G, then {U,,} is an open cover of FE. Hence there 
is a finite subcover. Thus for some integer m there are compact subsets 
Ey, of Up, 1 < k < m, such that E = Uj" Ex. If the proposition is proved 
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under the additional assumption that G is connected, this implies there 
is a smooth positively oriented Jordan system [, in Ux, such that FE, C 
ins I. C U,; let © = Uy Tg. Note that since cl (ins l,) =P, Uins Ty C Uk, 
cl (ins [,) Ncl (ins [;) = @ for k #4 i. Thus T is also a positively oriented 
smooth Jordan system in G and FE Cins T= Ur ins, CG. 

Let ¢ > 0 such that for 0 < j < n, (K;j)e = {z : dist(z,K;) < e} 
is disjoint from F as well as the remainder of these inflated sets. Also 
pick a point ap in intKg. By Proposition 1.7 for 1 < 3 < n there is a 
smooth Jordan curve y; in {z : dist(z, K;) < e} that separates ap from K;. 
Note that a9 belongs to the unbounded component of the complement of 
{z: dist(z, K;) < e}. Thus K, C ins y; and ap € out 7;. Give 7; a negative 
orientation so that n(y; : z) = —1 for all z in K;. 

Note that U = C \ Ko is a simply connected region since its complement 
in the extended plane, Ko, is connected. Let 7 : D — U be a Riemann map. 
For some r,0<r<1,V =~7(rD) contains EU; K; and OV C int(Ko)e. 
Let yo = OV with positive orientation. Clearly E UU; K; C ins yo and 
ao € out Yo. 

It is not difficult to see that T = {y0,71,-.-,¥n} is a smooth Jordan 
system contained in G. If z € K; for 1 <j <n, then n(T, z) = n(y;, z) + 
n(yo,z) = —1+1=0. Now ag € out T; but the fact that [T C G and Ko is 
connected implies that Ko C out I. It follows that ins [ C G. 

On the other hand, if z € E, then z € out y; for 1 < j < nand z € ins 7. 
Thus F CinsT. O 


1.9 Corollary. Suppose G is a bounded region and Kop,..., Kn are the 
components of Coo \ G with oo in Ko. If « > 0, then there is a smooth 
Jordan system T = {0,.--,%n} in G such that: 


(a) forl<j<n, K; Cinsy,; 
(b) Ko C out YO: 
(c) forO<j <n, 4; C {z: dist(z, K;) < e}. 


Proof. Exercise. 0 


1.10 Proposition. An open set G in C ts simply connected if and only if 
for every Jordan curve y contained in G, insy C G. 


Proof. Assume that G is simply connected and 7¥ is a Jordan curve in G. 
So C,, \G is connected, contains oo, and is contained in C,, \y. Therefore 
the Jordan Curve Theorem implies that C \G C out -y. Hence, cl (ins y) = 
C\ out y CG. 

Now assume that G contains the inside of any Jordan curve that lies in 
G. Let o be any closed curve in G; it must be shown that o is homotopic 
to 0 in G. Let ¢ > 0 be chosen so that (a). C G and pick a point b in the 
unbounded component of the complement of (a)-. By Proposition 1.7 there 
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is a Jordan curve y in {z : dist(z,a) < e} that separates the compact set 
o and the point b. The unbounded component of the complement of (c), 
must be contained in the outside of y so that b € out 7; thus o C ins ¥. 
But ins ¥y is simply connected (1.4) so that o is homotopic to O in ins ¥. 
But by assumption G contains ins y so that o is homotopic to 0 in G and 
G is simply connected. O 


1.11 Corollary. If y and o are Jordan curves with o C cl(insy), then 
ins 0 C ins ¥. 


A good reference for the particular properties of planar sets is Newman 
[1964]. 


Exercises 


1. Give a direct proof of Corollary 1.11 that does not depend on Propo- 
sition 1.10. 


2. For any compact set EF, show that FE, has a finite number of compo- 
nents. If & is connected, show that E, is connected. 


3. Show that a region G is simply connected if and only if every Jordan 
curve in G is homotopic to 0. 


4. Prove Corollary 1.9. 


5. This exercise seems appropriate at this point, even though it does 
not use the results from this section. The proof of this is similar to 
the proof of the Laurent expansion of a function with an isolated 
singularity. Using the notation of Corollary 1.9, show that if f is 
analytic in G, then f = fo+ fi +::-+ fn, where f; is analytic on 
Cy \K; (0< 7 <n) and f;(0o) = 0 for 1 < j < n. Show that the 
functions are unique. Also show that if f is a bounded function, then 
each f; is bounded. 


§2 Derivatives and Other Recollections 


In this section some notation is introduced that will be used in this book 
and some facts about derivatives and other matters will be recalled. 

For any metric space X, let C(X) denote the algebra of continuous 
functions from X into C. If n is a natural number and G is an open 
subset of C, let C”(G) denote the functions f : G — C such that f 
has continuous partial derivatives up to and including the n-th order. 
C°(G) = C(G) and C™~(G) = the infinitely differentiable functions on 
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G. If 0 <n < co, C"™(G) denotes those functions f in C"(G) with suppf = 
support of f=cl {z eG: f(z) # 0} compact. 

It is convenient to think of functions f defined on C as functions of the 
complex variables z and Z rather than the real variables xz and y. These 
two sets of variables are related by the formulas 


_ z+z2 zz 
~ 9 nn 


Thus for a differentiable function f on an open set G, it is possible to 
discuss the derivatives of f with respect to z and Z. Namely, define 


_ OF _1/Of _ oF 
of = = 3 (= is), 
5p . Of _1( Of , OF 
Of = 3-3 (Stig): 


These formulas can be justified by an application of the chain rule. A 
derivation of the formulas can be obtained by considering dz = dx + idy 
and dz = dz — idy as a module basis for the complex differentials on G, 
expanding the differential of f, df, in terms of the basis, and observing that 
the formulas for Of and Of given above are the coefficients of dz and dz, 
respectively. 

The origin of this notation is the theory of functions of several complex 
variables, but it is very convenient even here. In particular, as an easy 
consequence of the Cauchy-Riemann equations, or rather a reformulation 
of the result that a function is analytic if and only if its real and imaginary 
parts satisfy the Cauchy-Riemann equations, we have the following. 


2.1 Proposition. A function f :G— C is analytic if and only if Of = 0. 


So the preceding proposition says that a function is analytic precisely 
when it is a function of z alone and not of Z. 

With some effort (not to be done here) it can be shown that all the 
laws for calculating derivatives apply to 0 and 0 as well. In particular, the 
rules for differentiating sums, products, and quotients as well as the chain 
rule are valid. The last is explicitly stated here and the proof is left to the 
reader. 


2.2 Chain Rule. Let G be an open subset of C and let f € C1(G). If Q is 
an open subset of C such that f(G) CQ andg € C1(Q), then gof € C1(G) 
and 


Agof) = [(g)o flOf + [(g9) of] Of 
d(g° f) [(8g) o f] OF + [(g) o f] OF 


Sm by 
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So if a formula for a function f can be written in terms of elementary 
functions of z and Zz, then the rules of calculus can be applied to calculate 
the derivatives of. f to any order. The next result contains such a calcula- 
tion. 


2.3 Proposition. 
(a) O(log |z|) = 1{2z} and O (log |z|) = 1{2z}. 
(b) Of = Of. 


a 6 a\* (ay? 
[ ——4~ —-~= | — — — 
(c) pA is ihe Laplacian, ye + Oy (5) + (5) , then A 
400 = 400. 


Proof. For part (a), write log|z| = 5 log |z|? = 5 log(zZ) and apply the 
chain rule. The remaining parts are left to the reader. O 


Hence a function u : G — C is harmonic if and only if 00u = 0 on G. 
Therefore, u is harmonic if and only if Ou is analytic. (Note that we are 
considering complex valued functions to be harmonic; in the first volume 
only real-valued functions were harmonic.) 

For any function u defined on an open set, the n-th order derivatives of 
u are all the derivatives of the form 070*u, where 7 +k =n. 

A polynomial in z and Z is a function p(z,Z) of the form > a;,272*, 
where aj, is a complex number and the summation is over some finite set 
of non-negative integers. The n-th degree term of p(z,Z) is the sum of all 
the terms aj,2/Z" with j + k = n. The polynomial p(z,Z) has degree n if 
it has no terms of degree larger that n. 

It is advantageous to rewrite several results from advanced calculus with 
this new notation. 


2.4 Taylor’s Formula. /f f ¢ C"(G), n > 1, and B(a; R) C G, then there 
is a unique polynomial p(z,Zz) in z and Z of degree <n —1 and there is a 
function g in C"(G) such that the following hold: 


(a) f=ptg; 
(b) each derivative of g of order <n—1 vanishes at a; 


(c) for each z in B(a; R) there is an s,0<s <1, (s depends on z) such 
that 


a2)=— S> [arf] (a+ sz -a)) (2-0) @- a. 


k4jen | 
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Thus for each z in B(a; R) 


S- max {|0*3! f(w) :|w—al < lz — al}, 


k+j=n 


2.5 Green’s Theorem. /f T is a smooth positive Jordan system with 
G =insT, u€ C(cl G), ue Cl(G), and Ou is integrable over G, then 


fu=af Ou. 
I G 


While here, let us note that integrals with respect to area measure on C 
will be denoted in a variety of ways. | f c is one way (if the variable of inte- 
gration can be suppressed) and [., fdA = J, f(z)dA(z) is another. Which 
form of expression is used will depend on the context and our purpose at 
the time. The notation { f dA will mean that integration is to be taken 
over all of C. Finally, yx denotes the characteristic function of the set K; 
the function whose value at points in K is 1 and whose value is 0 at points 
of the complement of K. 

Using Green’s Theorem, a version of Cauchy’s Theorem that is valid for 
non-analytic functions can be obtained. But first a lemma is needed. This 
lemma will also be used later in this book. As stated, the proof of this lemma 
requires knowledge of the Lebesgue integral in the plane, a violation of the 
ground rules established in the Preface. This can be overcome by replacing 
the compact set K below by a bounded rectangle. This modified version 
only uses the Riemann integral, can be proved with the same techniques 
as the proof given, and will suffice in the proof of the succeeding theorem. 


2.6 Lemma. If K is a compact subset of C, then for every z 


| lz — ¢| 1d A(C) < 00. 
K 


Proof. If h(¢) = |¢|~', then using a change of variables shows that 


| lz — Cla A(C) / vc (O)h(z — OdA(C) 
K 
- / «(2 — Oh(C)dA(C) 


[rio aato 
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If R is sufficiently large that z — kK C B(0; R), then 


| aA) 
B(O;R 


| / dédr 
0 Jo 
27 R. 


IA 


/ lz — ¢|dA(C) 
K 


O 


2.7 The Cauchy-Green Formula. [fT is a smooth positive Jordan sys- 
tem, G=ins T, u € C(cl G), ue Cl(G), and Ou is integrable on G, then 
for every z inG 


(2) = 5 f (oe - 2a — = | (C2) 1a d(C). 


(Ont 


Proof. Fix w in G and choose € > 0 such that B(w;e) C G. Put B, = 
B(w;e) and G; = G\ cl B,. Now apply Green’s Theorem to the function 
(z — w)~tu(z) and the open set G.. (Note that 0G. =I U OB, and, with 
proper orientation, OG, becomes a positive Jordan system.) On G., 


A[(z- w)~*ul = (z—w)*du 


since (z — w)~! is an analytic function on G,. Hence 


1 — 
2.8 / UZ) a, — / Ue) a, = 2 | Ou dA(z). 
rc<—-w 0B. ~~ W G. ~*~ Ww 
But on 
lim w(2) dz = imi | u(w + ce’)dO 
e—0 AaB, = — WwW e>0 Jo 
= 2riu(w). 


Because (z — w)~* is locally integrable (Lemma 2.6) and bounded away 
from w and Ou is bounded near w and integrable away from w, the limit 
of the right hand side of (2.8) exists. So letting « — 0 in (2.8) gives 


~2— W 2 — WwW 


| U2) 4 — 2riu(w) = aif ! Ou dA(z). 
O 


_ Note that if, in the preceding theorem, u is an analytic function, then 
Ou = 0 and this become Cauchy’s Integral Formula. 
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2.9 Corollary. If u€ Cl(C) and w €C, then 


u(w) = -- | : Ou dA(z). 


There are results analogous to the preceding ones where the Laplacian 
replaces OQ. 


2.10 Lemma. If K is a compact subset of the plane, then 
| og |z|| dA(z) <0. 
K 


Proof. If polar coordinates are used, then it is left to the reader to show 
that for any R > 1 


/ log |z|| dA(z) = rR? (tog R - 5) +. 
Jz|<R 2 


This proves the lemma. O 


2.11 Theorem. I[f u € C2 on the plane and w € C, then 


u(w) = = Joes iz — wi|Au dA(z). 


Proof. Let R be positive such that supp(u) C B(w;R) and for « > 0 
let G. = {z:e<|z—w|< R} and y, = {z:|z-—w| =e} with suitable 
orientation. Green’s Theorem implies 


Oulog|z—w|dz = 2i | O [log |z — w|Ou] dA(z) 
G. 


Ye 


= 2i | (00u) log |z — w|d A(z) 
G- 


1 
+21 I em) dA(z) 


a 


= 5 | (Au) log |z — w|dA(z) 
2 Jo. 
+i | UA A(2). 
Ge z — W 
Now | Jn, (Ou) log |z — wldz| < Meloge for some constant M independent 


of ce. Hence the integral converges to 0 as e > 0. Since (Z — W)~? is locally 
integrable and Ou has compact support, [ Jo. [Ou /(Z — w)] converges as 
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€é — 0. By Corollary 2.9 and Proposition 2.3(b) this limit must be —7u(w). 
Since Au is continuous and has compact support, combining this latest 
information with the above equations, the theorem follows. O 


We end this section with some results that connect areas with analytic 
functions. The first result is a consequence of the change of variables for- 
mula for double integrals and the fact that if f is an analytic function, then 
the Jacobian of f considered as a mapping from R? into R? is |f’|? (see 
Exercise 2). 


2.12 Theorem. If f is a conformal equivalence between the open sets G 
and QQ, then 
Area(Q) -// \f’|?. 
G 


2.13 Corollary. [fQ 1s a simply connected region, T : D — 2. is a Riemann 
map, and T(z) = )_,, Anz” in D, then 


Area(Q) = // Ir’? = 2S  nlanl?. 
D Tr 


Proof. The first equality is a restatement of the preceding theorem for 
this special case. For the second equality, note that 7’(z) = }>,, nanz”?. 
So for r < 1, 


i (re) 


(>: nag reo) (>: tren 


5 MING Ayr tr Aen)? 


m,n 


and this series converges uniformly in 9. Using polar coordinates to calcu- 
late ff, |7’|? and the fact that fr e'(r—™)9q9 — 0 for n £m, we get 


1 
// j7’|? = Yan /2(2n) [ r2"—ldr 
D - 0 
1 
2). 12 
2x) anlar 
tS — nlan|?. 


O 


If f fails to be a conformal equivalence, a version of this result remains 
valid. Namely, ff |f’|? is the area of f(G) “counting multiplicities.” This 
is made specific in the next theorem. The proof of this result uses some 
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measure theory; in particular, the reader must know the Vitali Covering 
Theorem. 


2.14 Theorem. If f :G— Q is a surjective analytic function and for each 
€ in Q,n(C) is the number of points in f~1(C), then 


[irpaa= [ moat. 


Proof. Since f is analytic, {z : f’(z) = 0} is countable and its complement 
in G is an open set with the same measure. Thus without loss of generality 
we may assume that f’ never vanishes; that is, f is locally one-to-one. 
Thus for each z in G there are arbitraily small disks centered at z on 
which f is one-to-one. The collection of all such disks forms a Vitali cover 
of G. By the Vitali Covering Theorem there are a countable number of 
pairwise disjoint open disks {D,,} such that f is one-to-one on each D, 
and Area(G \ U,D,) = 0. 

Put A = Unf(Dn) = f(UnDn). The set G \ U, Dn can be written as 
the countable union of compact sets U;K,; (Why?). Since f is analytic, it 
is locally Lipschitz. Thus Area f(K;) = 0 for each j > 1. Thus Area(Q) 
= Area(A). For 1 < k < oo, let A, = {C € A: n(C) = k}; so Area(A) = 
>>, Area(A;). If G, = f—~'(Ax), then Theorem 2.12 implies 


'PdA = | ‘PAA 
[or > ee 


> Area( f(Dn)M Ax) 


n=1 


kArea(Ax,) 


since f is one-to-one on each D,,. Thus 
firraa = > f irra 
G 1<k<00 7 Gk 


S° & Area(Ax) 


1<k<oo 


| n(¢) dA(0). 
Q 


Exercises 


1. Show that if AK and LD are compact subsets of C, then there is a 
constant M > 0 such that f, |z—(¢|~'dA(¢) < M for all z in L. 
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2. Show that if f : G — C is an analytic function and we consider f as 
a function from the region G in R? into R?, then the Jacobian of f 


is | f’|?. 
3. Let f be defined on D by f(z) = exp [(z + 1) /(z — 1) )] and show that 
ff |f’(z)| = oo. Discuss. 


4. If G is a region and uw is a real-valued harmonic function on G such 
that {z : u(z) = 0} has positive area, then u is identically 0. 


83 Harmonic Conjugates and Primitives 


In Theorem 8.2.2 it was shown that a region G in the plane has the property 
that every harmonic function on G has a harmonic conjugate if and only 
if G is simply connected. It was also shown that the simple connectivity 
of G is equivalent to the property that every analytic function on G has a 
primitive. 

The above mentioned results neglect the question of when an individual 
harmonic function has a conjugate or an individual analytic function has 
a primitive. In this section these questions will be answered and it will be 
seen that even on an individual basis these properties are related. 

We begin with an elementary result that has been used in the first volume 
without being made explicit. The proof is left to the reader. 


3.1 Proposition. If f : G — C is an analytic function, then f has a 
primitive if and only if J, f =0 for every closed rectifiable curve y inG. 


Another result, an easy exercise in the use of the Cauchy-Riemann equa- 
tions, is the following. 


3.2 Proposition. If u:G— C is a C? function, then u is a harmonic 
function on G if and only if f = (uz — iuy)/2 = Ou is an analytic function 
on G. 


It turns out that there is a close relation between the harmonic function u 
and the analytic function f = Ou. Indeed, one function often can be studied 
with the help of the other. A key to this is the following computation. If y 
is any closed rectifiable curve in G, then 


3.3 [ow —_ [usdy — u,dz). 
Y 2, 


In fact, J, f= 5 a Sy (uz —ituy)(dx +idy) = 5 aS, (uzdx + u,dy) + 5 J, (uedy — 
uydx) and Jf (u,dx + uydy) = 0 since this is the integral of an exact differ- 
ential. 
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We are now ready to present a direct relation between the existence of a 
harmonic conjugate and the existence of a primitive. 


3.4 Theorem. If G is a region inC andu: G > R is a harmonic function, 
then the following statements are equivalent. 


(a) The function u has a harmonic conjugate. 
(b) The analytic function f = Ou has a primitive in G. 
(c) For every closed rectifiable curve y in G, J, (u,dy — uydx) = 0. 


Proof. By Proposition 3.1, (3.3) shows that (b) and (c) are equivalent. 

(a) implies (b). If g is an analytic function on G such that g = u + iv, 
then the fact that the Cauchy-Riemann equations hold implies that g’ = 
Uz + Wy = Ug — Wy = 2f. 

(b) implies (a). Suppose g is an analytic function on G such that g’ = 2f 
and let U and V be the real and imaginary parts of g. Thus g’ = U,+iV, = 
2f = Uz —tuy. It is now an easy computation to show that u and V satisfy 
the Cauchy-Riemann equations, and so V is a harmonic conjugate of u. O 


For a function u the differential u,dy—u,dz is called the conjugate differ- 
ential of u and is denoted *du. Why? Suppose u is a harmonic function with 
a harmonic conjugate v. Using the Cauchy-Riemann equations the differ- 
ential of v is dv = v,dz + vydy = —u,dz + uzdy = *du. So Theorem 3.4(c) 
says that a harmonic function u has a harmonic conjugate if and only if its 
conjugate differential *du is exact. (See any book on differential forms for 
the definition of an exact form.) 

The reader might question whether Theorem 3.4 actually characterizes 
the harmonic functions that have a conjugate, since it merely states that 
this problem is equivalent to another problem of equal difficulty: whether 
a given analytic function has a primitive. There is some validity in this 
criticism, though this does not diminish the value of (3.4); it is a criticism 
of the result as it relates to the originally stated objective rather than any 
internal defect. 

Condition (c) of the theorem says that to check whether a function has 
a conjugate you must still check an infinite number of conditions. In §15.1 
below the reader will see that in the case of a finitely connected region this 
can be reduced to checking a finite number of conditions. 

Here is a fact concerning the conjugate differential that will be used in 
the sequel. Recall that Ou /On denotes the normal derivative of u with 
respect to the outwardly pointed normal to a given curve 7. 


3.5 Proposition. If u is a continuously differentiable function on the re- 
gion G and +¥ is a closed rectifiable curve in G, then 


1. 1 1 
— | Ou= oe OU ae), 
Tt Jy 2m J. T1 Jy On 
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Proof. The first equality is a rephrasing of (3.3) using the latest edition 
of the notation. The proof of the second equality is a matter of using the 
definitions of the relevant terms. This will not be used here and so the 
details are left to the reader. O 


Exercises 


1. If G is a region and u: G — R is a continuous function, then wu is 
harmonic if and only if for every a in G there is an 6 > 0 such that 
u(a) = (27)~+ fu(at+ re’’)d@ for r < 6. (A slight weakening of the 
fact that functions with the Mean Value Property are harmonic.) 


2. If wu is a real-valued function on G, show that Ou dz = Ou dz = 
5(du + i*du). Hence Ou dz + Ou dz = du + i*du. 


3. Prove that a region G is simply connected if and only if every complex 
valued harmonic function u: G— C can be written as u = g +h for 
analytic functions g and fA on G. 


4. Let G be a region and f : G — C an analytic function that never 
vanishes. Show that the following statements are equivalent. (a) There 
is an analytic branch of log f(z) on G (that is, an analytic function 
g:G— C such that exp|g(z)] = f(z) for all z in G). (b) The 
function f’/ f has a primitive. (c) For every closed rectifiable path y 


inG, J, f'/f =0. 


5. Let r = p/q be a rational function, where p and q are polynomials 
without a common divisor. Let a,,...,@, be the distinct zeros of p 
with multiplicities a1,...,Q@, and let b,,...,5, be the distinct zeros 
of g with multiplicities G,,...,Gm. If G is an open set in C that 
contains none of the points a1,...,@,, b1,...,0m, show that there is 
an analytic branch of log r(z) if and only if for every closed rectifiable 
path + in G, 


0= S| ajn(y;a;) — S- Bin(y : bj). 
j=l i=1 


$4 Analytic Arcs and the Reflection Principle 


If Q is a region and f : D — 2 is an analytic function, under what circum- 
stances can f be analytically continued to a neighborhood of cl D? This 
question is addressed in this section. But first, recall the Schwarz Reflection 
Principle (9.1.1) where an analytic function is extended across the real line 


13.4. Analytic Arcs and the Reflection Principle 17 


provided it is real-valued on the line. It is probably no surprise that this 
can be generalized by extending functions across a circle; the details are 
given below. In this section more extensive formulations of the Reflection 
Principle are formulated. The relevant concept is that of an analytic arc. 
Before addressing this issue, we will concentrate on circles. 

Suppose G is any region that does not include 0. If G* = {1 /Z: z € G}, 
then G# is the reflection of G across the unit circle OD. If f is an analytic 


function on G, then f#(C) = f (¢=7) defines an analytic function on G*. 


Similarly if G is any region and a is a point not in G, then for some radius 
r>0 


4 r2 r2 
4.1 GF = <a+——:z€Ge=4¢C:a+=— EG 
z—Qa C-@a 


is the reflection of G across the circle 0B(a;r). Note that a ¢ G* and 
Git — G. If f is an analytic function on G and G* is as above, then 


re 
4.2 f(=f(ars ) 
¢ 
is analytic on G7. Here is one extension of the Reflection Principle. 


4.3 Proposition. If G is a region in C, a ¢ G, and G = G*%, let Gi = 
GN Bla;r), Go = GNOB(a;r), andG_ = GNC \ Bia;r)}. ff :GyU 
Go — C is a continuous function that is analytic on Gi, f(Go) C R, and 
f#:G—C is defined by letting f*(z) = f(z) for z in GsUGp and letting 
f(z) be defined as in (4.2) for z inG_, then f* is an analytic function on 
G. If f is one-to-one and Im f has constant sign, then f* is a conformal 
equivalence. 


Proof. Exercise O 


The restraint in the preceding proposition that f is real-valued on Go 
can also be relaxed. 


4.4 Proposition. If G is a region in C, a ¢ G, and G = G*, let Gi, G_, 
Go be as in the preceding proposition. If f :Gs UGo — C is a continuous 
function that is analytic on G4 and there is a point a not in f(Gy) and 
a p> 0 such that f(Go) C OB(a;p) less one point and if f* :G— C is 
defined by letting f*(z) = f(z) on G4 UGpo and 


fF(z)=a+ ee 


ee) 
z£—G4 


for z in G_, then f# is analytic. If f is one-to-one and f(G4.) is contained 
entirely in either the inside or the outside of B(a; p), then f* is a conformal 
equivalence. 
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Proof. Let T be a Mobius transformation that maps OB(a;p) onto RU 
{oo} and takes the missing point to oo; so T'o f satisfies the hypothesis of 
the preceding proposition. The rest of the proof is an exercise. O 


Let D, = {z € D: Imz > O}. 


4.5 Definition. If 9 is a region and L is a connected subset of OE, then L is 
a free analytic boundary arc of 2. if for every w in L there is a neighborhood 
A of w and a conformal equivalence h : D — A such that: 


(a) h(0) =u; 
(b) h(—1,1) = LNA; 
(c) h(Dy) =QNA. 


Note that the above definition implies that (2M A is a simply connected 
region. The first result about free analytic boundary arcs is that every arc 
in OD is a free analytic boundary arc of D, a welcome relief. Most of the 
proof is left to the reader. The symbol H, is used to denote the upper half 
plane, {z : Imz > O}. 


4.6 Lemma. /f w € OD and « > 0, then there is a neighborhood V of w 
such that V C B(w;e) and there is conformal equivalence h: D — V_ such 
that h(0) = w, h(—1,1) = V NOD, and h(D,) =V AD. 


Proof. It may be assumed that w = 1. Choose a on OD such that Ima > 0 
and the circle orthogonal to OD that passes through a and @ lies inside 
B(1;e). Let h be the Mobius transformation that takes 0 to 1, 1 to a, 
and oo to —1. It is not hard to see that h(R.) = OD and h(H,) = D. If 
h(OD) = C and V is the inside circle C, then these fulfill the properties 
stated in the conclusion of the lemma. The details are left to the reader. 
O 


The next lemma is useful, though its proof is elementary. It says that 
about each point in a free analytic boundary arc there is a neighborhood 
basis consisting of sets such as appear in the definition. 


4.7 Lemma. If L is a free boundary arc of Q, w € L, and U is any 
neighborhood of w, then there is a neighborhood A of w with A CU anda 
conformal equivalence h: D — A such that: 

(a) h(0) =w; 

(b) h(—1,1) = LNA; 

(c) A(D+) =2N A, 


Proof. According to the definition there is a neighborhood A of w and a 
conformal equivalence k : D — A with k(0) = w, k(-1,1) = ANZ, and 
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k(D.) = QN A. The continuity of k implies the existence of r,0 <r < 1, 
such that k(rD) C U. Let A = k(rD) and define h : D > A by A(z) = k(rz). 
It is left to the reader to check that h and A have the desired properties. 
O 


4.8 Theorem. Let G and Q be regions and let J and L be free analytic 
boundary arcs in OG and OQ, respectively. If f 1s a continuous function 
on GU J that is analytic on G, f(G) C Q, and f(J) C L, then for any 
compact set K contained in J, f has an analytic continuation to an open 
set containing GU K. 


Proof. Let z € J and put w = f(z); sow € L. By definition there is a 
neighborhood A,, of w and a conformal equivalence h,, : D — A,, such that 
h,(0) =w, hy(—1,1) = ANE, and h,, (Di) = QNA,,. By continuity, there 
is a neighborhood U, about z such that f (U, Mcl G) = f (U,N(GUJ)) C 
A, Ned 2 = A, N(QUL). Since J is a free analytic boundary arc, the 
preceding lemma implies this neighborhood can be chosen so that there is 
a conformal equivalence k, : D — U, with k,(0) = z, kz(—1,1) =UzNJ, 
and k,(D,) = U,NG. 

Thus g, = h,! 0 f ok, is a continuous function on D; U (—1,1) that is 
analytic on D, and real valued on (—1,1). In fact, g,(—1,1) € (—1,1) and 
gz(D.) C D,. According to Proposition 4.3, g, has an analytic continuation 
g# to D. From the formula for g# we have that gi#(D) C D. Thus f# = h,,o 
gt ok;" is a well defined analytic function on U, that extends f |(U,G). 
Extend f to a function f on GUU, by letting f = f on G and f = fz on 
U,. It_is easy to see that these two definitions of f agree on the overlap so 
that f is an analytic function on GU U,j. 

Now consider the compact subset K of J and from the open cover {U, : 
z € K} extract a finite subcover {U; : 1 < 7 < n} with corresponding 
analytic functions f; : GUU,; — C such that f; extends f. Write K as the 
union K,U---UK,, where each K; is a compact subset of U;. (The easiest 
way to do this is to consider a partition of unity {¢,;} on K subordinate to 
{U,;} (see Proposition 18.2.4 below) and put K; = {z € K : $;(z) > 1/n}.) 
Note that if it occurs that U;QU; 4 @ but U;AU;NG = @, then K;NK; = 90. 
Indeed, if there is a point z in A;1K;, then z belongs to the open set U;NU; 
and so U;NU;NG # @. Thus replacing U; and U; by smaller open sets that 
still contain the corresponding compact sets K; and K;, we may assume 
that whenever U; 1 U; # @ we have that U; NU; NG # 0. 

So ifU; AU; #0, fi; and f; agree on U; NU; 1G with f; thus the two 
extensions must agree on U; 1 U;. ‘Thus we can obtain an extension f * of 
f to GUU;_, U;, which is an open set containing GU K. O 


We close this section with a reflection principle for harmonic functions. 
First we attack the disk. 


4.9 Lemma. Let u be a continuous real-valued function on clD that is 
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harmonic on D. If there is an open arc J in OD such that u is constant on 
J, then there is a region W containing DU J and a harmonic function uy; 
on W such that u; =u on DU J. 


Proof. It suffices to assume that u = 0 on J. Suppose J = {e* :a<t< 
GB}, where —7 <a < 8 <7. By using the Poisson kernel we know that 


: PO t)u(ei*)at 


EP Lyre 


for z = re? in D (10.2.9). Moreover on D, u = Re f where f is the analytic 
function on W = C\ [0D \ J] defined by 


fe=s. qf +[\5 +2 (cityar. 


Thus u; = Ref is the sought for harmonic extension. O 


u(z) 


4.10 Theorem. Suppose G is a region and J is a free analytic boundary 
arc of G. Ifu: GUJ — R is a continuous function that is harmonic in G 
and constant on J, then for any compact subset K of J, u has a harmonic 
extension u, ona region W that contains GUK. 


Proof. The proof is similar to that of Theorem 4.8; the details are left to 
the reader. O 


Here is a special type of finitely connected region. 


4.11 Definition. A region G is a Jordan region or Jordan domain if it 
is bounded and the boundary of G consists of a finite number of pairwise 
disjoint closed Jordan curves. If there are n + 1 curves 0,71,...,Yn that 
make up the boundary of G, then G is called an n-Jordan region. 


Since G is assumed connected, it follows that one of these curves forms 
the boundary of the polynomial convex hull of cl G; denote this curve by yo 
and refer to it as the outer boundary of G. It then follows that the insides of 
the remaining curves are pairwise disjoint. Thus the curves can be suitably 
oriented so that [T = {o,...,Yn} is a positive Jordan system. 


4.12 Definition. Say that a Jordan curve y¥ is an analytic curve if there 
is a function f analytic in a neighborhood of OD such that y = f(OD). 
Say that a Jordan region is an analytic Jordan region if each of the curves 
forming the boundary of G is an analytic curve. 


It is easy to see that for an analytic Jordan region every arc in its bound- 
ary is a free analytic boundary arc. An application of Theorem 4.10 (and 
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Proposition 1.8) proves the following two results. The details are left to the 
reader. 


4.13 Corollary. Let G be an analytic Jordan region with boundary curves 
Yo: Y1>+++3n- If u is a continuous real-valued function on GU y; that is 
harmonic onG and u is a constant on y;, then there is an analytic Jordan 
region G containing GUY; and a harmonic function u, on G, such that 
Uy =uonG. 


4.14 Corollary. If G is an analytic Jordan region and u: cl G — R is a 
continuous function that is harmonic on G and constant on each component 
of the boundary of G, then u has a harmonic extension to an analytic 
Jordan region containing clG. 


As was pointed out above, if G is an analytic Jordan region and z € OG, 
then there is a neighborhood U of z such that UM OG is a free analytic 
boundary arc. The converse is also true. If G is a Jordan region and every 
point of the boundary has a neighborhood that intersects OG in an analytic 
Jordan boundary arc, then G is an analytic Jordan region. This is another 
of those results about subsets of the plane that seem obvious but require a 
surprising amount of work to properly prove. See Minda [1977] and Jenkins 
[1991]. 


Exercises 


1. Let G, A, and 2 be simply connected regions and let f: G— A bea 
conformal equivalence satisfying the following: (a) G > D and G ¥ D; 
(b) AD Q and AQ; (c) f(D) =. If J is any open arc of GN OD, 
then f(J) is a free analytic boundary arc of 2. 


2. Prove Theorem 4.10. 
3. Give the details of the proof of Corollaries 4.13 and 4.14. 


85 Boundary Values for Bounded Analytic Functions 


In this section we will state three theorems about bounded analytic func- 
tions on D whose proofs will be postponed. Both the statements and the 
proofs of these results involve measure theory, though the statements only 
require a knowledge of a set of measure 0, which will be explained here. 

Let U be a (relatively) open subset of the unit circle, 0D. Hence U is 
the union of a countable number of pairwise disjoint open arcs {J,}. Let 
Jy = {ce :a, <0< by}, 0 < by — ay < 27. Define the length of J;, by 


&U) = S_ &( Je). 
k 
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5.1 Definition. A subset E of OD has measure zero if for every € > 0 there 
is an open set U containing & with &(U) <e. 


There are some exercises at the end of this section designed to help the 
neophyte feel more comfortable with the concept of a set of measure 0. In 
particular you are asked to show that countable sets have measure 0. There 
are, however, some uncountable sets with measure 0. For example, if C is 
the usual Cantor ternary set in [0,1] and E = {e?*** :t € C}, then E is an 
uncountable closed perfect set having measure 0. 

A statement will be said to hold almost everywhere on OD if it holds 
for all a in a subset X of OD and OD \ X has measure 0; alternately, it 
is said that the statement holds for almost every a in OD. For example, if 
f : OD — C is some function, then the statement that f is differentiable 
almost everywhere means that there is a subset X of OD such that OD \ X 
has measure 0 and f’(a) exists for all a in X; alternately, f’(a) exists for 
almost every a in OD. The words “almost everywhere” are abbreviated by 
a.e.. 

If f : D — C is any function and e”® € OD, then f has a radial limit at 
e”® if, as r + 1-, the limit of f(re*’) exists and is finite. The next three 
theorems will be proved later in this book. Immediately after the statement 
of each result the location of the proof will be given. 


5.2 Theorem. /f f : D — C 1ts a bounded analytic function, then f has 
radial limits almost everywhere on OD. 


This is a special case of Theorem 19.2.12 below. 

If f is a bounded analytic function defined on D, then the values of the 
radial limits of f, when they exist, will also be denoted by f(e*®) unless it is 
felt that it is necessary to make a distinction between the analytic function 
defined on D and its radial limits. Notice that f becomes a function defined 
a.e.on OD. 


5.3 Theorem. /f f :D— C its a bounded analytic function and the radial 
limits of f exist and are zero on a set of positive measure, then f = 0. 


This result is true for a class of analytic functions that is larger than the 
bounded ones. This more general result is stated and proved in Corollary 
20.2.12. 

So, in particular, the preceding theorem says that it is impossible for 
an non-constant analytic function f defined on D to have a continuous 
extension f : cl D — C such that f vanishes on some arc of OD. This 
special case will be used in some of the proofs preceding §20.2, so it is 
worth noting that this is a direct consequence of the Schwarz Reflection 
Principle. It turns out that such a function that is continuous on cl D and 
analytic inside can have more than a countable set of zeros without being 
constantly 0. That, however, is another story. 
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Figure 13.1. 


We now consider a more general type of convergence for a function as the 
variable approaches a boundary point. Fix 6, 0 < @ < 27, and consider the 
portion of the open unit disk D contained in an angle with vertex e*® = a, 
symmetric about the radius z = ra, 0 < r < 1, and having opening 2a, 
where 0 < a < §. See Figure 13.1. 

Call such a region a Stolz angle with vertex a and opening a. The variable 
z is said to approach a non-tangenttally if z — a through some Stolz angle. 

This will be abbreviated z — a (n.t.). Say that f has a non-tangential 
limit at a if there is a complex number ¢ such that f(z) - € as z > a 
through any Stolz angle with vertex a. 


5.4 Theorem. Let y: [0,1] — C be an arc with y([0,1)) C D and suppose 
y ends at the point y(1) = a in OD. If f : D — C is a bounded analytic 
function such that f(y(t)) > a ast > 1-, then f has non-tangential limit 
a ata. 


5.5 Corollary. If a bounded analytic function f has radial limit ¢ at a in 
OD, then f has non-tangential limit ¢ at a. 


Theorem 5.4 will be proved here, but two results (Exercises 6 and 7) are 
needed that have not yet been proved. These will be proved later in more 
generality, but the special cases needed are within the grasp of the reader 
using the methods of the first volume. For the proof a lemma is needed. In 
this lemma, and the proof of (5.4), the Stolz angle at z = 1 of opening 26 
is denoted by Ss. 


5.6 Lemma. Suppose0<r<1, B= B(l;r), Q= BOD, andI={ze 
OQ : Imz < 0 and |z| = 1}. If w is the solution of the Dirichlet problem 
with boundary values x1, then for every € > 0, there is ap, O< p<r, such 
that if |z-1| <p, 0<6< 7/2, and ze€ Ss, then w(z) > (1/2) — 6/7 —«. 


Proof. For w in Q, let d(w) € (0,1) such that 7(w) is the angle from the 
vertical line Re z = 1 counterclockwise to the line passing through 1 and 
w. It can be verified that ¢(w) = 7~! arg(—i(w — 1)). Thus ¢ is harmonic 
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for Rew < 1 and continuous on cl D \ {1}. Let ¢ be the end point of the 
arc I different from 1. 


Claim. If we define (¢ — w)(1) = 0, then (@—w) : cl Q — R is continuous 
except at ¢. 


Since (¢—w) is harmonic on 20 and is the solution of the Dirichlet problem 
for its boundary values, we need only verify that (6 —w) : 0D — R is 
continuous except for the point ¢; by Exercise 6 the only point in doubt 
here is w = 1. Suppose w — 1 with Imw < 0. Here ¢(w) — 1 and w(w) 
is constantly 1. Now suppose w — 1 with Imw > 0. Here ¢(w) — 0 and 
w(w) is constantly 0. Thus the claim. 

To finish the proof of the lemma, let p > 0 such that |w(z) — $(z)| < € 
for z in cl N and |z —1| < p. If z € Sg, then ¢(z) > (1/2) — 6/x. Thus 
w(z) = w(z) — Oz) + b(z) 2 (1/2) - 6/m—e. O 


Proof of Theorem 5.4. Without loss of generality we may assume that 
a = 1, a = 0, and |f(z)| < 1 for |z| < 1. If 0 < r < 1 there is a number 
t, < 1 such that |y(¢t) — 1| < r for t, < t < 1 and |y(¢,) — 1| = r. Let 7, 
denote the curve 7¥ restricted to [t,, 1]. If ¢ > 0, then r can be chosen so 
that |f(7(t))| < e fort, < t < 1. Fix this value of r and let 9 = DN B(1;r). 
As in the preceding lemma, let ) = {z € 0D: Imz < 0 and [z| = 1} and 
In = {z € ON: Imz > 0 and |z| = 1}. For k = 1,2 let uw, be the solution 
of the Dirichlet problem with boundary values x7,; so by Exercise 6, wy is 
continuous on cl 922 except at the end points of the arc Ix. 


Claim. For z in 2, — log |f(z)| > —(logeé) min{w (z), we(z)}. 


Once this claim is proved, the theorem follows. Indeed, the preceding 
lemma implies that there is a p, 0 < p <r, such that if |z -—1| < p,0< 
6 < 1/2, and z € Ss, then fork = 1, 2, wx(z) > (1/2) — 6/a —€. (Observe 
that wo(w) = w1(w).) Hence —log|f(z)| > —(loge)((1/2) — 6/a — e] for 
|z—1| < pand z € Ss. Therefore for such z, |f(z)| < € exp[(1/2) —6/a—€], 
which can be made arbitrarily small. 

To prove the claim, let v(z) = (log | f(z)|)/ loge; so v is a superharmonic 
function on 2, v(z) > 0 for all z in Q, and v(y7(t)) > 1 for t., < t < 1. So 
if z € yNQ, then v(z) > 1 > u,(z). Suppose that z € 0 \ ¥ and let U 
be the component of 2 \ y that contains z. Let ¢, be the end point of the 
arc I; different from 1. Let a, be the path that starts at 1, goes along 0D 
in the positive direction to the point C2, then continues along OB until it 
meets y(t,). Similarly let o2 be the path that starts at y(t,), goes along 
OB in the positive direction to the point ¢,, then continues along 0D in 
the positive direction to the point 1. Note that o, and og together form 
the entirety of the boundary of 2. Let [y = 0, +7, and Tg = 02 —7,. So 
n(Ty;z)+n(To; z) = n(0Q; z) = 1. Thus n(x; z) 4 0 for at least one value 
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of k = 1,2. 

Suppose n([1;z) 4 0. We now show that OU C T,. In fact, general 
topology says that OU C O(0\7,-) = yr Ua, Uo2g = 11 Uo. But if W is the 
unbounded component of C \Tj, the assumption that n(T,; z) 4 0 implies 
that UM W = 9. Also o2 \ {1, 7(t-)} GC W. Thus 0U CT}. 

This enables us to show that v > w, on U, and so, in particular, v(z) > 
w1(z). Indeed to show this we need only show that limsup,,_,,[wi(w) — 
v(w)] < 0 for all but a finite number of points on OU (Exercise 7). Suppose 
a € OU and a # 1 or ¥(t,). By the preceding paragraph this implies 
that a € 7, or a € oj. Ifa € 7, and a # 1 or y(t,), then a € D and 
v(a) > 1 > w (a). If a € o, anda #1 or 7(t,), then w, is continuous at a 
and so w;(w) — 0 as w — a. Since v(w) > 0, limsup,,_,,[wi(w)—v(w)] > 0. 

In a similar way, if n([,;z) 4 0, then v(z) > we(z). This covers all the 
cases and so the claim is verified and the theorem is proved. 0 


Theorem 5.4 is called by some the Sectorial Limit Theorem. 

Be careful not to think that this last theorem says more than it does. In 
particular, it does not say that the converse is true. The existence of a radial 
limit does not imply the existence of the limit along any arc approaching 
the same point of OD. For example, if f(z) = exp[(z+1)/(z—1)], then 
f is analytic, |f(z)| < 1 for all z in D, and f(t) — 0 ast — 1-. So the 
radial limit of f at z = 1 is 0. There are several ways of approaching 1 by 
a sequence of points (not along an arc) such that the values of f on this 
sequence approach any point in cl D. 

We wish now to extend this notation of a non-tangential limit to regions 
other than the disk. To avoid being tedious, in the discussion below most of 
the details are missing and can be easily provided by the interested reader. 
For example if g: D, — C is a bounded analytic function, it is clear what 
is meant by non-tangential limits at points in (—1,1); and that the results 
about the disk given earlier can be generalized to conclude that g has non- 
tangential limit a.e. on (—1,1) and that if these limits are zero a.e. on a 
proper interval in (—1,1), then g = 0 on D,. 

If J is a free analytic boundary arc of G and f : G — C is a bounded 
analytic function, it is possible to discuss the non-tangential limits of f(z) 
aS z approaches a point of J. Indeed, it is possible to do this under less 
stringent requirements than analyticity for J, but this is all we require 
and the discussion becomes somewhat simplified with this restriction. Re- 
call (4.5) that if a € J, there is a neighborhood U of a and a confor- 
mal equivalence h : D — U such that h(0) = a, h(—-1,1) = UN J, and 
A(D,_) = GNU. For 0 < a < 7/2 and t in (—1,1), let C be the partial 
cone {z € Dy : 7/2 —a < arg(z —t) < 7/2+ a} with vertex ¢. Since ana- 
lytic functions preserve angles, h(C’) is a subset of U bounded by two arcs 
that approach h(t) on the arc J at an angle with the tangent to J at h(t). 
Say that z — h(t) non-tangentially if z converges to h(t) while remaining 
in h(C’) for some angle a. 
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Since the Mobius transformation (z — a)(1 — @z) maps D to D, D, to 
D, and a to 0, it is not hard to see that the definition of non-tangential 
convergence to a point on J is independent of the choice of neighborhood 
U and conformal equivalence h. The details are left to the reader. 

When we talk about subsets of the arc J having measure zero and the 
corresponding notion of almost everywhere occurrence, this refers to the 
arc length measure on J. 


5.7 Theorem. Let G be a region with J a free analytic boundary arc of G 
and let f: G—C be a bounded analytic function. 


(a) The function f has a non-tangential limit at a.e. point of J. 


(b) If the non-tangential limit of f is 0 a.e. on a subarc of J, then f = 0 
on G. 


Proof. Let U and h be as in the discussion of the definition of non- 
tangential convergence above. Thus f oh is a bounded analytic function 
on D, and thus has non-tangential limits a.e. on (—1,1). Clearly this im- 
plies that f has non-tangential limits a.e. on JMU. By covering U with a 
countable number of such neighborhoods, we have a proof of part (a). The 
proof of (b) is similar. O 


5.8 Corollary. If G is a analytic Jordan region and f:G— Cisa 
bounded analytic function, then f has non-tangential limits a.e. on OG. 


Exercises 


1. If E is a closed subset of OD having measure 0, then OD \ F is an 
open set having length 27. 


2. If {FE} is a countable number of subsets of OD having measure 0, 
then J, Ex has measure 0. 


3. Every countable subset of OD has measure 0. 


4. Let f :D— C be defined by f(z) = exp [(z +1) /(z — 1)]. Show that 
f is analytic, |f(z)| < 1 for all z in D, and f(t) — 0 ast — 1-. If 
|¢| <1, find a sequence {z,,} in D such that z, — 1 and f(zn) — ¢. 


5. Let f; and fo be bounded analytic functions on D and suppose f; 
has a radial limit at each point of £;, where OD \ E; has measure 0. 
Show (by example) that f; + fo and fi fo may have radial limits at a 
set of points that properly contains £,M £2. 


6. (See Proposition 19.10.4) Let [’ be a rectifiable Jordan curve and let 
Q be its inside. If u: T — R is a bounded function that is continuous 
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except for a finite number of points, then there is a function @ : cl Q) > 
R that is harmonic on (2 and continuous at every point of T° at which 
the boundary function u is continuous. 


7. (See Theorem 21.5.1.b) Let I’ be a rectifiable Jordan curve and let 
Q be its inside. (Maximum Principle) If u : Q — R is a subhar- 
monic function that is bounded above and M is a constant such that 
lim sup,_,, u(z) < M for all but a finite number of points a in I’, then 
u<M on. 


Chapter 14 


Conformal Equivalence for 
Simply Connected Regions 


In this chapter a number of results on conformal equivalence for simply 
connected regions are presented. The first section discusses elementary in- 
formation and examples. The next three sections present the basics of the 
theory of prime ends for the study of the boundary behavior of Riemann 
maps. This will be used in §5 to show that the Riemann map from the unit 
disk onto the inside of a Jordan curve can be extended to a homeomorphism 
on the closure of the disk. The chapter then closes with a discussion of the 
family of all functions that are one-to-one on a simply connected region. 


81 Elementary Properties and Examples 


Recall that a conformal equivalence between two regions G and 9) in the 
complex plane is a one-to-one analytic function f defined on G with f(G) = 
Q. From the first volume we know that this implies that f’(z) 4 0 for 
all z in G. If f : G — C is an analytic function whose derivative never 
vanishes, then we know that f is not necessarily a conformal equivalence 
(the exponential function being the prime example). If f’(z) 4 0 on G, it 
does follow, however, that f is locally one-to-one and f is conformal. 

In this section the conformal equivalences of some of the standard regions 
will be characterized and some particular examples will be examined. A 
slightly weaker version of the first result appeared as Exercise 12.4.2. 


1.1 Proposition. If f is a conformal equivalence from C onto a subset 
of C, then f(z) = az+ 6 with a # 0. In particular, the only conformal 
equivalences of C onto itself are the Mobius transformations of the form 
f(z) =az+b witha £0. 


Proof. Clearly every such Mobius transformation is a conformal equiva- 
lence of C onto itself. So assume that f : C — C is a conformal equivalence 
onto f(C). Since f(C) is simply connected, f(C) = C. First it will be shown 
that f(z) — oo as z — oo. Note that this says that f has a pole at infinity 
and hence f must be a polynomial (Exercise 5.1.13). Since f is a conformal 
equivalence, it follows that f has degree 1 and thus has the desired form. 
If either lim,_,.. f(z) does not exist or if the limit exists and is finite, 
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then there is a sequence {z,,} in C such that z, — oo and f(z,) > a, an 
element of C. But f~! : C — C is continuous and so z, = f~! (f (zn)) > 
f~‘(a) # «, a contradiction. O 


To say that a function is analytic in a neighborhood of infinity means 
that there is an R > 0 such that f is analytic in {z : |z| > R}. For such 
a function f, f(z~') has an isolated singularity at 0. Thus the nature of 
the singularity of f at co can be discussed in terms of the nature of the 
singularity of f(z~!) at 0. In particular, f has a removable singularity at 
oo if f is bounded near oo and f(co) = lim,_... f(z). If f has a removable 
singularity at infinity, we will say that f is analytic at oo. Similarly f has 
a pole at oo if lim,_... f(z) = oo. In the case of a pole we might say that 
f(co) = oo and think of f as a mapping of a neighborhood of oo in the 
extended plane to a neighborhood of oo. The order of a pole at oo is the 
same as the order of the pole of f(z~*) at 0. 


1.2 Corollary. If f : Co — Co is a homeomorphism that is analytic on 
Coo \ {f7*(co)}, then f is a Mébius transformation. 


Proof. If f(co) = ov, then this result is immediate from the preceding 
proposition. If f(0o) = a # oo, then g(z) = (f(z) —a)* is a homeo- 
morphism of C,, onto itself and g(co) = oo. Thus the corollary follows. 
O 


1.3 Example. If 2 = C \ (—oo, —r] for some r > 0, then 


Arz 


I@) = qa 


is a conformal equivalence of D onto 2, f(0) = 0, and f’(0) = 4r. Thus f 
is the unique conformal equivalence having these properties. 

The uniqueness is, of course, a consequence of the uniqueness statement 
in the Riemann Mapping Theorem. To show that f has the stated mapping 
properties, let’s go through the process of finding the Riemann map. 

Note that the Mobius transformation f(z) = (1+ z)(1— z)~! maps D 
onto 0, = {z:Rez> 0}, f:(0) = 1, fi(1) = oo, and f;(—1) = 0. Now 
fo(z) = z? maps N; onto N2 = C \ (—0o, 0]; fg(z) = r(z — 1) maps 2 onto 
Q. The map f above is the composition of these three maps. 

Note that the function f in Example 1.3 has a pole of order 2 at z = 1 
and f has a removable singularity at infinity. In fact f(oo) = 0. Moreover, 
f'(co) = limz_.4. zf(z) = 4r > 0. Since f’(z) = 0 if and only if z = —1, we 
see that f is conformal on C \ {+1}. 


The next example is more than that. 
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1.4 Example. For |a| = 1 define 


Zz 


I@) = Gaap 


for z in D. To facilitate the discussion, denote this map by f, to emphasize 
its dependence on the parameter a. The function f; is a special case of the 
preceding example and thus maps D onto C \ (—oo, —1/4]. For an arbitrary 
a, fa is the composition of the rotation of the disk by a, followed by 
fi, followed by a rotation of C by @. Explicitly, f(z) = a@fi(az). Thus 
fa(D) = C \ {-ta@/4:0<t < oo}. 

The power series representation of this function is given by 


Grasp = 274+ 2az* + 3077? 4---= Dynan te". 
This will be of significance when we discuss the Bieberbach Conjecture in 
Chapter 17. Also see (7.5) in this chapter. 

The function in Example 1.4 for a = 1 is called the Koebe function and 
the other functions for arbitrary a are called the rotations of the Koebe 
function. 


The next example was first seen as Exercise 3.3.13. The details are left 
to the reader. 


1.5 Example. If 0 = C, \ [—2, 2], 


1 
fz) =2z+ 5 


is a conformal equivalence of D onto 2 with f(0) = oo. If g is any other 
such mapping, then g(z) = f(e’’z) for some real constant 0. 


Also note that f(z) = f(z~') so that f maps the exterior (in C..) of the 
closed disk onto 2. 

The next collection of concepts and results applies to arbitrary regions, 
not just those that are simply connected. They are gathered here because 
they will be used in this chapter, but they will resurface in later chapters 
as well. 


1.6 Definition. If G is an open subset of C and f : G — C is any function, 
then for every point a in 0,,.G the cluster set of f at a is defined by 


Clu(f;a) =N{cl o [f (B(a;¢) NG)] : e > 0}. 


1.7 Proposition. For every function f, Clu(f;a) is a non-empty compact 
subset of Co. If f is a bounded function, Clu(f;a) is a compact subset of 
C. 
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Proof. In fact, the sets cl ~ [f (B(a;e) NG)] form a decreasing collection 
of compact subsets of C,, and must have non-empty intersection. The 
statement about bounded functions is clear. O 


1.8 Proposition. If a € 0,.G such that there is a p > O for which GN 
B(a;r) is connected for all r < p and f is continuous, then Clu(f;a) is a 
compact connected subset of Ca. 


Proof. In this situation the sets cl. [f (B(a;e)G)| form a decreasing 
collection of compact connected subsets of C when « < p. The result is now 
immediate from an elementary result of point set topology. O 


The proof of the next proposition is left to the reader (Exercise 5). 


1.9 Proposition. If a € O.G, then ¢ € Clu(f;a) if and only if there is a 
sequence {a,,} in G such that an — a and f(an) > ¢. 


1.10 Corollary. If a € 0..G, then the limit of f(z) exists as z > a with z 
in G if and only if Clu(f;a) is a single point. 


1.11 Proposition. If f :G—Q) is a homeomorphism and a € 0,,.G, then 
Clu(f;a) € 0. 


Proof. If ¢ € Clu(f;a), let {a,} be a sequence in G such that a, — a 
and f(a,) — ¢. Clearly ¢ € cl 9 and if ¢ € Q, then the fact that f—! is 
continuous at ¢ implies that a = lim, an = lim, f~! (f(an)) = f7'(C) € G, 
a contradiction. O 


We end this section with some widely used terminology. 


1.12 Definition. A function on an open set is univalent if it is analytic 
and one-to-one. 


Exercises 
1. In Example 1.3, what is f(C \ D)? f(Cx \ {+1})? 
. Discuss the image of OD under the map f(z) = z+ 271. 
. Find a conformal equivalence of C, \ [—2,2] onto D. 
. Give the details of the proof of Proposition 1.8. 


. Prove Proposition 1.9. 


Oo FO -& WW bb 


. What is the cluster set of f(z) = exp{(z + 1)/(z —1)} at 1? 
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7. Characterize the conformal equivalences of the upper half plane H = 
{z:Im z > 0} onto itself. 


8. Characterize the conformal equivalences of the punctured disk onto 
itself. 


9. Characterize the conformal equivalences of the punctured plane onto 
itself. 


§2 Crosscuts 


With this section we begin the study of the boundary behavior of a con- 
formal equivalence 7 : D — 2. Much of the discussion here is based on the 
book of Pommerenke [1975], which has additional material. 

We will limit ourselves to the case of a bounded region (or bounded 
Riemann map) as this facilitates the proofs. The reader can consult the 
literature for the general case. 


2.1 Definition. If G is a bounded simply connected region in C, and C; 
is a closed Jordan arc whose end points lie on OG and such that C = C, 
with its end points deleted lies in G, then C is called a crosscut of G. 


Usually no distinction will be made between a crosscut C' as a curve or 
its trace. In other words, C may be considered as a set of points or as 
a parameterized curve C' : (0,1) — G. Recall that C is a Jordan arc if 
C(s) # C(t) for0<s<t< 1. It is possible, however, that C,(0) = Ci(1) 
so that C; is a Jordan curve. At the risk of confusing the reader, we will 
not make a distinction between a crosscut C’' and the corresponding closed 
Jordan arc C;. This will have some notational advantages that the reader 
may notice in the exposition. 

Note that if C' is a crosscut of G and f : G — C is a continuous function, 
then cl, [f(C)] \ f(C) © Clu(f; a1) U Clu(f; a2), where a; and a2 are the 
end points of C’. 


2.2 Lemma. If G is a bounded simply connected region in C and C is 
a crosscut of G, then G\ C has two components and the portion of the 
boundary of each of these components that lies in G is C. 


Proof. If ¢: G — D is a Riemann map, then f(z) = ¢(z)/(1 — |¢(z)]) 
is a homeomorphism of G onto C. Hence f(C) is a Jordan arc in C. By 
Proposition 1.11, Clu(f;a) C 0..C = {oo} for every point a in 0G. Hence, 
by the remark preceding this proposition, cl, f(C) is a Jordan curve in Cy 
passing through oo. If Q; and Q2 are the components of C \ cla f(C) = 
C\ f(C), then f—~'(Q,) and f~1(Q2) are the components of G\C. O 
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It is now necessary to choose a distinguished point in G. In the following 
definitions and results, this distinguished point is lurking in the background 
as part of the scenery and we must forever be aware of its existence. Indeed, 
the definitions depend on the choice of some distinguished point. It seems 
wise, however, not to make this point part of the foreground by including it 
in the notation. We do this by always assuming that 0 € G. The assumption 
that G is bounded will also cease to be made explicit. 

The preceding lemma justifies the next definition. 


2.3 Definition. If G is a simply connected region containing 0, then for 
any crosscut C’ of G that does not pass through 0, let out C’ denote the com- 
ponent of G\C that contains 0 and let ins C denote the other component. 
Call out C' the outside of C' and ins C' the inside of C. 


This definition and notation is, of course, in conflict with previous con- 
cepts concerning Jordan curves (813.1). We’ll try to maintain peace here by 
reserving small Greek letters, like o and y, for Jordan curves, and capital 
Roman letters, like X and C, for crosscuts. 

From now on we will only consider crosscuts of G that do not pass 
through the distinguished point 0. 


2.4 Definition. A zero-chain (or 0-chain) of G is a sequence of crosscuts 
of G, {C;,,}, having the following properties: 


(a) ins C41 C ins C); 
(b) cl C, Nel C,, = 0 for n 4m; 


(c) diam C,, — 0 as n > ov. 


Note that the condition in the definition of a 0-chain {C;,,} that cl C, N 
cl Cr+41 = @ and ins C,41 C ins C,, precludes the possibility that cl C, NOG 
is a single point. It is not hard to construct a zero-chain {C,,} such that 
inf, [diam(ins C,,)] > 0. See the examples below. 

Why make this definition? Let 2 be a bounded simply connected re- 
gion and let 7 : D — 21 be a conformal equivalence with 7(0) = 0. 
We are interested in studying the behavior of 7(z) as z approaches a 
point of OD. Let a € OD and construct a 0-chain {X,,} in D such that 
MNncl (ins X,) = {a}. Clearly 7(X,,) is an open Jordan arc in 2. By Propo- 
sition 1.11 [cl r(X,,)]\7(Xn) C OQ. Unfortunately it is not necessarily true 
that C, = T(X7) is a crosscut in © since cl C,, \C, may be an infinite set. 
We can and will, however, choose the 0-chain {X,,} in D so that not only 
is each C, a crosscut in 2, but {C,,} is actually a 0-chain in 2. 

In this way we associate with each point a of OD a 0-chain {C,,} in Q. In 
fact, we will see in the next section that after we introduce an equivalence 
relation on the set of 0-chains, there is a way of topologizing 2, the set 
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> 


Figure 14.1 


together with these equivalence classes, so that 7 extends to a homeomor- 
phism 7 of cl D onto Q. This will pave the way for us to study the boundary 
behavior of 7 in future sections when more stringent restrictions are placed 
on O22. 

The following are some examples of 0-chains. Figure 14.1 has 2. = D and 
shows an example of a 0-chain. Some special 0-chains of this type will be 
constructed below (see Proposition 2.9). 

In Figure 14.2, 2 is a slit disk and the sequence of crosscuts is not a 
0-chain since it fails to satisfy property (a) of the definition. Again for 0 a 
slit disk, Figure 14.3 illustrates a O-chain. 

In Figures 14.4, 14.5, and 14.6, 2 is an open rectangle less an infinite 
sequence of vertical slits of the same height that converge to the segment 
[2,2 + i]. The sequence of crosscuts {C,,} in Figure 14.4 is not a 0-chain 
since it violates part (a) of the definition; the crosscuts in Figure 14.5 do 
not form a 0-chain since their diameters do not converge to 0. The crosscuts 
in Figure 14.6 do form a 0-chain. 

Figures 14.7, 14.8, and 14.9 illustrate examples of 0-chains. 

We begin with a result on 0-chains of D that may seem intuitively obvi- 
ous, but which requires proof. It might be pointed out that the sequence of 
crosscuts in Figure 14.6 does not satisfy the conclusion of the next propo- 
sition. 


la 


Figure 14.2 Figure 14.3 
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2+ 22 


Figure 14.5 


Figure 14.7 


Figure 14.9 


2.5 Proposition. Jf {X,,} is a sequence of crosscuts of D with ins Xn41 C 
ins X, and diam X,, — 0, then diam (ins X,,) — 0. 


Proof. Since cl [ins Xp+41] C cl [ins X,] for every n, K =f), cl [ins Xn] 
is a non-empty compact connected subset of cl D. Since X, is a crosscut, 
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Olins X,] = Xn U Yn for the closed arc in OD, yn, = cl [ins X,| 9 OD. In 
fact, Yn+1 = cl [ins X,41] OD C yn and so y = [),, Yn is a closed arc in 
OD. It is easy to see that y = K NOD. Also, since X,, and 7, have the same 
end points, diam 7, — 0. Therefore, y, and hence K, is a single point zp 
in OD. A straightforward argument now finishes the proof. O 


The remainder of this section is devoted to the construction of 0-chains 
{X,} in D such that {7(X,,)} is a 0-chain in 2. The process involves the 
proof of a sequence of lemmas. The first of these necessitates a return to 
the notion of a set of measure 0. The proof will not be given of the complete 
statement, but only of the statement that can be obtained by the deletion 
of any reference to a set of measure 0. The proof of the general statement 
can be easily obtained from this proof and is left to the reader. 


2.6 Lemma. Let 7 be a bounded univalent function defined on D with 
|r| < M on D. If E is a subset of OD having measure 0, 1/2 < p< 1, and 
0<a< £6 < 2z, then there is a0 witha <6 < B such that e*? ¢ E and 


[ |r’(re®’)| dr < MV2n,/——2 
p 7 B-a 


Proof. In fact an application of the Cauchy-Schwarz Inequality shows that 
B 1 . 2 B 1 1 8 
/ / |7’(re’”)| ar < / / ar / |7’(re**)| ar dé 
a Lp a Lvp p 
20 1 12 
(1 — p) / |7’(re**)| ar dé 
0 p 


27 1 12 
2(1 - p) | | lr’(re’’)|" rdrd@ 
0 J1/2 


x 


IA 


A 


since, with p > 1/2, we have 1 < 2r for p < r. But by Theorem 13.2.12 
this last integral equals Area(7({z € D: 1/2 < |z| < 1})) < 7M7. But 


(6—a) inf if In"(re®) ir] La<6< al < [ if (re ar] ao 


Hence there is at least one value of 8 with 


2 
/ | I7'(re™*)| ar < 2 e)nM" 
p B— 


a 


whence the lemma. 0 


Note that the preceding lemma gives a value @ such that r — 7(re’®), 
p <r <1, isa half open rectifiable Jordan arc (and also gives an estimate 
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on the length of this curve). But a rectifiable open arc cannot wiggle too 
much, and so the next result is quite intuitive. 


2.7 Proposition. If y : [(0,1) — G is a half open rectifiable arc and f : 
G — C is an analytic function such that f 07 is also a rectifiable arc, then 
limzi— f(y(t)) exists and is finite. 


Proof. Let L = the length of f oy. Since the shortest distance between 
two points is a straight line, it follows that {f oy} C B(f (y(1/2));L). In 
particular, there is a constant M such that |f (y(t))| < M for0 <t <1. 
If lime_1— f (y(¢)) does not exist, then there are sequences {r,,} and {s,,} 
in (0,1) such that rz < Sn < Tn41, fn > 1 and s, — 1, f (y(Tn)) — p and 
f (v(sn)) — o, and p 4 ao. If 0 < 36 < |o—al|, then there is an no such 
that |f (y(rn)) — f (y(sn))| > 6 for all n > no. But the length of the path 
{f (y(#)) : tn < t < Sy} is greater than or equal to |f (y(rn)) — f (7(Sn))| > 
6. This contradicts the rectifiability of fo. O 


A combination of the last two results can be used to give a proof that the 
set of points in OD at which a bounded conformal equivalence 7 has radial 
limits is dense in OD. Unfortunately this will not suffice for our purposes 
and we need more. 


2.8 Lemma. /f 7: D — C is a bounded univalent function, then (1 — 
r)max {|7r’(z)|:|z|} =r} — 0 as r — 1. Hence (1 —|z|)|r'(z)| — 0 as 
|z| - 1. 


Proof. Let T(z) = >_,, @nz”; hence, using the fact that |x + y| <2 (as + 
yl’), we get that 


(1 — |z|)” |7’(z)/ = (1 — lal)? moe + Ly NAnz 


2 
+2(1—|z|)? 


2 
< 2(1—|z)? 


m—-l1 
) na,z”} > NA,Z 
n=1 


Applying the Cauchy-Schwartz Inequality to the second sum gives 
2 2 


3 Nanz” 1} = 3 (/na,) (/nz”~*) 


IA 


But 


1.2) Oo 
S- n|2z|°"-* < Si niz|?"~™ 
n=m n=] 
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= (1-\2?)~ 


Combining these inequalities gives 


2 2 n—1 
(1—|z|)"Ir'(alr< 2(1= Il)” ]an| |2| 


+2 (1 —|z|)° ‘E n|an| ‘| 


(1-27) 


2 


| 


Jan| |z\"~ 


ery le] 


2(1—|z|)° 


But if |z| > 1/2, then 


2 2 n—-1 
(1—|z|)" |r’ (2) < 2(1=|2I)° Jan| |2| 


42 hed 


By Corollary 13.2.13, m can be chosen such that the last summand is 
smaller than e2/2. Thus for 1 — |z| sufficiently small, (1 — |z|)* |r’ (z)|? can 
be made arbitrarily small. O 


2.9 Proposition. Let (2 be a bounded simply connected region and let 
7T:D—Q. be the Riemann map with 7(0) = 0 and r'(0) > 0. IFO <0 < 2x 
and {r,} is a sequence of positive numbers that converges monotonically to 
1, then for every n there are a, and By, with an <0 < Bn, An — 0, and 
Bn — @ such that if Y, = the crosscut of D defined by 


Y, = (er ,r,e'>" | U {r,e” [An <t< Br} U [rnetPn, Pn) ; 
then {7 (Y,)} is a O-chain in Q. 


Proof. Let M be an upper bound for |7|. By Lemma 2.8, positive numbers 
{e,} can be chosen such that €, — 0 and 


2.10 (1 —r,) max lv’ (rne”’)| < €8. 


Now apply Lemma 2.6 with a = 6—2(1—r,) /e2 and @=9@(1—r,) /e? 
to obtain an a, with 6 — 2(1—rp) /e2 < an <0—(1—rp) /e2 and 


[ Ir! (rel) | dr < MV2n = 6, MV3n. 


(1 — =e 
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Similarly, there is a G, with 0 < 8, and 
1 
/ ir’ (rein) | dr < €,Mv2rn. 


Actually we want to modify the choice of the points a, and G, so that the 
values of T (ei ) and 7 (e'? ), the radial limits of 7 at the designated points, 


are all different. This is done as follows. Suppose aj1,...,@n—1, 01,---, Bn—1 
have been chosen and let E = {a: 0—2(1—r,) /e2 <a <0—(1—?rp) /e* 
and 7 (e’*) exists and equals one of 7 (e’®), ..., 7 (e? UPPan-1), 7 (et), 


7 (et?n-1)}. By Theorem 13.5.3, & has measure 0. By Lemma 2.6, an 
can be chosen in the prescribed interval with a, ¢ E. By Proposition 
2.7, F (e’%") exists and differs from 7 (e’) ,...,7 (e’%"-1), 7 (e"), ..., 
T (etPn—1), Similarly choose G,,. 

Define Y,, as in the statement of the proposition. Clearly {Y,,} is a 0- 
chain in D. Let C,, = 7 (Y,,). Since C,, is rectifiable, each C,, is a crosscut 
of 2. Since ins Y,11; C ins Y, for every n, ins C41 C ins C, for every n. 
Since the values 7 (e’*1), 7 (e’0?), ...; 7 (e*), 7 (e), ... are all distinct 
and cl Y, Ncl Ypa1 = 0, cl C, Nel Chai = @. It remains to prove that 
diam C,, — 0. 


Now (2.10) implies that pe lr’ (rne'*)| dt < (Bn — An) — and 3, — 
Qn <4(1—r,) /e2. Hence pe Ir’ (rne*)| dt < 4én. This, combined with 
the preceding estimates, implies that the length of 7 (Y,) < 4€,+2¢,M (27)? 
and thus converges to 0. It is left as an exercise to show that a, and 3, — @ 
asn—oo. U 


Exercise 


1. If {X,} is a 0-chain in D, show that (),, cl (ins X,,) is a single point 
in OD. 


$3 Prime Ends 


Maintain the notion of the preceding section. Let 2. be a bounded simply 
connected region and let 7 : D — Q be the conformal equivalence with 
7T(0) = 0 and 7'(0) > 0. 


3.1 Definition. If {C,,} and {C’,} are two zero-chains in 92, say that they 
are equivalent if for every n there is an m such that ins C,,, C ins C’, and, 
conversely, for every 7 there is a j with ins C; C ins Cj. 


It is easy to see that this concept of equivalence for zero-chains in 22 
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is indeed an equivalence relation. A prime end is an equivalence class of 
zero-chains. 

An examination of the 0-chain in Figure 14.1 will easily produce other 
0-chains that are equivalent to the one given. In Figure 14.2 if the crosscuts 
that are above the slit constitute one 0-chain and the crosscuts below the 
slit constitute another, then these two 0-chains belong to different prime 
ends. It can also be seen that the 0-chains appearing in Figures 14.7 and 
14.8 are equivalent. The reader is invited to examine the 0-chains appearing 
in the figures in §2 and to find equivalent ones. 

Let 2 denote 9 together with the collection of prime ends. We now 
want to put a topology on Q. (Apologies to the reader for this notation, 
which is rather standard but opens up the possibility of confusion with the 
polynomially convex hull.) 


3.2 Definition. Say that a subset U of 2 is open if UNQ is open in 2 
and for every p in U \Q there exists a zero-chain {C,,} in p such that there 
is an integer n with ins C, CUN 2. 


Note that from the definition of equivalence and the definition of a 0- 
chain, if U is an open subset of 2 and p € U, then for every {C,} in p, 
ins C, CUNY?) for all sufficiently large n. 

The proof of the next proposition is an exercise. 


3.3 Proposition. The collection of open subsets of Q is a topology. 


The main result of the section is the following. 


3.4 Theorem. /[f) is a bounded simply connected region in C andt:D — 
2 1s a conformal equivalence, then rT extends to a homeomorphism of cl D 
onto Q. 


Actually, we will want to make specific the definition of 7(z) for every 
z in OD as well as spell out the meaning of the statement that 7 is a 
homeomorphism. If z € 0D, then Proposition 2.9 implies there is a 0-chain 
{Y,} in D such that (),, cl (ins Y,,) = {z} and {7 (Y,,)} is a 0-chain in 2. We 
will define 7(z) to be the equivalence class of {7 (Y,,)}. We must show that 7 
is well defined. Thus if {X,} is a second 0-chain in D with (),, cl (ins X,) = 
{z} and {7 (X,,)} a 0-chain in 2, we must show that {7 (X,,)} and {7 (Y;,,)} 
are equivalent. This is not difficult. Fix n; we want to show that ins 7 (Y;,) C 
ins T (X,,) for some m. But just examine ins X,: O(ins X,) = Xn Un, 
where 7, is an arc OD with z as an interior point. Thus there is a 6 > 0 
such that DM B(z;6) C ins X,,. Since diam (ins Y,,) — 0 (why?), there is 
an m with ins Y,, C DN B(z;6) C ins X,,; thus ins 7 (Y,,) = 7 (ins Ym) C 
T (ins X,) = ins 7 (X,,). Similarly, for every j there is an i with ins 7 (X;) C 
ins T (Y;). 

The proof that 7 is well defined also reveals a little something about 
the disk. Namely, the prime ends of D are in one-to-one correspondence 
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with the points of 0D (something that better be true if the theorem is 
true). In fact, if {X,,} is a 0-chain in D, then Proposition 2.5 implies that 
diam (cl (ins X,)) — 0. By Cantor’s Theorem, (),, cl (ins X,) = {zo} for 
some point z in cl D. It follows that z € OD (why?). The preceding 
paragraph shows that whenever {X,,} and {Y,,} are equivalent 0-chains in 
D, (),, cl (ins X,) =f),, cl (ins Y,). 

We now proceed to the proof that 7 is a homeomorphism. Some prepara- 
tory work is required. 


3.5 Lemma. /f y : |0,1) — D is an arc such that |y(t)| — 1 as t — 1, 
then the set Z = {z: there exists t, > 1 with y(tx) — z} is a closed arc in 
OD. If f:D— C is a bounded analytic function and limy; f (y(t)) exists, 
then either Z is a single point or f is constant. 


Proof. Observe that the set Z = Clu(y;1) (1.6). Thus Z is a closed con- 
nected subset of 0D (1.7 and 1.8); that is, Z is a closed arc. 

Now assume that f : D — C is a bounded analytic function such that 
lim:_1 f (y(t)) = w exists and Z is not a single point. It will be shown 
that f must be constant. In fact, let z be an interior point of Z such that 
the radial limit of f exists at z. It is easy to see (draw a picture) that the 
radial segment |0, z) must meet the curve 7¥ infinitely often. Hence there is a 
sequence {t,} in [0,1) such that t, — 1, y(t,) — z, and arg (y(t,)) = arg z 
for all k. Thus lim,_,; f(rz) = limg_.oo f (y(te)) = w. By Theorem 13.5.3, 
f=uw. a 


3.6 Lemma. Let + : D — 2 be a conformal equivalence with 7(0) = 0. If 
C is a crosscut of 9, then X =7~1(C) is a crosscut of D. 


Proof. Let C : (0,1) — Q be a parameterization of C’ and, for g = 0 or 
1, let ag = limy4q C(t). So ag € OQ. Clearly X(t) = 7~* (C(#)) is an open 
Jordan arc and |X(t)| — 1 ast > 0 or 1. For g=0, 1, let Z, = {z: there 
exists th — gq with X(t.) — z}. But limy,7 (X(t)) = a, and 7 is not 
constant. By Lemma 3.5, Z, is a single point and so X is a crosscut. O 


Now suppose {C;,} is a 0-chain in 9 and let X, = 77~'(C;,). So each Xp, 
is a crosscut of D by the preceding proposition. We will see that it is almost 
true that {X,,} is a O-chain in D. The part of the definition of a 0-chain 
that will not be fulfilled is that cLX, NclX,+41 need not be empty. 

Begin by noting that 7(ins X,,) = ins C;,; hence ins Xyj41 C ins Xp. 


3.7 Proposition. If 7 :D — Q is a conformal equivalence with 7(0) = 0 
and {X,,} is a sequence of crosscuts of D such that Cy, = T(Xn) defines a 
O-chain of crosscuts in Q, then diam X, — 0. 


Proof. First assume that there is an r, 0 < r < 1, such that X¥, M {z: 
|z| = r} # @ for an infinite number of values of n. Let z, € Xn, with 
|z,| = r such that T(zz) — Co; so Gp € T({z: jz] =r}) C Q. But if 6 > 0 
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such that B(¢o;6) C Q, there is a kg such that |r(z,) — Co| < 6 for k > ko. 
But 7(z,) € Cn, A B(Go;6) and diam C,, — 0. Hence there is a ky > ko 
such that C,, © B(Co;6) for k > k,. This implies that cl C,, N00 = 0. 
Since C,, is a crosscut, this is a contradiction. Thus for every r < 1, 
Xn O{z:|z| =r} = 9 for all but a finite number of indices n. 

Let r, = inf{|z| : z € X,}; by the preceding paragraph, r, — 1. Since 
Xy is a crosscut, O[ins X,] = Xn U Yn for some closed arc y, of OD. It 
follows that K = (),,cl [ins X,] is a non-empty closed connected subset 
of OD and hence is a closed arc in 0D. Moreover, K = (),, Yn (why?). It 
suffices to show that K is a single point. 

Suppose K is a proper closed arc in 0D. Then by Theorem 13.5.2 there 
are distinct interior points z and w of the arc K such that the radial limits 
of 7 exist at both z and w; denote these radial limits by 7(z) and 7(w). 
Since 0 belongs to the outside of each X,,, for each n there are points z, 
and w, on X, that lie on the rays through z and w, respectively. Thus 
T(Zn) > T(z) and T(w,) — T(w). But 7(z,) and T(wn) € T(Xn) = Cr and 
diam C,, — 0. Hence 7(z) = 7(w). Since z and w were arbitrary interior 
points of K, Theorem 13.5.3 implies that 7 is constant, a contradiction. 
Therefore it must be that K is a single point and so diam X, — 0. O 


3.8 Lemma. /[f 7: D > Q is a conformal equivalence with 7(0) = 0, {C,,} 
is a O-chain in Q, and X, = the crosscut t~1(C,,), then there is a point 
zy on OD and there are positive numbers 6, and €, with 0 < 6, < en, and 
En — 0 such that 


3.9 () cl (ins X,) = {zo} 


nm 


and 


3.10 DN B20; 6n) C ins X, C DN B(293 En). 


Proof. By Propositions 3.7 and 2.5, diam|cl (ins X,)] — 0. Therefore 
there is a Z in cl D such that (3.9) holds. By Proposition 1.11, zo € OD. 

It is clear that since diam X, — 0, the number €, can be found. Suppose 
the number 6, cannot be found. That is, suppose there is an n (which will 
remain fixed) such that for every 6 > 0, DM B(zo;6) is not contained 
in ins X,. Thus for every 6 > 0 there are points in DM B(z;6) that 
belong to both ins X, and out X,; by connectedness, this implies that 
Xn1B(z0; 6) # O for every 6 > 0. Hence zp € cl X,,. Since ins X,, C ins X, 
form > n, the same argument implies that zp € cl X,, for m > n. 

Now construct crosscuts {Y;} as in Proposition 2.9 so that (),, cl (ins Y;) = 
{zo}, diam Y; — 0, and {7(Y;)} is a 0-chain of 2. It is claimed that 
X,Y; # @ for all sufficiently large values of 7. In fact, if this were not 
the case, then, by connectedness and the fact that zp € cl Xn, Xn C ins Y; 
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for all 7. But diamlins Y;] — 0 and so this implies that X, is a single- 
ton, a contradiction. Hence there must be a jo such that X,Y; 4 @ for 
j = jo. Similarly, jo can be chosen so that we also have X,41 1 Y; 4 @ for 
j = jo. But this implies that C, 1 7(Y;) 4 0 4 Cn4i1N7(Y;) for 7 = Jo. 
Therefore, dist(Cn,Cn41) < diam 7(Y;), and this converges to 0. Thus 
cl Cy, Ncl Cr41 4 9, contradicting the definition of a 0-chain. This implies 
that (3.10) holds. O 


Proof of Theorem 3.4. Define 7 : cl D 3 Q by letting #(z) = T(z) for 
|z| < 1 and 7(z) = the prime end of 2 corresponding to the 0-chain {7(Y;)}, 
where {Y;} is any 0-chain in D such that (), cl (ins Y;) = {z} and {7(Y;)} 
is a 0-chain in 12. We have already seen that 7 is well defined. 

To show that 7 is subjective, let p € \Q and let {C,,} be a 0-chain in p. 
If X, = 7 1(C,), then (3.10) and Proposition 2.9 imply we can construct 
a 0-chain {Y;} in D with (), cl (ins Y;) = {z}, {r(¥;)} a 0-chain in , and 
ins Y;, C ins X, for every n. Moreover, for each n, the form of Y,, (3.9), 
and the fact that diaml|ins X,,] — 0 imply that ins X,, C Y,, for sufficiently 
large m. This implies that {7(Y;)} and {C;,,} are equivalent 0-chains in Q 
and so 7(z) = p. 

The proof that 7 is one-to-one is left to the reader (Exercise 2). 

It remains to show that 7 is a homeomorphism. Let U be an open subset 
of 2; it must be shown that #~1(U) is (relatively) open in cl D. Clearly 
71(U) ND =7-1(UNQ), and so this set is open. If z9 € 771(U) NOD, it 
must be shown that there is a 6 > 0 with DN B(z;6) C7~'(U) OD. Put 
p = T(z); sop € U\Q. Let {C,} © p; by definition, there is an integer 
n such that ins C, CUNQ. If X, =771(C),), then Xy is a crosscut and 
ins X, = rT '(ins C,) C 77-1(U) ND. By (3.10), there is a 6 > 0 with 
DN B(z;6) C ins X,, and so 7 is continuous. 

Finally, to show that 7 is an open map it suffices to fix a z in 0D 
and a 6 > O and show that 7(cl D M B(zo;6)) contains an open neigh- 
borhood of p = 7(2). Construct a 0-chain {Y,} as in Proposition 2.9 
with (),, cl [ins Y,] = {zo} and cl [ins Y,] C B(zo;6) for all n. Thus 
{r(Y,)} © p and ins 7(Y,) = r(ins Y,) C AN7T(cl DN Bl(z;6)). By 
definition, 7(cl DM B(z0;6)) is a neighborhood of p. O 


Some additional material on prime ends will appear in the following two 
sections. Additional results can be found in Collingwood and Lohwater 
[1966] and Ohtsuka [1967]. 


Exercises 


1. Prove that the collection of open sets in Q forms a topology on Q. 


2. Supply the details of the proof that the map 7 is one-to-one. 


14.4. Impressions of a Prime End 45 


3. Can you give a direct proof (that is, without using Theorem 3.4) that 
Q is compact? 


4. If 2 is the slit disk, describe the topology on Q. 


$4 Impressions of a Prime End 


We already have seen in §1 the definition of the cluster set of a function 
f :G— C at a point a in OG. Here we specialize to a bounded function 
f :D — C and define the radial cluster set of f at a point a in OD. 
The preliminary results as well as their proofs are similar to the analogous 
results about the cluster set of a function. 


4.1 Definition. If f : D — C is a bounded function and a € OD, the radial 
cluster set of f at a is the set 


Clu,(f;a) = (\cl {f(ra):l-e<r<l}. 


eE>0O 


The following results are clear. 


4.2 Proposition. 


(a) If f:D—C is a bounded function and a € OD, then € € Clu,(f; a) if 
and only if there is a sequence {r,,} increasing to 1 such that f(rna) 


C. 

(b) If f is continuous, then Clu,(f;a) is a non-empty compact connected 
set. 

(c) If f is a homeomorphism of D onto its image, then Clu,(f;a) is a 
subset of Of (D). 


4.3 Proposition. If f :D— C is a bounded function anda € OD, then f 
has a radial limit at a equal to ¢ if and only if Clu,(f;a) = {¢}. 


Now let’s introduce another pair of sets associated with a prime end of 
a bounded simply connected region 2 containing 0. The connection with 
the cluster sets will be discussed shortly. 


4.4 Definition. If p is a prime end of a bounded simply connected region 
(2, the zmpression of p is the set 


where {C,,} € p. 
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It is routine to show that the definition of the impression does not depend 
on the choice of the 0-chain {C,,} in p so that I(p) is well defined. 


4.5 Proposition. For each prime end p of 2, the impression I(p) is a 
non-empty compact connected subset of OQ. 


4.6 Definition. If p is a prime end of 922, a complex number ¢ is called a 
principal point of p if there is a {C’;,} in p such that C,, — ¢ in the sense 
that for every ¢ > 0 there is an integer no such that dist(¢,C,) < ¢ for all 
n > no. Let II(p) denote the set of principal points of p. 


It might be expected that at this point it would be demonstrated that 
II(p) is a non-empty compact and possibly even connected subset of 00. 
This will in fact follow from the next theorem, so we content ourselves with 
the observation that II(p) C I(p). 


4.7 Theorem. /f 7: D — 2 is the Riemann map with r(0) = 0 and 
T'(0) > 0, a € OD, and p is the prime end for Q corresponding to a (that 
1s, p= T(a)), then 


Clu(7;a)=JI(p) and Clu,(7;a) = II(p). 


Proof. Let ¢ € Clu(r; a) and let {z;,} be a sequence in D such that T(z.) > 
¢. Let {C,,} € p. By Lemma 3.8 there are positive numbers €,, and 6, such 
that DM B(a;6,) C ins 7~1(C,) C DN Bla;en) for all n. This implies 
that for every n > 1 there is an integer k, such that z, € ins T~!(C,,) for 
k > k,. Thus 7(zz) € ins C,, for k > k, and so ¢ € cl (ins C,,). Therefore 
¢ € I(p). 

Now assume that ¢ € I(p). If {C,} € p, then ¢ € cl (ins C,) for all 
nm > 1. Hence for each n > 1 there is a point z, in ins t~!(C,) with 
lT(zn) —¢| < 1/n. But an application of Lemma 3.8 shows that zn, — a 
and so ¢ € Clu(r;a). 

Let ¢ € Clu,(7;a) and let r, T 1 such that 7t(r,a) — ¢; define the 
crosscuts {Y,} as in Proposition 2.9 so that {7(Y,)} is a O-chain in 2Q 
and r(rna) € T(Y;) for each n. Note that of necessity {7(Y,)} € p. Thus 
¢ € IE(p). 

Finally assume that ¢ € II(p) and let {C,,} be a 0-chain in p such that 
C,, — ¢. An application of Lemma 3.8 implies that ¢ € Clu,(7;a). The 
details are left to the reader. O 


An immediate corollary of the preceding theorem can be obtained by 
assuming that the two cluster sets are singletons. Before stating this ex- 
plicitly, an additional type of prime end is introduced that is equivalent to 
such an assumption. Say that a prime end p of 22 is accessible if there is a 
Jordan arc y: [0,1] — cl Q with y(t) in © for 0 < t < 1 and (1) in OD 
such that for some {C;,,} in p, y MC, # @ for all sufficiently large n. Note 
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that if p is an accessible prime end, then for every {C,} in p, yNC, #0 
for sufficiently large n. 


4.8 Corollary. Let 7 : D — Q be the Riemann map with 7(0) = 0 and 
7'(0) > 0 and leta € OD with p=7(a). 


(a) lim,_.,7(z) exists if and only if I(p) is a singleton. 


(b) The following statements are equivalent. 


(i) lim,—17(ra) exists. 
(ii) II(p) is a singleton. 
(iii) p ts an accessible prime end. 


Proof. The proof of (a) is clear in light of the theorem and Proposition 4.3. 
(b) The equivalence of (i) and (ii) is also immediate from the theorem 
and Proposition 4.3. Assume (i) and let ¢ = lim,_,1 7(ra). So ¢ € OQ and 
y(r) = T(ra) is the requisite arc to demonstrate that p is an accessible 
prime end. This proves (iii). 

Now assume that (iii) holds and let y : [0,1] — C be the Jordan arc 
as in the definition of an accessible prime end; let ¢ = y(1). Thus o(t) = 
t}(y(t)) for 0 < t < 1 is a Jordan arc in D. Let {C,} € p and put 
Xn = T '(C,,). According to Lemma 3.8 there are sequences of positive 
numbers {e,} and {6,} that converge to 0 such that for every n > 1, 
DN B(a;6,) C ins X, C DN Bla; én), where 


{a} = ( ) cl [ins X,]. 


If € > 0 is arbitrary, choose ng such that €, < € and yNC, # O for 
n > no. Fix n > no and let to be such that y(t) € ins C, for tp < t < 1. 
Thus o(t) € ins X, and hence |o(t) — a] < € when to < t. This says that 
a(t) > aast — 1; define o(1) = a. By Theorem 13.5.4, 7 has a radial limit 
ata. U 


Exercises 


1. Prove that the definition of I(p) (4.4) does not depend on the choice 
of 0-chain {C7 }. 


2. Let K be a non-empty compact connected subset of C such that Kk 
has no interior and C \ K is connected. Show that there is a simply 
connected region 2) for which K = I(p) for some prime end p of 2. 
(The converse of this is not true as the next exercise shows.) 


3. Let y(t) = et + for 0 < t < co and put 2 = D \ {4}. Show that 
Q has a prime end p such that I(p) = 0D. 
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In this section we address the problem of continuously extending a Riemann 
map T from D onto a simply connected region 2 to a continuous map from 
the closure of D to the closure of 2. First note that Proposition 1.11 implies 
that if 7 : D — Q has a continuous extension, 7 : cl D — cl Q, then 
T(0D) C OQ. Thus 7 maps cl D onto cl 2 and so r(OD) = 00. This also 
shows that OF is a curve. If 7 extends to a homeomorphism, then O02 is a 
Jordan curve. The principal results of this section state that the converse 
of these observations is also true. If OQ is a curve, 7 has a continuous 
extension to cl D; if OQ is a Jordan curve, 7 extends to a homeomorphism 
of cl D onto cl 2. 

This is a remarkable result and makes heavy use of the fact that 7 is 
analytic. It is not difficult to show that $(z) = z exp(i/(1—|z|)) is a home- 
omorphism of D onto itself. However each radial segment in D is mapped 
onto a spiral and so Clu(¢;a) = OD for every a in OD. So ¢ cannot be 
continuously extended to any point of the circle. 

Why suspect that conformal equivalences behave differently from home- 
omorphisms? Of course we have seen that the conformal equivalences of D 
onto itself have homeomorphic extensions to the closure. Also imagine the 
curves 7,;(@) = T(re’’), r > 0; the images of the circles of radius r. 7 maps 
the radial segments onto Jordan arcs that are orthogonal to this family of 
curves. If OQ is a Jordan curve, then the curves {7, :r > 0} approach 0Q 
in some sense. You might be led to believe that 7 has a nice radial limit at 
each point of OD. 

We begin with some topological considerations. 


5.1 Definition. A compact metric space X is locally connected if for every 
€ > 0 there is a 6 > 0 such that whenever x and y are points in X with 
lz — y| < 6, there is a connected subset A of X containing x and y and 
satisfying diam A < e. 


The proofs of the following topology facts concerning local connectedness 
are left to the reader. An alternative is to consult Hocking and Young [1961]. 


5.2 Proposition. If X is a compact metric space, the following statements 
are equivalent. 


(a) X ts locally connected. 


(b) For every € > 0 there are compact connected sets A,,...,Am with 
diam A; <e€ for 1 <j <m and such that X = Ay U...UAm. 


(c) For every e > 0 and for every x in X, there is a connected open set 
U such thatz €U C B(a;e). 
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Part (c) of the preceding proposition is the usual definition of local con- 
nectedness. Indeed it can be easily extended to a definition that can be 
made for arbitrary topological spaces. Definition 5.1 was chosen for the 
definition here because it is the property that will be used most often in 
subsequent proofs. 

The next topological fact is easier to prove. 


5.3 Proposition. If X and Y are compact metric spaces, f : X — Y 
is a continuous surjection, and X is locally connected, then Y 1s locally 
connected. 


Note that as a result of this proposition it follows that every path is 
locally connected. We need one final topological lemma that will be used 
in the proof of the main results of this section. 


5.4 Lemma. /f A; and Az are compact connected subsets of C with AyNAg2 
connected and non-empty and x and y are points such that neither A, nor 
Ag separates x from y, then A, U Ag does not separate x and y. 


Proof. Without loss of generality it can be assumed that x = 0 and y = oo. 
For j = 1,2 let y; : [0,1] — Cy \ A; be a path with 7,;(0) = 0 and 
7; (1) = oo. Since A; M Ag is a connected subset of C \ (y1 Uy2) there is a 
component G of C \ (y1 U y2) containing A; M Ag. Thus A; \G and Az \G 
are disjoint compact subsets of C\ 71 and C\72; therefore there are disjoint 
open sets Vj and V2 such that for 7 = 1,2,A;\GCOV; CC\y. 

Let U = GUY, UVs so that A; U Ag C U. Proposition 13.1.7 implies 
there is a smooth Jordan curve o in U that separates A, U Ag from ov; 
thus A; U Ae C ins oa. It will be shown that 0 is in the outside of o so that 
A; U Ag does not separate 0 from oo. 

Note that each component C\7; is simply connected and does not contain 
Q. Thus there is a branch of the logarithm f : C \ y; — C. Moreover these 
functions can be chosen so that f;(z) = fo(z) on G. Therefore 


fil%) if ze€ Vi 
f(z) = 4 fo(z) if z € Vo 
filz) = feo(z) ifzEeG 


is a well defined branch of the logarithm on U. Since f'(z) = z~! on U, the 
winding number of o about 0 is 0. Therefore 0 is in the outside of 0. O 


Pommerenke [1975] calls the preceding lemma Janiszewski’s Theorem. 
Now for one of the main theorems in this section. 


5.5 Theorem. Let (2 be a bounded simply connected region and let T : 
D — 2 be the Riemann map with 7(0) = 0 and r'(0) > 0. The following 
statements are equivalent. 
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(a) 7 has a continuous extension to the closure of D. 


) 

(b) OQ is a continuous path. 

(c) OQ is locally connected. 
) 


(d) Cy \Q is locally connected. 


Proof. It has already been pointed out that (a) implies (b) implies (c). 
Assume that (c) holds. To prove (d), let € > 0 and choose 6 > 0 so that 
for x and y in OC and |x — y| < 6 there is a connected subset B of 02 that 
contains xz and y and satisfies diam B < ¢/3. Choose 6 so that 6 < ¢/3. It 
suffices to show that if z and w € X = C\Q such that |z — w| < 6, then 
there is a connected subset A of C \ Q that contains z and w and satisfies 
diam Z < e. (Why?) Examine [z,w]M OQ and let x and y be the points in 
this set that are nearest z and w, respectively; thus |x — y| < 6. Let B be 
the subset of OQ as above and put A = [z,z] UBU [y, w]. So diam A < € 
and z, we A. 

Now assume that (d) holds. To prove (a) it suffices to show that for every 
prime end p of 2 the impression [(p) is a singleton. Fix the prime end p 
and let {C,} € p. Let 0 < € < dist(0,0Q) and let 6 > 0 be chosen as 
in the definition of locally connected; also choose 6 < ¢. Find an integer 
No such that diam C,, < 6 for n > no. Thus if a, and 0b, are the end 
points of C,, lan — bn| < 6. Since X = C\ 1: is locally connected there is 
a compact connected subset B,, of X that contains a, and b, and satisfies 
diam B, < ¢. Observe that B, UC; is a connected subset of B(an;¢€). 

Thus if |¢ — a,| > €, then 0 and ¢ are not separated by B, U Cy. If in 
addition ¢ € Q, then 0 and ¢ are not separated by X. But (B,UC,)NX = 
B,, is connected. Thus the preceding lemma implies that for ¢ in Q with 
\¢ —an| > €, 0 and ¢ are not separated by (B, UC,)UX = C,UX. That is, 
both 0 and ¢ belong to the same component of C\(C, UX) = 0\C;,. Hence 
¢ € out C, if ¢ € G and |¢ —a,,| > e. But this says that ins C,, C B(an;¢€) 
and so diam C, < « for n > no. Thus J(p) is a singleton. O 


It is now a rather easy matter to characterize those Riemann maps that 
extend to a homeomorphism on cl D, 


5.6 Theorem. If Q is a bounded simply connected region and tT: D — Q 
is the Riemann map with T(0) = 0 and r’(0) > 0, then 7 extends to be a 
homeomorphism of clD onto clQ. if and only if OQ is a Jordan curve. 


Proof. If 7 extends to a homeomorphism of cl D onto cl 22, then, as men- 
tioned before, 7(0 D) = OQ and so O02 is a Jordan curve. Conversely, assume 
that OQ is a Jordan curve. By Theorem 5.5, 7 has a continuous extension 
to 7: cl D— cl 2. It remains to prove that 7 is one-to-one on OD. 
Suppose w);, w2 € OD and r(w1) = T(w2); let o; = {7(rw;i):0<r < 1}. 
So a, and o2 are two Jordan arcs with end points 7(0) = 0 and wo = 
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T(w 1) = T(we) that lie inside Q except for the final point. Taken together, 
these arcs form a (closed) Jordan curve o; let A = ins o. (In fact, o is 
a crosscut.) By Corollary 13.1.11, A C Q. Put A, = (out 0) NQ; A, is 
connected (verify). Also AU Ay U(aNQ) = Q. Observe that (cl A) OQ is 
the singleton {wo}. 

Let V and V, be the two components of D \ {rw;:0<r< 1, i=1,2}. 
Since 7(V UV,) = AU Aj, a connectedness argument shows that either 
T(V) =A or 7r(V) = A;. Assume that 7(V) = A; hence 7(Vi) = Aj. 

The proof now proceeds to show that if w belongs to the arc ODN OV, 
then 7(w) = wo. Fix w in this arc; so A = {r(rw) :0 <r < 1} is a path in 
A except for the points 0 and r(w). But T(w) € (cl A) N OD = {wo}. Since 
w was an arbitrary point in the arc ODN OV, this shows that the bounded 
analytic function 7 is constant along an arc of 0D. By Theorem 13.5.3, 7 
is a constant function, a contradiction. O 


A simple Jordan region is a simply connected region whose boundary is 
a Jordan curve. 


5.7 Corollary. If G and Q are two simple Jordan regions and f:G—-Q 
is a conformal equivalence, then f has an extension to a homeomorphism 
of clG onto clQ. 


Recall that a curve 7 : OD — C is rectifiable if 9 > y(e*®) is a function 
of bounded variation and the length of the curve ¥ is given by [ d|y|(e*”) = 
V(q), the total variation of . If the boundary of a simply connected region 
Q) is a rectifiable curve, Theorem 5.5 can be refined. 

In Chapter 20 the class of analytic functions H! will be investigated. 
Here this class will be used only as a notational device though one result 
from the future will have to be used. In fact H! consists of those analytic 
functions f on D such that 


20 
sup{ | \f(re”)|dd:0<r< i} < 0O. 
0 


Note that if f is an analytic function on D and 0 < r < 1, then 7,(6) = 
f(re*®) defines a rectifiable curve. The length of this curve is given by 


fe |f’(re”’)| dé. 


Thus the condition that f’ € H!' is precisely the condition that the curves 
{y,} have uniformly bounded lengths. This leads to the next result. 


5.8 Theorem. Assume that Q is a simple Jordan region and lett : D—- Q 
be the Riemann map with 7(0) = 0 and r’(0) > 0. The following statements 
are equivalent. 


(a) OC) is a rectifiable Jordan curve. 
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(b) 7’ € H?. 
(c) The function 6 — r(e*?) is a function of bounded variation. 


(d) The function 6 > r(e*®) is absolutely continuous. 


Proof. Using Theorem 5.6, extend 7 to a homeomorphism of cl D onto cl 2. 
Assume that ¥ is a rectifiable parameterization of 0 and let a(@) = r(e’®). 
Since both a and ¥y are one-to-one, there is a homeomorphism oa : [0,27] — 
(0, 27] such that a(@) = y(o(@)) for all 0. So o is either increasing or de- 
creasing. If 0 = 0 < 6, <--- < 0, = 2m, then >> |a(O,) — a(Ox_-1)| = 
217 ((9x)) — ¥(o(Ax-1))| < V(y) since {o(40),..-,0(9n)} is also a parti- 
tion of [0,27]. Thus a@ is a bounded variation. This shows that (a) implies 
(c). Clearly (c) implies (a). 

Now let’s show that (b) implies (c). Assume that 7’ € H' and let 0 < 
r<1l.If0=09 <--- <6, = 27, then 


Tu 


> \r(r*77) — r(res-1)| _ S> 


j=l 


05 a 
| rt’ (re’® ie’ dé 


05-1 


27 
< / |r’ (re’”)| dé 
0 


< CG, 


where C is the constant whose existence is guaranteed by the assumption 
that 7’ belongs to H'. Letting r — 1 we get that 


mn 
S- |r (e%%3 — r(e7J-1)| <C 
j=l 


and so 7 is a function of bounded variation of OD. 
The fact that (c) and (d) are equivalent and imply (b) will be shown in 
Theorem 20.4.8 below. O 


Now for an application of Theorem 5.6 to a characterization of the simply 
connected regions whose boundaries are Jordan curves. 


5.9 Definition. For any region {2 a boundary point w is a simple boundary 
point if whenever {w,,} is a sequence in 2 converging to w there is a path 
a: [0,1] — C having the following properties: 
(a) a(t) EQ forO<t <1; 
(b) a(1) = 0; 
(c) there is a sequence {t,,} in [0,1) such that t, — 1 and a(t,) = w, for 
alln > 1. 
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It is not hard to see that each point of 0D is a simple boundary point 
(Exercise 4). The region in Figure 14.4 furnishes examples of boundary 
points of a simply connected region that are not simple boundary points. 
Exercise 4 also states that not every point in the boundary of a slit disk is 
a simple boundary point. Here is one way of getting some examples and a 
precursor of the main result to come. 


5.10 Proposition. If Q is a simply connected region, g: 92 — D is a 
conformal equivalence, and w € OQ such that g has an extension to a 
continuous map from QU {w} onto DU {a} for some a in OD, then w is a 
simple boundary point of Q. 


Proof. Exercise. 0 


5.11 Corollary. If Q is a simple Jordan region, then every point of OQ is 
a simple boundary point. 


The preceding corollary is a geometric fact that was derived from a the- 
orem of analysis (5.6). Giving a purely geometric proof seems quite hard. 


5.12 Theorem. 


(a) Let Q be a bounded simply connected region and letg:(.— D bea 
conformal equivalence. If w is a simple boundary point of 2, then g 
has a continuous extension to QU {w}. 


(b) If R is the collection of simple boundary points of 0, then g has a 
continuous one-to-one extension to QU R. 


Proof. (a) If g does not have such an extension, then there is a sequence 
{wn} in Q that converges to w such that g(wen) > we, g(wensi1) > WI, 
and w, # wz. It is easy to see that w; and w2 belong to OD (1.11). Let 
a: [0,1] ~ QU{w} be a path such that a(1) = w, a(tn) = wn, and tn — 1. 
Put p(t) = g (a(t)). It follows that |p(t)| — 1 as t > 1 (why?). Let J; and 
Jz be the two open arcs in OD with end points w,; and w2. By drawing 
a picture it can be seen that one of these arcs, say J;, has the property 
that for every w on J; and for 0 < s < 1, there isat with s <t< 1 and 
p(t) lying on the radius [0, w] (exercise). If r = g™! : D — O, then 7 isa 
bounded analytic function since 2 is bounded. So for almost every w in Jj, 
lim,_.1 T(rw) exists; temporarily fix such a w. But the property of J; just 
discussed implies there is a sequence {s,} in (0,1) such that s, — 1 and 
p(Sn) — w radially. Thus 7 (p(s,)) — 7(w). But 7 (p(sn)) = a(sn) — w; so 
T(w) = w for every point of J; at which 7 has a radial limit. By Theorem 
13.5.3, 7 is constant, a contradiction. 

(b) Let g denote its own extension to QU R. Suppose w; and we are 
distinct points in R and g(wi) = g(w2); we may assume that g(w,) = 
g(w2) = —1. Since w; and w2 are simple boundary points, for 7 = 1,2 there 
is a path a; : [0,1] — QU {w;} such that a;(1) = w; and a,;(t) € Q for 
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t <1. Put p;(t) = g(a;(t)); so p; ([0,1)) C D and p,;(1) = —1. Let to < 1 
such that for t9 < s,t <1 


1 
5.13 |a1(s) — a2 (t)| > 3 lw _— we| . 
Choose 6 > 0 sufficiently small that 
p; ([0, to]) N B(—-1; 6) = 0 


for j = 1,2 and put As = DN B(—1; 4). Since each of the curves p; termi- 
nates at —1, whenever 0 < r < 6, there is a t; > to so that p;(t;) = w; 
satisfies |1 + w;| = r. Again letting 7 = g~! we have that (5.13) implies 
that 


1 
5 [1 — wal < Ir (wr) — r(wa)| 


Oo . 
< / |r'(—14 re®®)|r 6. 
03 


For each value of r, let 0, be the largest angle less than 7/2 such that 
~1+re® € D for |6| < 0,. The above inequalities remain valid if the 
integral is taken from —6, to 0,. Do this and then apply the Cauchy- 
Schwarz Inequality for integrals to get 


lu — we|” or 19) |2 or 
ak Ae / |r’(—1+ re”)|" dO / r“d6 
4 —6,. —6, 
7] 


nr? [ ; r'(—1 + re®®)|” a0. 
6, 


lA 


IA 


Thus, performing the necessary algebraic manipulations and integrating 
with respect to r from 0 to 6, we get 


2 76 5 A 
_ 1 r . 
moet | —dr / r | [r!(—1 + re! |” d0dr 
An 0 T 0 —6, 


Area (7(As)) 
< Area. 


IA 


Since 2 is bounded, the right hand side of this inequality is finite. The 
only way the left hand side can be finite is if w; = we, contradicting the 
assumption that they are distinct. 

The proof that g is continuous on 1) U R is left to the reader. O 


5.14 Corollary. If Q is a bounded simply connected region in the plane 
and every boundary point is a simple boundary point, then OQ is a Jordan 
curve. 
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Finally, the results of this section can be combined with the results on 
reflection across an analytic arc. 


5.15 Proposition. Let 9) be a simply connected region and let g : Q — D 
be a conformal equivalence. If L is a free analytic boundary arc of Q and K 
is a compact subset of L, then g has an analytic continuation to a region 
A containing QU K. 


Proof. Use Exercise 7 and Theorem 13.4.8. 0 


Note that even though the function g in Proposition 5.15 is one-to-one, 
its extension need not be. 


5.16 Example. Let 9) = D, and define g : (2 — D as the composition 
of the function h(z) = z+ z7! and the Mdbius transformation T(z) = 
(z—i)(z+i)7}: 

z*—iz+1 

z+iz+l1 

The function h maps D, onto the upper half plane and J maps this half 
plane onto D. The upper half circle L is a free analytic boundary arc of 2 
so that g has an analytic continuation across L. In fact it is easy to see that 
h#(z) = h(z) on 2 and so g*#(z) = g(z). Thus even though g is univalent 
on 2, g* is not. 


g(z) = T oh(z) = 


The following question arises. If 2 is a simple Jordan region and the 
curve that forms the boundary of (22 has additional smoothness properties, 
does the boundary function of the Riemann map 7 : D — 2 have similar 
smoothness properties? If OQ is an analytic curve, we have that 7 has an 
analytic continuation to a neighborhood of cl D by the Schwarz Reflection 
Principle. But what if 02 is just C®; or C'? A discussion of this question 
is in Bell and Krantz [1987]. In particular, they show that if OQ is C™, 
then so is the boundary function of rT. 


Exercises 


1. Prove Proposition 5.2. 


2. This exercise will obviate the need for Theorem 13.5.3 in the proof 
of Theorem 5.6. Let 7 be a bounded analytic function on D and let 
J be an open arc of 0D. Show, without using Theorem 13.5.3, that 
if 7 has a radial limit at each point of J and this limit is 0, then 
7 = 0. (Hint: For a judicious choice of w1,...,wm in OD, consider 
the function h(z) = 7(w1z)T(wez)...7(Wmz).) 


3. Let G be a region and suppose that ¢o € OG such that there is a 
6 > 0 with the property that B(a;é)MG is simply connected and 


56 


10. 
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B(a;6)N 0G is a Jordan arc y. Let 2 be a finitely connected region 
whose boundary consists of pairwise disjoint Jordan curves. Show 
that if f : G — 2 is a conformal equivalence, then f has a continuous 
one-to-one extension to GU 7. 


. Show that every point of 0D is a simple boundary point. If Q is the 


slit disk D \ (—1, 0], show that points of the interval (—1,0) are not 
simple boundary points while all the remaining points are. 


. Show that if w is a simple boundary point of 22, then there is a 6 > 0 


such that B(w; 6) MQ is connected. 


. Show that the conclusion of Theorem 5.12 remains valid if 2 is not 


assumed to be bounded but C \ cl 2 has interior. Is the conclusion 
always valid? 


. Show that if J is a free analytic boundary arc of (2, then every point 


of J is a simple boundary point. 


. (a) If g: cl D — C is a continuous function that is analytic in D, show 
g 


that there is a sequence of polynomials {p,,} that converges uniformly 
on cl D to g. (Hint: For 0 < r < 1, consider the function g, : cl D — C 
defined by g,(z) = g(rz).) (b) If 7 is a Jordan curve, 2 is the inside 
of y, and f : cl 22 — C is a continuous function that is analytic on 
Q, show that there is a sequence of polynomials {p,,} that converges 
uniformly on cl 2) to f. 


. If Q is any bounded region in the plane and f : cl Q — Cisa 


continuous function that is analytic on 2 and if there is a sequence of 
polynomials {p,} that converges uniformly on cl 2 to f, show that f 
has an analytic continuation to int [Q], where (Q is the polynomially 
convex hull of 2. 


Suppose that G and 22 are simply connected Jordan regions and f 
is a continuous function on cl G such that f is analytic on G and 
f(G) C Q. Show that if f maps 0G homeomorphically onto 0Q, 
then f is univalent on G and f(G) =. 
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If f is analytic near infinity, then it is analytic on a set of the form G = 
{z:|z| > R} = ann(0; R, oo), and thus f has a Laurent expansion in G 


flz)= > Anz”; 


n=— co 
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this series converges absolutely and uniformly on compact subsets of G. 
With this notion, f has a pole at oo of order p if a, = 0 for n > p. Note 
that this is the opposite of the discussion of poles at finite points. The 
residue of f at oo is the coefficient a; and f has a removable singularity at 
oo if this expansion has the form 


a Oo 
f(z) =a0+ S+ateo. 


Here ap = f(0o), ay = f’(co) = lim, .~ z (f(z) — ao),.... 
Consider the collection U of functions f that are univalent in D* = {z : 
|z| > 1} and have the form 


ay 
6.1 f(z) =zta0+ +0 


In other words, U consists of all univalent functions on D* with a simple pole 
at co and residue 1. This class of functions can be characterized without 
reference to the Laurent expansion. The easy proof is left to the reader. 


6.2 Proposition. A function f belongs to the class U if and only if f is 
a univalent analytic function on D* such that f(co) = co and f —z has a 
removable singularity at oo. 


6.3 Area Theorem. If f © U and f has the expansion (6.1), then 


CO 


nlan|? <1. 
S- lan|? <1 


n=1 


Proof. For r > 1, let [, be the curve that is the image under f of the 
circle |z| = r. Because f is univalent, I’, is a smooth Jordan curve; let 12, 
be the inside of [,.. Applying Green’s Theorem to the function u = Z we 


get that 
Area(Q,,) = // O(Z) 
Q, 
1 


— z 
22 T,. 

1 20 
di Jo 
Since I(t) = f(re), this means that 


27 


Area(Q,.) = 5 f (ret) f’(re®*)e" dt. 
0 
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Using (6.1) we can calculate that 


Oo 
; Qn, -: 
f(ret) = re“+ao+ S- ae 
Tn 
n=l 
2° a 
/ rt m —4 1)t 
f(re®) = 1- > Mare mr Ne 
m=1 


Using the fact that fo" e’*™tdt = 0 unless n = 0, in which case the integral 
is 27, the uniform convergence of the above series implies that 


oo 2 
0 < Area(Q,) , 2ar — S- neinh (27) 


n=1 
2 — N|Qr| 
6.4 = 7 tS 
pen 
n=l 
Therefore 
nan |* 
1> “ 
p2nt2 
n=1 


for all r > 1. If the inequality is not valid for r = 1, then there is an 
integer N such that 1 < sy nla,|?. But since r > 1 this also gives that 


1 < Soy nlan|?/r2"+?, a contradiction. O 


Part of the proof of the preceding theorem, namely Equation 6.4, in- 
dicates why this result has its name. What happens to (6.4) when r is 
allowed to approach 1? Technically we must appeal to measure theory but 
the result is intuitively clear. 

If X, = f ({z: |z| >r}) forr > 1, then Q, = C\ X,. Thus (),, 2, = C \ 
U,. X, = C\({z|z| > 1}) = E, aclosed set. As r — 1, Area(Q,) — Area(E). 
Thus the following corollary. 


6.5 Corollary. If f ¢ U, f has the Laurent expansion (6.1), and E = 
C \ f(D*), then 


Area(E) =a —-—1 S- nlan|?. 
n=1 


Thus Area(E) = 0 if and only if equality occurs in the Area Theorem. 


The next proposition provides a uniqueness statement about the map- 
pings in the class U. Note that if f € U and f is considered as a mapping 
on the extended plane Cy, then f(0o) = oo. 


6.6 Proposition. If f ¢U and f(D*) = D*, then f(z) = z for all z. 


Proof. If f is as in the statement of the proposition, then Corollary 6.5 
implies that 7 = 7 — 7), nlan|*, so that a, = 0 for all n > 1. Thus 


14.6. The Area Theorem 59 


f(z) = z+apo. On the other hand, the hypothesis on the mapping properties 
of f also implies that |f(z)| — 1 as |z| — 1. Letting z — 1, this implies that 
|f(z)|? = lz+ao|? = |z|7+2Re (apZ) + a0|? — 1+2Re (a) +lao|? = 1. Thus 
Re (ag) + |ao|? = 0. Similarly, letting z — —1 show that —Re (ag) +|ag|? = 
0. We now conclude that a9 = 0 and so f(z) =z. O 


The preceding proposition can also be proved using Schwarz’s Lemma 
(Exercise 3). 


6.7 Proposition. If f ¢ U and f has the expansion (6.1), then |a,| < 1. 
Moreover |a;| = 1 if and only if the set E = C \ f(D*) is a straight 
line segment of length 4. In this case f(z) = z+a9+a,z! and E = 
[-2A + ao, 2A + ao], where A? = ay. 


Proof. Since |aj| is one of the terms in the sum appearing in the Area 
Theorem, it is clear that |a,| < 1. If |a,| = 1, then a, = 0 for n > 2. Thus 
f(z) =z+a9+a,z7!. It can be seen by using Exercise 2 that in this case 
E = [-2 + ao, 2A + ag], where \? = ay. In particular, E is a straight line 
segment of length 4. 

Conversely assume that F is a straight line segment of length 4; so EF has 
the form EF = [—2u+ Go, 24+ Go], where Gp and p are complex numbers 
and |u| = 1. If g(z) = z+ Go+p?z71, then g € U and g(D*) = C\E = f(D*). 
Therefore f og~! € YU and maps D* onto itself. By Proposition 6.6, f = g 
and a; = p’, so that |a;|=1. O 


The next proposition is a useful estimate of the derivative of a function 
in U. 
6.8 Proposition. If f © U, then 


j2|” 


Jz/? — 1 


If (z)| < 


whenever |z| > 1. Equality occurs at some number a with |a| > 1 if and 
only if f is given by the formula 
jal* —1 


P(2) = 2 + 00 ~ a 


Proof. Since f'(z) = 1—- a,z7? —agz7? —--» = 1-30) nanz-"“1, an 


application of the Cauchy-Schwarz Inequality as well as the Area Theorem 
shows that 


(2)-1 = 


i 
2 


IA 
= 
8 
3 
ae 
a 
i) [a 
3 
iM] 
= 
NX 
© 
3 
6 
| 
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IA 
oo 
WE 

= 

XN 

© 

3 

© 
ns 
I 


i 
oO 2 
_ _9a\n-1 
- er [Some - | 
n=1 
1 
~ el 
|z|? 
_ 1 
[22-1 


It now follows that |f’(z)| < |f’(z) —1)+1< (Jz)? -1)7+ +1 
= |z|?(\z/* — 1)~* 

Now suppose that there is a complex number a, |a| > 1, such that the 
inequality becomes an equality when z = a. Thus |f’(a)| < | f’(a)-—1]/+1< 
ja|?(ja|? — 1)~' = |f’(a)|. This implies that the two inequalities in the 
above display become equalities when z = a. The fact that the first of 
these becomes an equality means there is equality in the Cauchy-Schwarz 
Inequality. Therefore there is a complex number b such that a, = ba~"~! 
for all n > 1. The fact that the second inequality becomes an equality 
means that 


OO 
1 = SS nlan|? 
n=1 
OO 
= |b? D> nlal-2"-? 
“4d 
2 
= ae ae 
Thus |b| = |a|? — 1. Substituting these relations in the Laurent expansion 
for f gives 
ba” 1 


stat 


f(z) 


a faa) 
= Z+ag-- 


—] 
Now use this formula for f(z) to compute f’(a): 


fifa) = 1- ° (aa —1)~*a 


14.7. Disk Mappings: The Class S 61 


1 — b(ja|? — 1)~? 


(Ja|* — 1)’ —6 
(Jal? — a)? 


By assumption 


ror = (ee) 


(|b| — 1)° 
ole 


Equating the two expressions for | f’(a)|? we get that Re b = Re b = —|O. 
It follows that b = —|b| = 1 — |a|* and so f has the desired form. 

If f is given by the stated formula it is routine to check that equality 
occurs when z=a. O 


Exercises 


1. Show that for r and @ any complex numbers, f(z) = 4r8z(@ — z)~? 
is the composition f = f3 0 foo fi, where fi(z) = (6+ z)/(G — 2), 
fo(z) = z?, and f3(z) = r(z—1). Use this to show that f is a conformal 
equivalence of {z : |z| < |G|} as well as {z : |z| > |8|} onto the split 
plane C \ {z = —rt:t> 1}. 


2. For a complex number 4, show that f(z) = z+ A*z7~! is the compo- 
sition fo 0 f;, where f;(z) = z(A—z)~? and fo(z) = (1+ 2Az)/z. Use 
this to show that f is a conformal equivalence of both {z : |z| < |A|} 
and {z: |z| > |A|} onto C \ [—2A, 2A]. 


3. Prove Proposition 6.6 using Schwarz’s Lemma. 
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In this section attention is focused on a class of univalent functions on 
the open unit disk, D. Since each simply connected region is the image 
of D under a conformal equivalence, the study of univalent functions on 
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D is equivalent to the study of univalent functions on arbitrary simply 
connected regions. If oo is adjoined to the region D*, the resulting region 
(also denoted by D*) is also simply connected, so that it is equivalent 
to consider univalent functions on D*. After suitable normalization this 
amounts to a consideration of functions in the class UW. The class of univalent 
functions S on D defined below is in one-to-one correspondence with a 
subset of the class /. The study of S is classical and whether to study S or 
U depends on your perspective, though one class sometimes offers certain 
technical advantages over the other. 


7.1 Definition. The class S consists of all univalent functions f on D such 
that f(0) =0 and f’(0) = 1. 


The reason for the use of the letter S to denote this class of functions is 
that they are called Schlicht functions. 

If h is any univalent function on D, then f = [h — h(0)] /h’(0) belongs 
to S, so that information about the functions in S gives information about 
all univalent functions on D. If f € S, then the power series expansion of 
f about zero has the form 


7.2 f(z) = ztaoz? +a3z24--:. 


As mentioned the class S and the class / from the preceding section are 
related. This relation is given in the next proposition. 


7.3 Proposition. 


(a) Ifg €U andg never vanishes, then f(z) = (g(z-4)] ES and, con- 
versely, if f € S, then g(z) = [f(y] EU and g never vanishes. 


(b) If f € S with power series given by (7.2) and [f(w7!)] = g(w) = 
wot yo Anz” for w in D*, then ap = —ag. 


Proof. (a) Suppose g € U and f(z) = [g(z7")| ~* for z in D. Since g(oco) = 
oo, it is clear that f is univalent on D and f(0) = 0. Moreover g(z)/z — 1 
as z — oo and so it follows that f’(0) = lim, 9 f(z)/z = 1 and f € S. The 
proof of the converse is similar. 

(b) Just use the fact that for |z| < 1, g(z~')f(z) = 1, perform the 
required multiplication of the corresponding series, and set equal to 0 all 
the coefficients of the non-constant terms. O 


7.4 Proposition. 


(a) Iff € S andn is any positive integer, then there is a unique function 
g in S such that g(z)” = f(z”). For such a function g, g(wz) = wg(z) 
for any n-th root of unity w and all z in D. Conversely, if g € S and 
g(wz) = wg(z) for any n-th root of unity w and all z in D, then there 
is a function f in S such that g(z)” = f(z”). 
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(b) Similarly, if f © U, then there is a unique function g in U such that 
g(z)” = f(z”). For such a function g, g(wz) = wg(z) for any n- 
th root of unity w and all z in D. Conversely, if g € U such that 
g(wz) = wg(z) for any n-th root of unity w and all z in D, then there 
is a function f inU such that g(z)” = f(z”). 


Proof. (a) Assume that f € S and let h(z) = f(z”) for |z| < 1. The 
only zero of h in D is the one at z = 0 and this has order n. Thus h(z) = 
2”h1(z) and h is analytic on D and does not vanish. Moreover the fact that 
f'(0) = 1 implies that h,(0) = 1. Thus there is a unique analytic function 
gi on D such that gf = hy, and g;(0) = 1. Put g(z) = zgi(z); clearly 
g(z)” = f(z”), g(0) = 0, and g’(0) = lim, g(z)/z = gi(0) = 1. Notice 
that these properties uniquely determine g. Indeed, if k is any analytic 
function on D such that k(z)” = f(z”) and k’(0) = 1, then [g/k]” = 1 and 
g/k is analytic, whence the conclusion that k = g. 

If the power series of f is given by (7.2), then a calculation shows that 
hi(z) = 1+ a2z" + a3z2" +--+, so that h(wz) = h(z) whenever w” = 1. 
Thus for an n-th root of unity w, k(z) = zgi(wz) has the property that 
k(z)” = f(z") and k’(0) = 1. By the uniqueness statement above, k = g. 
Thus gi(wz) = gi(z). From here it follows that g(wz) = wg(z) whenever 
wr = 1, 

To complete the proof that g € S it remains to show that g is univalent. 
If g(z) = g(w), then f(z”) = f(w”) and so z” = w”; thus there is an n-th 
root of unity such that w = wz. So g(z) = g(wz) = wg(z). Clearly we can 
assume that z 4 0 so that g(z) #0 and hence w = 1; that is, w = z. 

For the converse, if g € S and g(wz) = wg(z) for any n-th root of unity 
w and all z in D, then g has a power series representation of the form 


g(2) = 2+ bagi2"*! + bon gr 22Pt fee. 


Thus 

g(2)" = 2" + con2™ 
Let 

f(2) = zt eam2? ho 

The radius of convergence of this power series is at least 1, f(0) = 0, and 
f’(0) = 1. If z and w € D and f(z) = f(w), let z; and w be points in D 
with z? = z and w? = w. So g(z1)” = g(w1)”. It is left to the reader to 
show that this implies there is an n-th root of unity w such that z] = ww}. 


Hence z = w and so f is univalent. That is, f € S. 
(b) This proof is similar. O 


The celebrated Bieberbach Conjecture concerns the class S. Precisely, 
this says that if f € S and its power series is given by ( 7.2), then 


7.5 lan| <n 
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for all n > 2. Moreover, equality occurs if and only if f is the Koebe 
function or one of its rotations (1.4). 

We will prove the Bieberbach conjecture now for n = 2. The proof of 
the general case is due to L deBranges [1985]. This material is presented 
in Chapter 17. We start with a corresponding inequality for the class U, 
which is stated separately. 


7.6 Theorem. [fg € U with Laurent series g(z) = z+aq+a,z~!+---, then 
lag| < 2. Equality occurs if and only if g(z) = z+2A4+A2z71 = z7h(z+A)?, 
where |\| = 1. In this case g maps D* onto C \ 0, 4A]. 


Proof. Let h © U such that h(z)? = g(z?) for z in D* and let the expansion 
of h be given by h(z) = z+ 89 + Byz7' +--+. Thus 


= g(z*) 
= 2 +a9ta,z7+-:: 


Hence 39 = 0 and ap = 2G,. But according to Proposition 6.7, |G;| < 1 
so |@o| < 2. The equality |ag| = 2 holds if and only if |@,| = 1, in which 
case h(z) = z+ Az7!, where A* = ; (so |A| = 1). But in this case, 
g(z*) = h(z)? = (z4+-Az7!)? = 2742\4+-\?27?, so that g(z) = z+2A+A2%271. 
The mapping properties of this function are left for the reader to verify. 
(See Exercise 6.2) O 


7.7 Theorem. If f € S with power series given by (7.2), then |a2| < 2. 
Equality occurs if and only if f is a rotation of the Koebe function. 


Proof. Let g be the corresponding function in the class UU : g(z) = | f(z7")] 


for z in D*. It follows that g has the Laurent series 
g(z) = z—ag4t (a3 —a3)z7' 4+--- 


The fact that |a2| < 2 now follows the preceding theorem. Moreover equal- 
ity occurs if and only if there is a A, |A| = 1, such that g(z) = z7~!(z+ A)’. 
This is equivalent to having f be a rotation of the Koebe function. O 


As an application this theorem is used to demonstrate the Koebe “1/4- 
theorem.” 


7.8 Theorem. [f f © S, then f(D) D {¢: |¢| < 1/4}. 


Proof. Fix f in S and let Gy be a complex number that does not belong 
to f(D); it must be shown that |¢| > 1/4. Since 0 € f(D), Co # 0 and so 
g(z) = f(z) [1 — 65 f(z)] ~" is an analytic function on D. In fact g € S. To 
see this first observe that g(0) = 0 and g’(0) = lim, 49 [g(z)/z] = f’(0) = 1. 
Finally g is the composition of f and a Mobius transformation and hence 
must be univalent. 


1 
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Since f(0) = 0, there is a small value of r such that |f(z)| < |¢o| for 
|z| <r. In this neighborhood of 0 we get 


f1—GF(@)] =146>'flz) + G7flz)? t-. 


Substituting the power series expansion (7.2) of f and collecting terms we 
get that for |z| <r 


g(z) = 2+ (Gg +a2) 240, 


(In fact this power series converges throughout the unit disk.) By Theo- 
rem 7.7 this implies that |¢j' + ag| < 2. But |a2| < 2 so that |¢>*| < 4, or 
IGCo| 2 1/4. O 


Consideration of the Koebe function shows that the constant 1/4 is sharp. 
The next result is often called the Koebe Distortion Theorem. 


7.9 Theorem. If f € S and |z| < 1, then: 


I-21 ayy < 1+H 

” arrays < OS aja 
Hl cay cl 

(b) Hie <Vols AG 


Equality holds for one of these four inequalities at some point z # 0 if and 
only if f is a rotation of the Koebe function. 


Proof. For each complex number a in D define the function 


f (8S) -s£@ 
(lal) fa) 
It is easy to see that f, is univalent on D since it is the composition of 
univalent functions. Also f,(0) = 0 and a routine calculation shows that 


fi (0) =1. Therefore f, € S. Let fa(z) = z+boz*+--- in D. 
Another computation reveals that 


fa(z) — 


f'(0) = (1 — |a|?) ae — 2a . 


Since bg = f?’(0)/2 and |[bg| < 2 by Theorem 7.7, this shows that 


( — |a|?) aa _ 2a <4, 


Thus 
A 


~ 1— jal?” 


f" (a) 2a 


f(a)  1—|al? 
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Multiply both sides of this inequality by |a| and substitute z = a to get 


" 2 
710 £@) __2eP | lel 
f(z) 1—|z/?| 7 1-[2/? 


Now f’ does not vanish on D, so there is an analytic branch of log f’(z) 
with log f’(0) = 0. Using the chain rule, 


d Hpi 0 17) 9 0 1) Oe 
ap [log f’(re’)] = 5, Hos f(a) ale] + 5 [los F(2)] 5 I 
fl" (re) +6 

Fire) 

Now for any function g, Re[0 g/0Or| = ORelg]/Or, so 


ral 


O 1 
7.11 ra [log | f’(re *)(| = Re E 


Thus (7.10) implies 


or? 
1-r? 


Ar 
—~ 1l-r2 


rs [log |f’(re”)|] _ 


Dividing by r and performing some algebraic manipulation gives that 


®-4 8 aan r+ 
1p S or [log | f’(re'*)|] < 1_r2 
for all re*® in D. Thus, for p < 1, 
P2r—A PO 0 PQr+A 
7.12 [ aes / 5, [los |f'(re iJar< f paper 


or 
l—p 1 (518 l+p 
8 FG + S| < log |f'(e€"")] < log lt — od 
Now take the exponential of both sides of these inequalities to obtain the 
inequality in (a) for z = pe*®. 

Suppose for some z = pe”? one of the inequalities in (a) is an equality; for 
specificity, assume that equality occurs in the lower bound. It follows that 
the first inequality in (7.12) is an equality. Thus the integrands are equal 
for 0 <r < p. Using (7.11) for 0 < r < p and letting r — 0 we get that 
—4 = Refe’’ f”(0)], so that |f”(0)| > 4. By Theorem 7.7, |f’(0)| = 4 and 
f is a rotation of the Koebe function. The proof of the case for equality in 
the upper bound is similar. 


To prove part (b) note that |f(2)| = |fo,q (Od6| < Jo. lf" (lal 
Parameterize the line segment by ¢ = tz, 0 < t < 1, and use part (a) to get 
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an upper estimate for |f’(¢)|. After performing the required calculations 


this shows that o 
z 


If(z)| < (—]a)?2’ 


the right hand side of part (b). 

To get the left hand side of part (b), first note that an elementary ar- 
gument using calculus shows that t(1 + t)? < 1/4 for 0 < t < 1; so it 
suffices to establish the inequality under the assumption that |f(z)| < 1/4. 
But here Koebe’s 1/4-theorem implies that {¢ : |¢| > 1/4} C f(D). So 
fix z in D with |f(z)| < 1/4 and let y be the path in D from 0 to z such 
that f oy is the straight line segment [0, f(z)]. That is, f(y(t)) = tf(z) 
for 0 <t <1. Thus (f(2)| = | Jf, f’(w)dw| = | fo f(t) (dtl. Now 
f'(y(t))7'(@) = [ef (2)]/ = f(z) for all t. Thus |f(z)| = J, |f’(w)||dw]. Using 
the appropriate part of (a) we get that |f’(w)| > (1 — |w])(1 + |w|)~*. On 
the other hand if we take 0 > s < t > 1, |y(t) —y(s)| = ||y(¢)| — |7(s)|| and 
so (symbolically), |dw| > d|w|. Combining these inequalities gives that 


Zl jp 
—__—_—_d 
/ (1+ r)$ " 


(1 + |2|)? 


If(z)| 


This proves (b). It is left to the reader to show that f is a rotation of the 
Koebe function if one of these two inequalities is an equality. O 


Before giving an important corollary of this theorem, here is a lemma 
that appeared as Exercise 7.2.10. 


7.13 Lemma. If {f,} is a sequence of univalent functions on a region G 
and f, — f in H(G), then either f is univalent or f is constant. 


7.14 Corollary. The set S of univalent functions is compact in H(D). 


Proof. By Montel’s Theorem (7.2.9) and Theorem 7.9, S is a normal fam- 
ily. It remains to show that S is closed (8.1.15). But if {f,} C S and f, — f 
in H(D), then the preceding lemma implies that either f is univalent or f 
is constant. But f/ (0) = 1 for all n so that f’(0) = 1 and f is not constant. 
Clearly f(0)=OandsofeS. Oo 


The next result is almost a corollary of the preceding corollary, but it 
requires a little more proof than one usually associates with such an ap- 
pelation. 


7.15 Proposition. If G is a region, a € G, and b is any complex number, 
then S(G,a,b) = {f € H(G): f is univalent, f(a) = b, and f’(a) = 1} is 
compact in H(G). 
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Proof. By asimple translation argument it may be assumed that a = b = 
0; let S(G) = S(G,0,0). Let R > 0 such that B(0;R) C G. If f € S(G) 
and fr(z) = R7'f(Rz) for z in D, then fp € S = S(D). Thus fr(D) D {Cc : 
IC] < 1/4} and so |fr(e’’)| > 1/4 for all @ (7.8). Hence |f(Re*’)| > R/4 
for all 9 and B(0;R/4) C f(B(0; R)). So f maps G \ B(0; R) into f(G) \ 
B(0; R/4); that is, |f| > R/4 for z in G\ B(0; R). Therefore ¢s(z) = z/f(z) 
is an analytic function on G, |¢¢(z)| < 4 for |z| < R and |dy(z)| < 4|z|R7? 
for z in G\ B(0; R). Thus ® = {¢; : f € S(G)} is a locally bounded family 
of analytic functions on G and hence must be normal. 

By an argument similar to that used to prove Corollary 7.14, S(G) is 
closed. So to prove the proposition, it suffices to show that S(G) is a normal 
family. Let {f,} be a sequence in S(G) and let {¢,} be the corresponding 
sequence in ®. By passing to a subsequence if necessary, it may be assumed 
that ¢, — @¢ for some analytic function ¢ on G. Clearly the functions ¢,, 
have no zero in G so either ¢ = 0 or ¢ does not vanish in G (7.2.6). Also 
for each n, ¢,(0) = f/(0) = 1 and so ¢(0) = 1 and hence ¢ has no zeros 
on G. Let f(z) = z/¢(z). Now f’(0) = 1, so f is not constant. Clearly 
fn(z) — f(z) for,all z in G. If K is a compact subset of G, let ¢ > 0 such 
that |¢| > 2¢ on K. It follows that |¢,| > € on K for all n sufficiently 
large (see Exercise 4). This implies that {f, } is locally bounded on G and, 
hence, a normal family. O 


We close with an extension of the Distortion Theorem; you might call 
this the Generalized Distortion Theorem. 


7.16 Theorem. If K is a compact subset of the region G, then there is a 
constant M (dependent on K ) such that for every univalent function f on 
G and every pair of points z and w in K, 


Proof. By interchanging the roles of z and w, it suffices to prove the 
second of these inequalities. Let 0 < 2d < dist(k,0G) and cover K by 
a finite collection B of open disks of radius d/8. Suppose B; and Bg are 
two of the disks from B such that B, N Bo 4 O. Let z; € B;, i = 1,2. So 
|21 — 2q| < d/2 and B(z;;d) C G. Consider the function 


_ fl41 + dz) — f(z) 


This function belongs to the class S. According to Theorem 7.9, 


1+ |z| 
lg (z)| S (—12)3 
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for |z| < 1. Making the appropriate substitutions we get 
f'(41 + dz) 1+ |z| 
fila) |~ (—-lal)? 

Take z = (z1 — 22)/d so that |z| < 1/2 and we get that 
f'(22) L+5 _ 

/ _ 1\3 
f (21) (1 — 5) 

If z and w are arbitrary points of K, then there are points 2; = z, Z2,...,2n 
= w such that each consecutive pair of points is in a disk from B, n < N, 


the total number of disks in B, and these disks are pairwise intersecting. 
Therefore 


O- 


F(z) = f'(a) Ff" (22) f'(Z@n-1) n—1 N-1 — 
fiw)| | Fs) ||Fas)| | Fan) [2 SMe SM. 
O 
Exercises 


1. Let f and g be as in part (b) of Proposition 7.3 and show that a, = 
2 3 


a5 — a3. Show that ag = —a,4 + 2aga3 — a5. 

2. Let f be the function given in (1.4) and show that f € S and if the 
power series of f is given by (7.2), then |a,| = for all n > 2. Show 
that the image of D under f is the plane minus the radial slit from 
A/4 to oo that does not pass through the origin. 


3. Let fn(z) = z+ nz* and show that even though f,(0) = 0 and 
f,, (0) =1 for all n > 1, {f,} is not a normal sequence. 


4. Let {g,} be a normal sequence of analytic functions on a region G 
such that each g, has no zeros in G and g, — g, where g is not 
identically 0. Show that if K is a compact subset of G, then there is 
an € > 0 such that |g,| > ¢ on K for all n > 1. 


5. Let G be a region and fix a point a in G. For a choice of positive con- 
stants C’,m, and M show that F¥ = {f € H(G) : f is univalent, |f(a)| 
< C, and m < |f’(a)| < M} is a compact subset of H(G). 


6. For the set U of univalent functions on D* = {oo} U {z: |z| > 1}, 
show that UU {co} is compact in the space C(D*, C,.). 


7. Show that for each integer n > 2 there is a function f in S such that 
if f has the power series expansion (7.2), then |a,,| > |g") (0)|/n! for 
all g in S. 
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Show that if K is a compact subset of a region G, then there is a 
constant M such that for every pair of points z and w in K and for 
every univalent function f on G, |f(z)| < |f(w)|+ M|f’(w)|. 


. If G is a simply connected region, a € G, and f : G — D is the 


conformal equivalence with f(0) = a and f’(0) > 0, show that 
[4 dist(a,0G)]—! < f'(a) < [dist(a,0G)]~’. 


Show that if 7 is a bounded univalent function on D with G = 7(D), 
then |r’(z)| < 4(1 — |z|?)~‘dist(7(z), 0G). (Hint: Use Exercise 9 and 
Schwarz’s Lemma.) 


Chapter 15 


Conformal Equivalence for 
Finitely Connected Regions 


In this chapter it will be shown that each finitely connected region is con- 
formally equivalent to a variety of canonical regions. Subject to certain 
normalizations, such conformal equivalences are unique. We begin with 
some basic facts about complex analysis on finitely connected regions. 


§1 Analysis on a Finitely Connected Region 


Say that a region G in C is n-connected if C,,\G has n+1 components. Thus 
a 0-connected region is simply connected. Say that G is a non-degenerate 
n-connected region if it is an an n-connected region and no component of 
its complement in C,, is a singleton. A region G is finitely connected if it is 
n-connected for some non-negative integer n. Note that if G is any region 
in C,. and K is any component of C,, \G that does not contain oo, then 
K must be a compact subset of C; in fact, such components of C,, \G are 
precisely the bounded components of C \ G. 

Throughout this section the following notation will be fixed: G is an 
n-connected region in C and Ky,...,K, are the bounded components of 
C\G; Ko will be the component of C,, \G that contains oo. Note that for 
any j, 1<j <n, GUK; is an (n — 1)-connected region. 

If FE is any compact subset of G, then by Proposition 13.1.5 there is 
a positive Jordan system [T = {7,71,.--,Y%n} in G having the following 
properties: 


(i) E Cinsl CG; 
1.1 (ii) for 1 <j<n, K; C insy;; 
(iii) cl(ins y;) MN cl(ins y,) = @ for 7 # k. 


The idea here is that for 1 < 7 < n and ain Kj, n(y;;a) = —1 while 
n(yo3a) = 1. 

A positive Jordan system I satisfying (1.1) with E = 0 will be called a 
curve generating system for G. In fact, the curves 71,...,Y%n are a set of 
generators for the first homology group of G as well as the fundamental 
group of G. 
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In the case of a finitely connected region the condition that a harmonic 
function has a conjugate can be greatly simplified. In fact, the infinite 
number of conditions in part (c) of Theorem 13.3.4 can be replaced by a 
finite number of conditions. 


1.2 Theorem. If G is an n-connected region and V = {0,71,---5Yn} is a 
curve generating system for G, then a harmonic function u: G — R has a 
harmonic conjugate if and only if J, (Ux dy —u,dx) =0 forl<j<n. 

J 


Proof. From Theorem 13.3.4 it is easy to see that it suffices to assume that 
Jy, f =Ofor1 <j <n, where f = Ou, and prove that f has a primitive. Fix 
a point a; in K; for 1 <j <n. If y is any closed rectifiable curve in G, put 
m,; = n(y;a;). It follows that the system of curves {y, —m171,...; —™nYn} 
is homologous to 0 in G. By Cauchy’s Theorem, 


0= / f-Yim; | f. 
Y V5 
But this implies that J, f =0 by assumption. Hence f has a primitive. O 


What is going on in the preceding theorem is that the first homology 
group of G is a free abelian group on n generators and the curves {y;} 
form a system of generators for this group. Morever, if I is an element of 
the first homology group, then I’ corresponds to a system of closed curves 
in G and the map [T — Sr f is a homomorphism of this group into the 
additive group C. Thus the condition of the preceding theorem is that this 
homomorphism vanishes on the generators, and hence vanishes identically. 

Let G be an n-connected region and let [T = {¥0,71,.--,%n} be a curve 
generating system in G. For a harmonic function u : G — R with conjugate 
differential *du, the numbers 


1 
.-— | *d 
C; m= | U, 


1 <j <n, are called the periods of u. Note that the periods of u are real 
numbers since wu is real-valued. So a rephrasing of Theorem 1.2 is that a 
real-valued harmonic function u on G has a harmonic conjugate if and only 
if all its periods are 0. 

Theorem 1.2 can be used to describe exactly how a harmonic function 
differs from one that has a harmonic conjugate. 


1.3 Theorem. Let G be an n-connected region with K1,..., Kn the bounded 
components of its complement; for 1 <j <n, leta; € K;. If u is a real- 
valued harmonic function onG and cj,...,Cn are its periods, then there is 
an analytic function h on G such that 


u=Reh+) c; log |z — a;|. 


j=l 
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Proof. Consider the harmonic function 


U=u-Jog; log |z — a;|. 
j 
Now é(z) = log |z| is harmonic on the punctured plane Cp = C \ {0} and 


an elementary computation shows that @, - if, = Z/ jz|° = 271. Thus for 
any closed rectifiable curve yy not passing through 0, 


/ (2, dy — €, dx) = -i | z'dz = 2n n(7;0). 

Y Y 

So if D,(z) = log |z — axl, Jy, (Lindy —Lyydz) = 27 if k = 7 and 0 
otherwise. It is straightforward to see that the choice of c; gives that 
J, (U, dy — U, dx) = 0 for 1 <j <n. By Theorem 1.2, there is an analytic 
function h on G such that U = Reh. O 


This theorem has several interesting consequences. Here are a few. 


1.4 Corollary. Jf u is a real-valued harmonic function in the punctured 
disk Bo(a;R) = B(a; R) \ {a}, then there are real constants b and c such 
that 7 

/ u(a+re”’) dO =blogr+c. 


—TT 


Proof. By Theorem 1.3 there is a real constant b and an analytic function 
h on Bo(a; R) such that u = Re h + blog |z — a|. Thus, 


| u(a+re”)d@ = b / log |re*?| dO + / Re h(a + re’’)d 


— TT —TT —TT 
Tv 


27b log r+ | Re h(a + re’’)dé 


—T7 


But it is easy to see that ["_ Reh(a+ re’)d6 is the imaginary part of the 
integral 


/ h(z)(z — a)~'dz, 


Y 


where 7(9) = a+ re’, and hence is a constant. O 


The next result might have been expected. 


1.5 Corollary. If u is a bounded harmonic function in the punctured disk 
Bo(a; R), then u has a harmonic extension to B(a; R). 


Proof. It suffices to assume that wu is real-valued. Suppose |u| < M on 
Bo(a; R). According to Theorem 1.3, there is a real constant 6b and an 
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analytic function h on Bo(a; R) such that u = blog |z — a| + Re A(z). Also 
there is a real constant c such that forr < R 


/ Uu (a + re'”) d@ = 2nb logr+c. 


—TT 


On the other hand, |u| < M so |27b logr+c| < 21M for r < R. But this 
is impossible if b ~ 0 so it must be that b = 0. 

Hence u = Re h in Bo(a; R). This implies that h is an analytic function 
on Bo(a; R) whose real part is bounded. Consider g = exp(h); g is bounded 
in Bo(a; R) since |g| = exp (Re h). Therefore a is a removable singularity 
for g. This implies that a is a removable singularily for g’ = h g and thus 
also for h = g’/g. This provides the required harmonic extension of u. O 


Most of the preceding material is taken from Axler [1986]. 


1.6 Definition. If none of the components Ko, Ky,..., Kn of Co \Gisa 
point, then the harmonic basis for G is the collection of continuous functions 
W1,W2,...,Wn On cl.,G that are harmonic on G and satisfy w;|OK; = 1 and 
w;|OK; = 0 fori #7. 


Note that these functions exist since the hypothesis guarantees that we 
can solve the Dirichlet problem for G (10.4.17). Also the function wo that 
is 1 on OKg and O on the boundary of the bounded components is not 
included here since this function can be obtained from the others by means 
of the formula wo = 1 — 57) 43. 

In the literature these functions in the harmonic basis are often called 
the harmonic measures for G. This terminology originated before the full 
blossoming of measure theory. Later a harmonic measure for G will be in- 
troduced that is indeed a measure. In order to avoid confusion, the classical 
terminology has been abandoned. 

The next lemma will be used in the proof of some conformal mapping 
results for finitely connected regions. 


1.7 Proposition. If G is a non-degenerate n-connected region, T = {7,..., 
Yn} is a curve generating system for G, and forl1 <j, k<n 


1 
5. “dw, 
TS; 


where {w1,...,Wn} is the harmonic basis for G, then then x n matriz 
[cj] 1s invertible. 


Proof. It suffices to show that this matrix is an injective linear transfor- 
mation of R” into R”. So suppose there are real scalars A,,...,An, such 
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that 
C11A1 + CygqAq +... + CinAn = 0 
CniA1 + Cn2A2 +... + ennAn = 0. 
We want to show that A; =--:- =A, = 0. 


Put u = yor AW. SO u is continuous on cl,,G and harmonic on G. Also 
u = , on OK, for 1 <k <n and u=0 on OKo. Moreover for 1 <7 <n, 


nr 


| *du = yas | *dwr = So cin AR = 0. 
Vi k=1 5 


k=1 


Therefore Theorem 1.2 implies there is an analytic function f on G such 
that u = Re f. 

Put Ag = 0 and let Gy € C such that Re Go # Ao, Ai,.--,An. ForO << k< 
n, pick constants e, > 0 such that if Q, = {¢ € C: [Rec — Ax| < ex}, then 
Go ¢ Upeg cl Qe. Now u = Ref is continuous on cl. G so {z € claoG : 
ju(z) —Ax| < ex} is a relatively open subset of cl,.G and contains OK x. 
Therefore if U; equals the union of AK, and the component of {z € clKG: 
|u(z) — Ax| < €,} that contains OK,, then U; is open in C and contains Kx. 
(The fact that some of the constants 4, may coincide forces some of this 
awkward language. If it were the case that A, # A; for k # j, then the €, 
could have been chosen so that the sets 0; have pairwise disjoint closures 
and the language would be simpler.) By Proposition 13.1.5, for l<k<n 
there is a Jordan curve o;, contained in U,; such that AK, C inso, and 


n(ox; Z) = —1 for all z in Ky. Similarly, there is a Jordan curve gg in Up such 
that Ko © out oo and n(o9; z) = +1 for all z in Ky U---UK, Uo, U---Udn. 
Hence © = {00,01,-.-,0n} is a Jordan system in G; in fact, © is a curve 


generating system for G. 


Now 
n a f’ 7 n , | 
Do Dei I. f — Co = duns 7% 60): 


But f © ox is a rectifiable closed curve lying inside the vertical strip 2); 
and Co lies outside this strip. Thus n(f ° 0%;¢9) = 0 forO < k <n. By 
the Argument Priniciple this implies that the equation f(z) = Co has no 
solutions in ins ©. But f(Ux) C Q, and so f(z) = Cp has no solution in 
Up_o U;. Therefore Co ¢ f(G). Since Co was an arbitrary point with Reo # 
Ao, A1,+++;An we get that f(G) C the union of the lines {¢ : Re¢ = Ax} 
fork = 0,...,n. By the Open Mapping Theorem, f, and hence u, must be 
constant. But u = 0 on 0Ko so u = 0. In particular 4; =--- =A, =0. O 
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Exercises 


1. If G is an (n+ 1)-connected region in C, Har(G) is the vector space 
of harmonic functions on G, and Har,(G) is the subspace of Har(G) 
consisting of all those harmonic functions with a harmonic conjugate, 
then the quotient space Har(G)/Har,(G) is an n-dimensional vector 
space over R. Find a basis for this space. 


2. Find the harmonic basis for the annulus. 


3. (The n+ 1 Constants Theorem) Let G be an n-Jordan region with 
boundary curves Y0,71,---;Yn and let Ao, A1,...,An be real con- 
stants. Show that if u is a subharmonic function on G such that 
fora@iny;,0<j<n, 


lim sup u(z) < ;, 
27a 


then a 
ule) <> dy04(2), 
j=0 
where {w 1,...,Wn} is the harmonic basis for G and wo = 1 — (w, + 


4. Let G be an annulus and f : G — C an analytic function. Use the 
preceeding exercise with u = |f| to deduce Hadamard’s Three Circles 
Theorem (6.3.13). 


§2 Conformal Equivalence with an Analytic Jordan Region 


Recall the definition of an analytic Jordan region (13.4.11). The main result 
of this section is the following. 


2.1 Theorem. If G is a non-degenerate n-connected region, then G is 
conformally equivalent to an analytic n-Jordan region Q. Moreover, Q can 
be chosen so that its outer boundary is OD and0 € 1. 


Proof. The proof consists of an iterative application of the Riemann Map- 
ping Theorem. Let Ko, Ki,..., An be the components of C, \G with Ko 
containing oo. Consider Go = C \ Ko and note that Go is simply con- 
nected since its complement in C,,., Kg, is connected. Let ¢9 : Go — D be 
a Riemann map and put Q = ¢o(G). 

So Op is a finitely connected region and C,,\Qo = (Co \D)Udo(44)U: + -U 
o(Kn) = KooUKoiU: --UKon. Now let Gy = Co \Ko1; again G; is a simply 
connected region in C,, containing oo and the region 9. Let ¢1; : Gi — D 
be the Riemann map with ¢;(0o) = 0 and put 2) = ¢;(Np). Again 4 
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is an n-connected region. The components of its complement in C,, are 
Ki, = Cy \D, Kio = ¢1(Koo), Ki2 = ¢1(Ko2),.--, Kin = ¢1(Kon). 
Note that the components of the boundary of 2; are OD, ¢,;(0D) = 
Pi (OKoo), OK 12, ae) OKin. 

So at this stage we have that G is conformally equivalent to a region 2; 
contained in D, two of whose boundary components are analytic Jordan 
curves, one of them being the unit circle. Continue the process to get that 
G is conformal equivalent to an n-Jordan region (2,,_; contained in D and 
having OD as its outer boundary. Now pick a in D\cl Q, 1, let dg be the 
Schwarz map (z — a)(1 —Gz)~!, and put Q = ¢g(Qn_1). 


The preceding proposition has value for problems that involve properties 
that are invariant under conformal equivalence, but its value diminishes 
when this is not the case. 

The next result is the analogue of the classical Green Identities using the 
conjugate differential and the 0-derivative. For the remainder of the section 
it is assumed that G is an analytic Jordan region with oriented boundary 
I = {7 o0,---;%n}, with yo as the outer boundary. 


2.2 Proposition. Let G be an analytic Jordan region with oriented bound- 
ary T’. (a) If u and v are functions that are C' on clG, then 


[ (au -udv) ai | | (Gv ou —Budn) 


2 ff Uz — UgVy). 


(b) If u and v are functions that are C1 on clG and C? on G, then 


Ke *du—u*dv) = a | | (wou — uddv). 


Proof. (a) Using the definition of du and dv, applying Green’s Theorem, 
and then simplifying we get 


| (wau- ude) = [teu — UvVz)dzx + (vUy — uvy)dy] 


2 | | uve — UgVy). 


Again using the definitions of the expressions and simplifying, we also have 


[fw du — Ou dv) = 5 [fiw Vz — UgVy), 
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proving part (a). 
(b) Using Exercise 13.3.2 we have 


[era -2i [ vdui | ody 
r r r 
[ure -2i f udv +i [ ude. 
r r r 


Performing the required algebra yields 


[wrdu-u*dv) = -2i | (vdu—udr) +i f (vdu— ude). 
r r r 


Now apply Green’s Theorem to the first integral and part (a) to the second 


in order to get 
—2i 2 If [O(v Ou — udv)] 
+1(47) [fe du — dudv) 


= af | [Ou Ou + v 0du — Ou dv — uddv] 
G 


-4 | | Bw Ou — udv)| 
= a | | (d8u— udev). 


Recall (13.2.3) that the Laplacian of a function u is 400u. 


[ew *du —u“*dv) 
r 


CO 


2.3 Corollary. If u and v are functions that are C! on clG and harmonic 
on G, then Ir v*du= Sr u*du. 


Recall (§10.5) that there is a Green function g(z,a) for G. If a is fixed, 
Ja(z) = —log|z — a| + R,(z), where R, is harmonic on G. Now gz, is har- 
monic on G \ {a} and identically 0 on T. By Corollary 13.4.12, ga can be 
extended to a harmonic function defined in a neighborhood of I’. We will 
always assume that gq has been so extended. Since log |z — a| is also har- 
monic in a neighborhood of I, it follows that the same holds for R,. In 
particular it is legitimate to discuss the integrals of the functions g, and 
R, as well as their derivatives and conjugate differentials on I. 

The first application of these notions is a formula for the solution of the 
Dirichlet Problem, but first a lemma. 
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2.4 Lemma. Let r > 0 such that B(a;r) C G and put B, = B(a;r). If u 
is a C* function on cl G that is harmonic inside G, then 


| (9a "du — u*dga) = 2r u(a) + (7), 
OB, 


where n(r) ~ 0 asr — 0. 


Proof. Put €(¢) = log |¢—a|. Using the definition of *dé@ and parametrizing 
the circle OB, by y(0) =a+re’, we get that *dé = d@ on OB,. Thus 


27 
/ u*dé = | u(a + re’’)dé = 2n u(a) 
OB, 0 
by the Mean Value Property for harmonic functions. Also there is a constant 


M such that Jo, u*dRa| < Mr. Hence Sop, u*dgg — —27 u(a). On the 
other hand, there are constants C; and C2 such that for all r, 


| Ga du -| e*du+ | Ra*du 
OB, OB, 


< Cyr logr+Cor. 
This completes the proof of the lemma. O 


2.5 Theorem. [fG is an analytic Jordan region, T is the positively oriented 
boundary of G, h is a continuous function on I, and h is the solution of 
the Dirichlet Problem with boundary values h, then 


w~ 


1 ‘ 
h(z) — On a dgz, 


where g, is Green’s function for G with singularity at z. 


Proof. Both sides of the above equation behave properly if a sequence of 
functions {h,,} converges uniformly to a function h on I’. Thus, it suffices 
to prove this under the extra assumption that h is a smooth function on I. 
Let r > 0 such that B(a; r) C G. Put G, = G\ B(a; r) andT, = OG, with 
positive orientation. Let B, = B(a; r) and always consider OB, as having 
positive orientation. Put u = h. According to Corollary 2.3 


J getau= f u“dgq- 
Tr, r, 


Now g, is identically 0 on TI so that 


| u“dga = (u“dga — 9a du) 
r OB, 


—2n ula) + n(r) 
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by the preceding lemma. Therefore taking the limit as r — 0 we get that 


| h*dgq = —2nh(a). 
r 


This proves the theorem. O 


The reader might note that the converse of Theorem 2.5 is valid. If h isa 
continuous function on I’, then the formula in (2.5) gives the solution of the 
Dirichlet problem. Thus (2.5) is a generalization of the Poisson Formula for 
D. See Exercise 3. We will see more of these matters in Chapters 19 and 
21. 

Using the definition of normal derivative, the formula for the solution of 
the Dirichlet Problem in the preceding theorem can be rewritten as 


i(z) = / h(w) oes (w) |dw}. 


2.6 Corollary. If {w,,...,wn} is the harmonic basis for G, then for 0 < 
jen 

1 * 

On », dg, — —w; (a). 


Proof. Take h in the preceding theorem to be the characteristic function 
of Yj- CO 


Exercises 


1. If G is an m-connected region and n of the components of its com- 
plement in C,, are not trivial, then G is conformally equivalent to an 
analytic n-Jordan region with m — n points removed. 


2. Show that the matrix [c;,] from Proposition 1.7 is positive definite. 


3. Prove that with the hypothesis of Theorem 2.5, ifh:T — Risa 
continuous function, then the solution of the Dirichlet Problem is 
given by the formula there. If G = D, show that the formula in (2.5) 
is precisely the Poisson Integral Formula. 


4. Show that the matrix [c;,| from Proposition 1.7 is a conformal in- 
variant for analytic Jordan regions. 
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$3 Boundary Values for a Conformal Equivalence Between 
Finitely Connected Jordan Regions 


The results from 814.5 on boundary values for a conformal equivalence be- 
tween two simply connected Jordan regions can be extended to a conformal 
equivalence between two finitely connected Jordan regions. To do this it is 
not necessary to start from the beginning, but rather the results from the 
simply connected case can be used to carry out the extension. 

We begin by showing that if G and 2) are finitely connected regions and 
@: G — 2 is a conformal equivalence, then ¢ defines a correspondence 
between the components of the boundaries of the two sets. Recall (13.1.2) 
that the map F — FM0,,G defines a bijection between the components of 
C. \G and the components of 0,.G. For our discussion fix an n-connected 
region G and let Ko,..., An be the components of C,, \ G with oo in Ko 
and let Co,...,C, be the corresponding boundary components. Let (2 be 
another n-connected region and assume there is a conformal equivalence 
@:G—-Q.For0 <j <nande > 0, let ®;(€) = cl[d({z € G: dist(z, K;) < 
e})] = cl[d({z € G: dist(z,C;) < e})] and put ®; = (), ®;(e). Here the 
distance involved is the metric of the extended plane, though the usual 
metric for the plane can be employed if 2 is bounded. It will be shown that 
the sets ®p,...,®, are precisely the components of 0.2, ¥0,.--5Yn- 


3.1 Lemma. 
(a) ®5(€1) Cc ® 5 (E2) uf Ey < €9. 
(b) If {e~,} monotonically decreases to 0, then ®; = N,®;(Ex). 


(c) If U is an open set containing ®;, then there is an € > 0 such that 
®; (€) C U. 


(d) ®; ts a connected subset of 0... 


Proof. The proofs of parts (a),(b), and (c) are left to the reader. It is 
also left to the reader to show that ®; C 0... Suppose that U and V are 
disjoint open sets and 6; CU UV. By part (c) there is an ¢ > 0 such that 
®,(e) CUUV. But ®,(e) is clearly a connected set as it is the closure of 
a connected set. This contradiction establishes part (d). O 


3.2 Proposition. The sets p,®1,...,®, are precisely the components of 
Ooo. 


Proof. By part (d) of the preceding lemma, each set ®; is contained in 
one of the components y; of 0.9. On the other hand, similar arguments 
involving @~! show that each point of 0,.Q must belong to one of the sets 
®,;. Thus a simple counting argument shows that {®p, ®;,...,®,,} are the 
components {70,71,---;Yn}. O 


82 15. Finitely Connected Regions 


If @; = +;, then we will say that ¢ associates C; with y;. To maintain 
some flexibility we might also say in this situation that ¢ associates K,; with 
+,. The idea here is that even though ¢ may not extend as a function to 
the boundary of G, it is possible to think of ¢ as mapping the components 
of 0..G onto the components of 0,2. 

The next result is just a restatement of Theorem 2.1 with the added 
piece of information that any component of the complement of G can be 
made to be associated with OD. 


3.3 Theorem. If G is a non-degenerate n-connected region and C' is any 
component of its extended boundary, then there is a conformal equivalence 
@ of G onto an analytic n-Jordan region Q such that the outer boundary of 
Q is OD,0¢, and ¢ associates C' with OD. 


Proof. Refer to the proof of Theorem 2.1. Using the notation there it 
follows that the map ¢@ constructed there associates OK, with OD. If C = 
OK, for 1 < j < n, then a simple relabelling proves the present theorem. If 
C' = O0Ko, then look at the image G, of G under the Mobius transformation 
(z—a)~+ for an appropriate choice of a. Here C corresponds to the boundary 
of a component of the complement of G; that does not contain oo and the 
previous argument applies. O 


3.4 Theorem. If G and) are two finitely connected Jordan regions and 
@¢:G—>1) is a conformal equivalence, then @ extends to a homeomorphism 
of clG onto clQ. 


Proof. Using the above notation and letting C; = OK;, we can assume 
that ¢ associates the boundary curve C; of G with the boundary curve 7; 
of 2, 0 <7 <n. It suffices to assume that G is an analytic Jordan region. 
In fact if this case is done, then for the general case apply Theorem 2.1 to 
find two analytic Jordan regions G, and (2; and conformal equivalences f : 
G — G, andr :2 > 4. Let ¢) : G; — 9, be defined by ¢1 = Todo f=}. 
Now observe that if the theorem is established for the special case where the 
domain is an analytic Jordan region, then by taking inverses the theorem 
also holds when the range is an analytic Jordan region. Thus each of the 
maps f,7, and ¢; as well as their inverses extends to a homeomorphism. 
Hence ¢ extends to a homeomorphism. 

So we assume that each of the curves Co,...,Cy is an analytic Jordan 
curve. Let 0 < r < dist(7;,7~) for 7 # k. Let 0 < € < dist(C;,C;) for 
j # k; by Proposition 3.2 and Lemma 3.1, € can be chosen such that 
d({z € G: dist(z,C;) < «}) C {¢ € DQ: dist(¢,y;) < r}. By Corollary 
13.5.7, @ has non-tangential limits a.e. on each C;. 

Fix 7, 0 <7 <7, and let a; and ag be any two points on C’; at which ¢ 
has a non-tangential limit. Since C; is an analytic curve, there are Jordan 
arcs 7; : [(0,1) — G, it = 1,2, such that y(t) — a; as t > 1, m(0) F 
n2(0), |ni(t) — ai] < €, and limt_; $(7;(t)) = aj, a point in 7. Note that 
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Q, # a2 because if they were equal, then the non-tangential limit of ¢ 
would be this common value at a.e. point on one of the two subarcs of 
C’; that joins a; and ag. (See the proof of Theorem 14.5.6.) Let mo be 
one of the two arcs in C; that joins a; and a2 and let 73 be a Jordan 
arc in G joining 72(0) to 7(0). Thus C = o7173nz° is a Jordan curve and 
CC {z€G: dist(z,C;) < e}, soins C C G. Let 4; = gon, for i = 1, 2,3; so 
each 4; is a Jordan arc in 22 and 4,A3A 2 1 is a Jordan arc joining a2 to a. If 
Ao is either of the two subarcs of y; joining a; to a2, then y = 41A3A9 1 yo 
is a Jordan curve that is disjoint from (ins C’); choose the arc Xp such 
that ¢(ins C) C ins y. Since ins y C 2 and ¢ is surjective, it follows that 
d(ins C') = ins . By Corollary 14.5.7, @ extends to a homeomorphism of 
cl(ins C’) onto cl(ins-y). Thus ¢@ maps 79 homeomorphically onto Apo. 

By examining the other subarc of C; that joins a; to a2, we see that ¢ 
extends to a homeomorphism of GUC; onto 2. Uy;. The details of this 
argument as well as the remainder of the proof are left to the reader. O 


The proofs of the next results are similar to the preceding proof and will 
not be given. The following extends Theorem 14.5.5. 


3.5 Theorem. I/f G is a finitely connected Jordan region and ¢:G —> 2Q 
1s a conformal equivalence, then the following are equivalent. 

(a) has a continuous extension to the closure of G. 

(b) Each component of 0QXQ is a continuous path. 

(c) OQ is locally connected. 

(d) Cy \Q is locally connected. 


Recall the definition of a simple boundary point (14.5.9). The next the- 
orem extends Theorem 14.5.12. 


3.6 Theorem. Let Q be a bounded finitely connected region, G a finitely 
connected Jordan region, and let g:{1— G be a conformal equivalence. 


(a) Ifw is a simple boundary point of 2, then g has a continuous exten- 
sion to NU {w}. 


(b) If R is the collection of simple boundary points of Q, then g has a 
continuous one-to-one extension to QU R. 


These results on conformal equivalences between finitely connected re- 
gions can be used to extend some of the results of $814.5 to unbounded 
simply connected regions. Rather than listing all the possibilities, we ex- 
amine a couple that will be of use later. 


3.7 Proposition. Let y : [0,00) — C be a Jordan arc such that y(t) - oo 
as t + oo and letQ = C\y. If7 : D—Q is the Riemann map with 


84 15. Finitely Connected Regions 


7T(0) = @ and r'(0) > 0, then 7 extends to a continuous map of clD onto 


CO: 


Proof. Consider the Mobius transformation T(z) = (z — a)~! and put 
o =T oT. Soa is a conformal equivalence of D onto A = the complement 
in the extended plane of the arc \ = T.07y and o(0) = oo. Thus the cluster 
values of o at points of OD all lie on the arc X. Put A = {z: 1/2 < |z| < 
1}; thus o(A) is the region bounded by the arc » and the Jordan curve 
o({|z| = 1/2}). According to Theorem 3.5, o has a continuous extension 
to cl A. From here it easily follows that 7 = (1 — ac)/o has a continuous 
extension to clD. O 


Such regions as 22 in the preceding proposition are called slit domains 
and will play an important role in Chapter 17 below. Another fact about 
mappings between a slit domain and the disk that will be used later is the 
following. 


3.8 Proposition. If Q is a slit domain as in the preceding proposition and 
g:0.—D 1s a conformal equivalence, then g can be continuously extended 
to NU {7(0)}. 


Proof. Of course wo = (0) is a simple boundary point of 2, but 2 is 
not bounded so that Theorem 3.6 is not immediately available. However if 
w= g (0), T(C) = (C-—w)71, and A=T(Q) C Cy, thenh=goT isa 
conformal equivalence of A onto D with h(oco) = 0. If A = {z: 1/2 < |z| < 
1} and A; = h~1(A), then A, is a bounded region and T(wo) is a simple 
boundary point. It is left to the reader to apply Theorem 3.6 to A, and h 
and then unravel the regions and maps to conclude the proof. O 


Exercises 


1. Give the details in the proof of Theorem 3.5. 


2. In Proposition 3.7 show that the extension of 7 to cl D has the prop- 
erty that there are unique points a and 6 on OD that map to ¥(0) 
and oo and that every other point of y has exactly two points in its 
preimage. 


3. A continuous map f : G — 1 is proper if for every compact set K 
contained in 0, f~!(K) is compact in G. (a) Show that a continuous 
function f is proper if and only if for each a in 0G, Clu(f,a) C ON. 
(b) If f : G > © is analytic, show that f is proper if and only if there 
is an integer n such that for each ¢ in 2, the equation f(z) = ¢ has 
exactly n solutions, counting multiplicities. 
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4. If in Exercise 3, G = QQ. = D and f : D — D is a proper analytic map, 
show that f is a finite Blaschke product. (See Exercise 7.5.4 for the 
definition.) 


84 Convergence of Univalent Functions 


It is desirable to extend the concept of convergence of analytic functions 
as discussed in Chapter 7. (In this section the regions will be assumed to 
be arbitrary; it is not assumed that they are finitely connected.) To begin, 
assume that for every positive integer n there is a region G,, that contains 
the origin and an analytic function f, :G, — C. How can we give meaning 
to the statement that {f,} converges to a function f : G — C? Without 
some restriction on the behavior of the regions G, there is no hope of a 
meaningful concept. 


4.1 Definition. If {G,,} is a sequence of regions each of which contains 0, 
define the kernel of {G,,} (with respect to 0) to be the component of the 
set 

{z: there isan r>Osuch that B(z;r) CG, 


for all but a finite number of integers n} 


that contains 0, provided that this set contains 0. If the above set is empty, 
then {G,} does not have a kernel. When {G,,} has a kernel it is denoted 
by ker{G,,}. Say that {G,} converges to G if G is the kernel of every 
subsequence of {G,,}; this is denoted by G, — G. 


Note that if {G,,} is an increasing sequence of regions and G is their 
union, then G, — G. Also if {G,} is defined by letting G, = D when n is 
even and G,, = the unit square with vertices +1 +72 when n is odd, then 
D = ker{G,,} but {G,,} does not converge to D. Also notice that there is 
nothing special about 0. If there is any point common to all the regions 
Grn, it is possible to define the kernel of {G,,} with respect to this point. 
This quasigenerality will not be pursued here. 

We also note that the kernel of {G,,} is the largest region G containing 
0 such that if K is a compact subset of G, then there is an no such that 
K CG, for n > no. 

With the notion of a kernel, the extended idea of convergence of functions 
can be defined. 


4.2 Definition. Suppose that {G,,} is a sequence of regions each of which 
contains 0 and such that G = ker{G,,} exists. If f, : Gn — C is a function 
for all n > 1, say that {f,,} converges uniformly on compacta to f :G—>C 
if for every compact subset K of G and for every € > O there is an ng 
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such that |f,(z) — f(z)| < e for all z in K and all n > no. This will be 
abbreviated to f, — f (uc). 


When the notation “f, — f (uc)” is used, it will be assumed that all the 
notation preceding the definition is in force. The following notation will be 
used often in this section. 


For each n > 1, G, is a region containing 0 and f,:G, — C is 
4.3 an analytic function with f,,(0) =0, f’(0) >0, and 
On = fn(Gn). 


The reader is invited to revisit Chapter 7 and verify that most of the results 
about convergence of analytic functions there carry over to the present 
setting. In particular, if each f, is analytic and f, — f (uc), then f is 
analytic and f’, — f’(uc). We also have the following. 


4.4 Proposition. Assume (4.3). If each fy : Gn — C is a univalent 
function and f, — f (uc), then either f is univalent or f is identically 0. 


4.5 Lemma. Assume (4.3). If each fr is a univalent function, fr, — f (uc), 
and f is not constant, then the sequence of regions {Q,,} has a kernel that 
contains f(G). 


Proof. Let Qn = fn(Gn) and Q = f(G); so 2 is a region containing 0. 
Let K be a compact subset of 2. Now G can be written as the union of 
the open sets {H;}, where cl H;, is compact and contained in H,41. Thus 
Q = Ux f(H;) and so there is a k > 1 such that K C f(H,). By the 
definition of a kernel, there is an no such that cl H; C G,, for n > no. Thus 
K CQ), for alln >ng. O 


The reader might want to compare the next result with Proposition 
14.7.15, whose proof is similar. 


4.6 Lemma. Assume (4.3). If G = ker{G,,} exists, each f, is univalent, 
and f' (0) =1 for all n, then there is a subsequence {fn,} such that G = 
ker{G,,, } exists and {fn,} converges (uc) to a univalent function f :G— 


Proof. Let R > 0 such that B(0;R) C G; let No be an integer such that 
B(0;R) C Gy, for all n > No. Put gn(z) = z/fn(z). As in the proof of 
Proposition 14.7.15, |gn(z)| < 4 for |z| < R and |g,(z)| < 4|z|R~? for z in 
Gy, \ B(0; R). 

Write G = UF, D;, where each D; is a region containing B(0;.R) and 
cl D; is a compact set that is included in Dj;11. Let No < Ni <--+ such 
that clD; C Gy, for n > N;. From the preceding observations, {Gn i n> 
N;} is uniformly bounded on D;. Let {g, : n € Ai} be a subsequence 
that converges uniformly on compact subsets of D; to an analytic function 
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h, : D; — C. There is a subsequence {g, : n € Ag} of {g, : n € Aj} 
that converges in H(D2) to a function hg. Continue to obtain infinite sets 
of integers {A;} with Aj, C Aj, n > N; for all nm in A;, and such that 
{gn : n € A;} converges in H(D;) to an analytic function h; defined on 
D,;. From the nature of subsequences it is clear that h; = hj+1 for all 7. 
Hence there is an analytic function g : G — C such that g|D,; = h, for all 
9. 
Let n; be the j-th integer in A;. Since Dy C Gn, for 7 = k,G = 
ker{G,,,}. Also {gn,} is a subsequence of each {gn : n € Ax} and so 
gn; — g (uc). Since gy, never vanishes on G, and g,(0) = 1 for all n, 
g(0) = 1 and hence g does not vanish on G (why?). It is easy to check (as 
in the proof of Proposition 14.7.15) that f,, > f =z/g (uc). O 


The next result can be considered the principal result of this section. 


4.7 Theorem. Assume (4.3). If Gn — G, each fn is univalent, and 
f/,(0) = 1 for all n, then there is a univalent function f on G such that 
fn > f (uc) if and only if Qn — Q for some region 2. When this happens, 
2 = f(G) and on = fz* > fo* (uc). 


Proof. Let us first assume that f, — f (uc) for a univalent function f 
defined on G; put 2 = f(G). According to Lemma 4.5, A = ker{Q,,} exists 
and 2 C A. Let dn, = f7' : Qn — Gn. According to Lemma 4.6 there 
is a subsequence {¢,,, } such that A = ker{Q,,, } and a univalent function 
@:A-—C such that gn, — ¢ (uc). 

Fix ¢ > 0. Since ¢(0) = 0, there is a p > 0 such that B(0;p) C Q and 
|o(C) — o(¢’)| < €/2 whenever ¢ and ¢’ are in B(0; p). Let k; be chosen so 
that B(0;p) C Qn, when k > k;. Pick r > 0 such that f(B(0;r)) C B(0; p) 
and choose kz > k; such that f,,(B(0;r)) C B(0;) for k > ke. Finally 
pick k3 > kg such that |¢n,(C) — o(¢)| < €/2 for k > kg and |¢| < p. Thus 
for k > kg and |z| < r we have 


1O( fn (2)) — OCF (2))| 


< E. 


+ 


But for each k, gn, (fn, (z)) = z and so ¢(f(z)) = z for all z in B(0;r). But 
f(G) =Q CA so we get that ¢(f(z)) = z for all z in G. 

Now Lemma 4.5 applied to the sequence {¢,,, } implies that G C (A) C 
ker{@n, (Qn, )} = ker{G,, }, which equals G since G, — G. From here it 
follows that A= Q and d= f7!. 

Note that the preceding argument can be applied to any subsequence of 
{fn}. That is, for any subsequence {fm,} there is a further subsequence 
{fm,,, } such that Q = ker{Qm,, } and dm,, 76 = fut. 

Now to prove that Q, — Q. If not, then there is a subsequence {Qm, } 
that either has no kernel or does not have {2 as its kernel. In either case 
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there is a compact subset K of 2 such that K \ 0, 4 @ for infinitely many 
n. Thus there is a subsequence {Q,,,, } such that K \ OQ, 4 @ for all k. 
But then the reasoning of the preceding paragraph is applied, and we get 
a subsequence of {0,,, } that has 0 as its kernel, giving a contradiction. 

Now for the converse. Assume that 0, — Q and put ¢, = f, +. So 
gn(0) = 0 and ¢/(0) = 1. If {f,} is not convergent, then there is an 
€ > 0, a compact subset K of G, and a subsequence {f,,} such that 
sup{|fn, (2) — fn; (z)| =e: 2 © K} for all n, #n;. Once again Lemma 4.6 
implies there is a subsequence {nz} of {¢,,} such that Q = ker{Qn,. } 
and nx, — @ (uc), a univalent function on 2. But we already know that 
Qn, — (). Now we can apply the first half of the proof to this sequence 
to obtain the fact that Gn, > G = ¢(Q) and fr,, > f = @~*(uc). This 
contradicts the fact that sup{|fn, (2) — fn, (z)|: 2 € K} > e for all ny F nj. 
Thus there is a function f on G such that f, — f (uc). Since f’(0) = 1, it 
must be that f is univalent. O 


Before proving an extension of the preceding theorem, here is a result 
that will be useful in this proof and holds interest in itself. This proposition 
is true for all regions (as it is stated), but the proof given here will only be 
valid for a smaller class of regions. The complete proof will have to await 
the proof of the Uniformization Theorem; see Corollary 16.5.6 below. 


4.8 Proposition. Let G be a region in C that contains zero and is not 
equal to C. If f is a conformal equivalence of G onto itself with f(0) = 0 
and f’(0) > 0, then f(z) =z for all z inG. 


Proof. Let C’ be a non-trivial component of the complement of G in Cg. 
Put 2 = C,, \C; so N is a simply connected region containing G. Let 
@: 92 — D be the Riemann map with ¢(0) = 0 and ¢’(0) > 0. Put 
G, = ¢(G), ¢: = ¢|G, and f; = ¢1°f 0 ¢7'. So f; is a conformal 
equivalence of G, onto itself with f,(0) = 0 and f{(0) > 0. If it is shown 
that fi is the identity map, it follows that f is the identity. Thus it can be 
assumed that the region G is bounded. 

Let M be a constant with |z| < M for all z in G and pick R > 0 such 
that B(0;R) C G. For n > 1, put f, = fofo---of, the composition of 
f with itself n times. So f,,(0) = 0 and f/(0) = [f’(0)|”. Using Cauchy’s 
Estimate it follows that 0 < [f’(0)|” = f,(0) < M/R. Thus f’(0) < 1. But 
applying the same reasoning to the inverse of f implies that [f’(0)]~+ < 1. 
Hence f’(0) = 1. 

Let a,,, be the first non-zero coefficient in the power series expansion of f 
about 0 with m > 2. So f(z) = z+amz”+---. By an induction argument, 
fn(z) = z+na,yz™+---. Once again Cauchy’s estimate gives that n|a,,| = 
n| fi (0)|/n! < M/R™. But this implies that a,, = 0, a contradiction. 
Hence the only non-zero coefficient in the power series expansion for f is 
the first. Thus f(z) =z. O 
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4.9 Corollary. If G is a region not equal to C, and if f and g are conformal 
equivalences of G onto a region Q such that for some point a in G, f(a) = 
g(a), f’(a) > 0, and g’(a) > 0, then f =g. 


The next result is a variation on Theorem 4.7. 


4.10 Theorem. Assume (4.3) and suppose that G # C. If G, — G, each 
fn is univalent, and f/,(0) > 0 for each n, then there is a univalent function 
f onG such that f, — f (uc) if and only if Q, — Q for some region 2. 
When this happens, f(G) =. 


Proof. First assume that f, — f (uc) for some univalent function f. Thus 
f'(0) > O and f,,(0) — f’(0). Thus if gn = fn/f,(0) and g = f/f'(0),9n > 
g (uc) on G. 

According to the preceding theorem, gn(Gn) — g(G). But gn(Gn) = 
[fn(0)|-1Q,, which converges to [f’(0)|~1Q (see Exercise 2). Thus 2, > 2. 

Now assume that 2,, — 2 for some region (2 containing 0. To avoid 
multiple subscripts, observe that anything demonstrated for the sequence 
{fn} applies as well to any of its subsequences. Put g, = fn/f/,(0) and 
assume that f/(0) — 0. By Lemma 4.6 there is a subsequence {gn, } 
that converges (uc) to a univalent function g on G. By Theorem 4.7, 
[fp (O)}-' Qn, = Ing (Gn,) — g(G). According to Exercise 2, g(G) = C. 
Since g is univalent, this implies that G = C, a contradiction. Now assume 
that f, (0) — oo. The same argument shows that there is a subsequence and 
a univalent function g on G such that [f/, (0)]~'Qn, = 9n,(Gn,) > 9(G). 
Again Exercise 2 applies and we conclude that {g,,(Gn,)} can have no 
kernel, a contradiction. 

Thus it follows that there are constants c and C such that c < f/(0) < 
C’. Suppose that f/ (0) — a@ for some non-zero scalar a. Maintaining the 
notation of the preceding paragraph, there is a subsequence {gn, } such that 
gn, — g (uc) for some univalent function g on G. Thus f,, = fp, (0)9n, 
ag = f. Since a # 0, f is univalent and, by Theorem 4.7, f maps G onto 
Q. Note that f’(0) =a. 

Now suppose that the sequence of scalars {f/,(0)} has two distinct limit 
points, a and (. The preceding paragraph implies there are conformal 
equivalences f and h mapping G onto 2 with f(0) = h(0) =0, f’(0) =a, 
and h’(0) = @. By Corollary 4.9, f = h and a = QB. It therefore follows 
that the sequence {f/,(0)} has a unique limit point a and so f/ (0) — a. 
As above, this implies that {f,} converges (uc) to a univalent function f 
on G that has f(G) =Q. O 


This concept of the kernel of regions was introduced by Carathéodory, 
who proved the following. 


4.11 Corollary. (The Cathéodory Kernel Theorem) If for eachn > 1, fn 
is a univalent function on D with f,(0) = 0, f/(0) > 0, and f,(D) = 
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Q,, then {f,} converges uniformly on compact subsets of D to a univalent 


function if and only if {Q,} has a kerneLQ4C and Q, — Q. 


Theorem 4.10 is false when G = C. Indeed, if G, = C = 2, for all n 
and f,(z) =n!z, then G, — C, 2, — C, but {f,} does not converge to 
a univalent function. 

Note that the general purpose of the main results of this section is to 
provide a geometrically equivalent formulation of the convergence of a se- 
quence of univalent functions. 

Much of this section is based on §V.5 of Goluzin [1969]. 


Exercises 


1. If G = ker{G,,} and T is a Mobius transformation, then T(G) = 
ker{T(G,,)}; similarly, if G, — G, then T(G,) — T(G). Give condi- 
tions on an analytic function f so that f(G) = ker{f(G,)} whenever 
G = ker{G,,}. 


2. Assume (4.3) and let {c,,} be a sequence of complex scalars. (a) If 
Gn — G and cn, — c, then c,Gn — cG. (b) If {G,,} has a kernel and 
Cn — 00, then cnG, — C. (c) If {G,,} has a kernel and c, — 0, then 
{CnG,n} has no kernel. 


3. Give the details in the proof of Corollary 4.11. 


4. Let G be the region obtained by deleting a finite number of non-zero 
points from C and show that the conclusion of Proposition 4.8 holds 
for G. 


5. Assume (4.3). If {G,,} has a kernel G and G, — G, then for every a 
in OG there is a sequence {a,} with a, € Gy, such that a, — a. 


6. Give an example of a sequence of regions {G,} such that for each 
n> 1, C\G, has an infinite number of components and G,, — D. 


7. Assume that G is a finitely connected Jordan region and y: G—G 
is a conformal equivalence; so y extends to clG. If G is not simply 
connected and there is a point a in 0G such that y(a) = a, then ¢ is 
the identity. 


§5 Conformal Equivalence with a Circularly Slit Annulus 


This section begins the presentation of some results concerning regions that 
are conformally equivalent to a finitely connected region. The reader might 
consider these as extensions of the Riemann Mapping Theorem. We know 
that each simply connected region is conformally equivalent to either the 
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unit disk or the whole plane, this latter case only occurring when the region 
in question is the plane itself. The picture for finitely connected regions is 
more complicated but still manageable. 

For our discussion fix an n-connected region G and let Ko,..., Kn be 
the components of C,, \ G with oo in Ko. Let us agree to call a region 2 
a circularly slit annulus if it has the following form: 


Q={CEC:rn < |¢|<land¢ ¢C; for2<j <n}, 


where C; is a closed proper arc of the circle |¢| = rj;,71 < r; < 1, and these 
arcs are pairwise disjoint. For notational convenience set ro = 1. Note 
that this slit annulus in an n-connected region. Of course there is nothing 
in what follows that requires having the outer radius of the associated 
annulus equal to 1; this is done for normalization purposes (see Exercise 
1). For notational convenience Co will be the unit circle 0D and C, will 
be the circle {z : |z] = 11}, and these will be referred to as the outer circle 
and the inner circle of 2. The main result of this section is the following. 


5.1 Theorem. If G is a non-degenerate n-connected region in C, A and B 
are two components of 0..G, anda € G, then there ts a unique circularly slit 
annulus Q and a conformal equivalence ¢: G — {Q“) such that @ assoctates 
A with the outer circle and B with the inner circle and ¢'(a) > 0. 


The uniqueness statement will follow from the next lemma. Also the proof 
of this lemma will provide some motivation for the proof of existence. 

Note that if Q and A are two circularly slit annuli and f:2Q— Aisa 
conformal equivalence such that f associates the outer circle of 2 with the 
outer circle of A, then f extends continuously to the outer circle of 2. and 
maps this onto the outer circle of A. (In fact, f extends analytically across 
the outer circle.) Similar statements apply to the inner circle. 


5.2 Lemma. Jf and A are two circularly slit annuli and f:Q—- A isa 
conformal equivalence such that f associates the outer and inner circles of 
Q) with the outer and inner circles of A, respectively, then there is a complex 
number a with |a| = 1 such that A = aQ and f(z) = az for all z in Q. 


Proof. Let G be an analytic n-Jordan region such that there is a conformal 
equivalence ¢ : G — Q). We can assume that G C D, the outer boundary 
of G is OD, and that @¢ associates OD with OD. Let 7,...,%mn be the 
remaining Jordan curves in the boundary of G and put yo = OD. Number 
these curves so that ¢ associates -y; with the inner circle of 2 and orient ~y; 
so that n(¢(71);0) = —1. Let w1,...,w, be the harmonic basis for G. Note 
that each w, extends to a harmonic function in a neighborhood of clG. 

Adopt the notation in the paragraph before the statement of the theorem 
and let A= {¢: pi < |¢| < land¢ ¢ U;_, D;}, where D; is a closed proper 
arc in the circle {¢ : |¢| = p;}. Let D, and Do be the inner and outer circles 
of A. Let » : G — A be the conformal equivalence y~ = fo@. It follows that 
@ and w extend continuously to clG (3.5). 
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Since ¢ does not vanish on G, u = log |¢| is a continuous function on clG 
that is harmonic on G. Because of the behavior of ¢ on OG, u is constant on 
each component of 0G; let u = A; on y;. Thus u— >; Axgwe is harmonic and 
vanishes on 71,...,Y%n- But u = 0 on yo = OD and so u— >) Apwe = 0 On 
OG. Therefore u — Yr Ax~wk = 0. Defining c;, as in Proposition 1.7 we get 


dirk Ean [ “dw 


1 
= = *du 
2m Jy, 
1 
= — | Ou 


Tt Y5 


1 g! 
= n(o(7);0) 


-1 if j=1 


Now carry out the analogous argument with yw. Since f is a confor- 
mal equivalence we have n(w(71);0) = n(f(¢(71));0) = —1. So log |y| = 
ot mwWe and Sop, ik = Dop—1 CjkAw for 1 < 7 < n. But Proposition 
1.7 says that the matrix [c,,]| is invertible and so n; = A; for 1 < j < n. 
Thus log |¢| = log|y~|. Hence |¢| = |%| on G and this implies the exis- 
tence of a constant a with |a| = 1 such that » = ad. Thus A = af and 
f(o(z)) =a ¢(z) for all zin G. O 


It is easy to construct an example of a circularly slit annulus Q for which 
no rotation takes 2 onto itself. So in this case if f is a conformal equivalence 
of 2 onto itself that maps the outer and inner circles onto themselves, the 
conclusion of the lemma is that f is the identity function. 


Proof of Theorem 5.1. According to Theorem 3.3 we may assume that G 
is an analytic n-Jordan region such that the component A of OG is yo = OD, 
the outer boundary of G. The component B of 0G is another curve. Let 
b be a point inside this curve; so b ¢ G. If T is a Mobius transformation 
that maps D onto D and 7T(b) = 0, then replacing G by T(G) we may 
assume that 0 belongs to the inside of B. Denote this boundary curve B 
by 71 and let y2,...,Y%n be the remaining boundary curves. So n(7;;0) = 0 
for 2 <j <n and we can orient yo and + such that n(71;0) = —1 and 
n(¢o;0) = 1. For 1 < j,k <n let 


1 * 
Cjk = | dw. 
"; 
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According to Proposition 1.7 the matrix [c;;] is invertible. 

Corollary 13.4.14 implies there is an analytic n-Jordan region W contain- 
ing clG such that each harmonic function u;, 1 < k <n, has an extension 
to a function harmonic in W; also denote this extension by w;. Let a; = 0 


and pick points a2,...,Q@n in the inside of 7y2,...,7%n so that they lie in the 
complement of cl W. 

Since [c;,] is invertible, there are (unique) real numbers 4;,...,An such 
that 


7m 


> CinAk = —1 
k=1 
5.3 


S| cikAn = 0 for 2<7<n. 
k=1 


Let u be the harmonic function on W given by 


n 
uUu= ) AKWk- 
k=1 


By Theorem 1.3 there is an analytic function h on W such that 


u(z) = Reh(z) + > cr log |z — axl, 


k=1 
where Cj,...,Cn are the periods of u. Let’s calculate these periods. 
For 1<7<n, 
1 * 
Cj = — du 
2m J, 


dors | don 
k= T Y5 


Tm 
S Ak Cyk 
k=1 


—-1 j=l 
0 2<j <n. 


Thus u = Reh — log |z|. 

Put ¢ = z~1e”. So ¢ is an analytic function on W that does not vanish 
there. Note that |¢| = |z|~te®e” = expu. Thus |¢| is constant on each of 
the boundary curves of G, ¥1,...,Yn- In fact on 7;, |¢| = 7; = e%. It 
is claimed that ¢@ is the desired conformal equivalence. To establish this, 
many things must be checked. 
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For any complex number ¢, let N(¢) be the number of solutions, counting 
multiplicities, of the equation ¢(z) = ¢ that lie in the region G. From the 
Argument Principle, if ¢ ¢ $(7;) for 0 < 7 < n, then 


5.4 


A . 
g-t S > n($(75)3 6): 
J 3=0 
Now ¢(7;) is a closed curve (possibly not a Jordan curve) and, since |¢| = r; 
on ¥;, this closed curve must be contained in the circle A; = {¢ : |¢| = 17;}. 
Thus n(9(7y);¢) = 0 for |¢| > rj and n((7);¢) = 2(6(74)s0) for IC] < 
r;. Using Proposition 13.3.5 we get that for 0 <7 <n, 


1 ¢g! 
n(o(7;);0) = amit é 
Vi 
27 2 7; \2 
1 
mt Jy, 
1 
= — *du 
2m Jy; 


For 1 < 7 <n this last integral is c;, which was calculated previously. For 
7 = 0 first observe that Ou is an analytic function on W so that 


1 
n(¢(yo);0) = — |] Ou 
Tt Jo 
“. 1 
= -y~v= / Ou 
“7 5 
- -Yo 
j=1 
= 1. 
Therefore we obtain 
1 if j=0 
5.5 n(o(1j);0)= 4 -1 if j= 
0 if 2<j<n. 


Substituting in (5.4) this implies that if |¢| # ro(= 1),r1,.. 


.,T, then 


N(¢) = n((¥0);¢) +n(6(71);¢) and so a consideration of all the possible 
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cases (save one) gives that 


0 if |¢| > land |¢| > ry 
5.6 N(C)=<¢ 0 if |¢| << land |¢|< 
1 if ry < |¢| <1. 


The one possibility that is left out is to have N(¢) = —1 for 1 < |¢| <r}. 
But this is nonsense; the equation ¢(z) = ¢ cannot have -1 solutions in G. 
Thus r; < 1. But ¢(G) is open so that ¢(¢) = ¢ must have some solutions. 
Thus we have that 

m1 <1. 


Equation 5.6 also shows that @ is a one-to-one map of G onto its image 
and $(G) C R= {¢: 71 < |¢| < 1}. Let C; = $(y;) C A;. Again (5.6) 
shows that N(¢) = 1 for ¢ in R and |¢| 4 r,;(2 < 7 < n). So ¢(G) D 
{¢ € R: |¢| # ra,...,Tn}. Because ¢ is a homeomorphism of G onto 
$(G),O¢(G) = o(OG) = UF_.Cj U{¢ : |¢| = 1 or ri}. This implies two 
things. First it must be that r1 < r; < 1 for 2<j <n. Second 


o(G)=2=R\ (JC. 


j=2 


Now ¢(G) and hence 2, must be a connected set and so each C; is a 
proper closed arc in the circle A;. That is, Q is a slit annulus. 

What about ¢’(0)? It may be that ¢/(0) is not positive. However by 
replacing ¢ by e’’¢ for a suitable @ and replacing 2 by e’°Q, this property 
is insured. 

The proof of uniqueness is an easy consequence of Lemma 5.2 and is left 
to the reader. O 


Consider the annulus G = {z: R < |z| < 1}. The map ¢(z) = AR/z for 
a scalar A with |A| = 1 is a conformal equivalence of G onto itself. Thus 
the uniqueness of the conformal equivalence obtained in Theorem 5.1 is 
dependent on the assignment of two of the boundary components. The use 
of a rotation shows that in addition to assigning two boundary components 
it is also necessary to specify the sign of the derivative at a point. 

What happens if some of the components of C,, \ G are singletons? 
Suppose that C,, \G has n+ 1 non-trivial components Ko,..., AK, and m 
components a1,...,@,, that are singletons. By the application of a simple 
Mobius transformation, it can be assumed that oo € Ko. Let H = GU 
{a1,...,@m}. According to Theorem 5.1 there is a conformal equivalence 
@: H — 1 for some circularly slit annulus 2. Let a; = ¢(a;). This leads to 
the following. 
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5.7 Theorem. [fn > 1 and G is an (n+ m)-connected region with only 
(1 +1) of the components of its complement in C,, non-trivial, then G is 
conformally equivalent to a circularly shit annulus with m points removed. 


The above thereoms have an appealing form in the case that n = 1 and 
it is worth stating this separately. 


5.8 Theorem. If G is a 1-connected region in C, then the following state- 
ments hold. 


(a) If each component of C., \G is a point, then G is conformally equiv- 
alent to the punctured plane Co. 


(b) If one component of Cg \G is a point and the other is not, then G 
is conformally equivalent to {z:1 < |z| < oo}. 


(c) If neither component of C,.\G is a point, then there is a finite number 
r such that G is conformally equivalent to {z:1< |z| <r}. 


If A, = {2:1 < |z| < r} for 1 <r < ow, then A,, and A,, are 
conformally equivalent if and only if ry = ro. 


Proof. The proofs of (a), (b), and (c) are straightforward. The proof that 
A,, and A,, are conformally equivalent if and only if rj = re follows from 
the uniqueness part of Theorem 5.1. O 


Exercises 


1. Show that every proper annulus is conformally equivalent to one of 
the form {z:r < |z| < 1}. 


2. Assume G is an analytic Jordan region and is a circularly slit 
annulus as in the proof of Theorem 5.1; adopt the notation of that 
proof. If ¢: clG — clQ) is the continuous extension of the conformal 
equivalence of G onto 2, show that for 2 < 7 <n, ¢@ is two-to-one on 
y;. (Hint: Let o, be a Jordan curve in G that contains y; in its inside 
and has the remaining boundary curves of G in its outside. Note that 
o(o-) is a Jordan curve in 2 that contains precisely one boundary 
arc of 2 in its inside. What happens as ¢ — 0?) 


3. If0 <r; < Rj; < 00,7 = 1,2, show that ann(0; 71, R,) and ann(0; r2, Re) 
are conformally equivalent if and only if Ry/r, = R2/ro. 


4. Let A = ann(0;7r, R),0 < r < R < o, and characterize all the ana- 
lytic functions f : A — A that are bijective. 
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5. (a) Let G be a non-degenerate n-connected region with boundary 
components Co, C1,...,C, and let g : G > G be a conformal equiv- 
alence. Show that if n > 2 and for three values of k, y associates C; 
with itself in the sense of §3, then ¢ is the identity mapping. (b) If 
n > 2, show that the group of all conformal equivalences of G onto 
itself is finite. Give a bound on the order of the group. (See Heins 
[1946].) 


$6 Conformal Equivalence with a Circularly Slit Disk 


In this section we will see another collection of canonical n-connected re- 
gions that completely model the set of all n-connected regions. 


6.1 Definition. A circularly slit disk is a region 22 of the form 


o=0\Uq,, 


j=l 


where for 1 < 7 < n, C; is a proper closed arc in the circle |z| = r;, 0 < 
ri< 1. 


Note that as defined a circularly slit disk contains 0. The point 0 will 
be used to give the uniqueness statement in Theorem 6.2 below. The main 
result of this section is the following. 


6.2 Theorem. If G is a non-degenerate n-connected region, aE G, and A 
1s any component of OG, then there is a unique circularly slit disk Q and 
a unique conformal equivalence 6: G— YQ) such that @ associates A with 


OD, ¢(a) = 0, and ¢’(a) > 0. 


As in the preceding section, we will prove a lemma that will imply the 
uniqueness part of the theorem and also motivate the existence proof. 


6.3 Lemma. /f 2} and A are slit disks and f : Q — A is a conformal 
equivalence such that f(0) = 0 and f(OD) = OD, then there is a complex 
number a with |a| = 1 such that A = aQ, and f(z) = az for all z in. 


Proof. Some details will be omitted as this proof is similar to that of 
Lemma 5.2. Let G be an analytic Jordan region with outer boundary yo = 
OD such that there is a conformal equivalence ¢ : G — 2 and ¢(0D) = OD. 
Let a € G such that ¢(a) = 0. Denote the remaining boundary curves of G 
by ¥1,---,Y¥n- Adopt the notation in Definition 6.1. 

Let u = log |¢|. So u is a negative harmonic function on G \ {a} and, for 
O<j<n, u=p;, where exp(p;) = 1r;. Now ¢ = (z — a)h, where h is an 
analytic function that never vanishes on G. So u = log |z — a| + log |h| and 
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log |h| is harmonic on G. If w1,...,w, is the harmonic basis for G, [u — 
2; Pj ¥j] — log |z — a] is harmonic on G and u— 7, pj; w ; vanishes on OG. 
Thus n 
u(z) = —9(z,a)+ > pjw;(2), 
j=1 


where g(z,a) = ga(z) is the Green function for G with singularity at a. 
Thus 


nm 
w;(a)+ > — ciK pr, 
k=1 


where c;x is one of the periods of w;,. On the other hand, 


J *du = + Ou 
2m Jy, at Jy; 
_ if#¢ 
= 0 
for 1 <7 <n. Therefore p1,..., Pn are the unique solutions of the equations 
nr 
6.4 S> Cjk Pk = —w;(a). 
k=1 


Arguing as in the proof of Lemma 5.2, if y = fod, then |¢| = || and so 
w = a¢@ for some scalar a with |a| =1. O 


Proof of Theorem 6.2. Without loss of generality we may assume that 
G is an analytic Jordan region with outer boundary A = yo = OD; let 
Y1,--+;%m be the remaining boundary curves. Let g, = —log|z —a| + R, 
be the Green function for G and let w1,...,w, be the harmonic basis for 
G. If {c;,} are the periods for the harmonic basis, let p1,..., Pn, be the 
unique scalars such that (6.4) is satisfied. Put u= —ga+)_, pew, and put 
v =u — log|z —a|. So v is harmonic on G and a computation shows that 
for l<j<n 


1 1 1 _ 
— *dv = ->- | *d log |z —a| — =f “dgat+ ) CjkPk 
21 "5 20 7; 27 3 d 
1 
= —— *d log |z —al 
2m Jy, 
= n(7j;a) 


15.6. Circularly Slit Disk 99 


Therefore there is an analytic function h on G such that v = Reh. Moreover 
h can be chosen so that h(a) is real. So u = log |z — al + Reh. 

Let ¢ = (z — a)e” so that log|é| = u. It follows that |¢| = ro = 1 on 
yo and |¢| = r; = e? on y; for 1 < 7 < n. For any complex number ¢ 
let N(¢) be the number of solutions of the equation ¢(z) = ¢, counting 
multiplicities. As in the proof of Theorem 5.1, 


N(6) = > n($(75); 4). 
j=0 


Now $(7;) € {¢: |¢] = 7;} so that to calculate N(C) it suffices to calculate 
n($(7;); 0). But 


n(oy)s0) = sof S 


Iris, o 
1 1 
= 2 ( +h) 
27 2 y¥; \2—@ 
= n(y;; a) 
1 if 7=0 


0 if l<j<n. 


Collating the various pieces of information we get that if |¢| 4 r; for 0 < 
Z <n, then 
0 if |¢| >1 


1 if |¢] < 1. 


N(Q) = 


From here it follows that 2 = ¢(G) is a slit disk and ¢ is a conformal 
equivalence of G onto 2 with g(a) = 0. Since h(a) is a real number, a 
calculation shows that ¢’(a) > 0. 

The uniqueness follows from Lemma 6.3 and is left to the reader. O 


Exercises 


1. Denote the conformal equivalence obtained in Theorem 6.2 by ¢(z, a); 
so ¢(a,a) = 0 and 0) ¢(a,a) > 0. Show that if [d;,] is the inverse of 
the matrix [c;,], then 


log |¢(z,a)| = —g(z,a) + S> djxw;(z) we (a). 


j,k=1 


Thus $(z,a) = (a, z). 
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2. Show that if G is an n-connected region and a,b € G, then there 
is a conformal equivalence 7% on G that maps G onto the extended 
plane with circular slits and ¢(a) = 0 and #%(b) = oo. (Hint: Let 
w(z) = o(z,a)/¢(z, b) (notation from Exercise 1); use the Argument 
Principle to show that w is one-to-one.) 


3. How must Theorgm 6.2 be changed if some of the components of the 
complement of G are trivial? 


$7 Conformal Equivalence with a Circular Region 


A region (2 is a circular region if its boundary consists of a finite number of 
disjoint non-degenerate circles. In this section it will be shown that every 
n-connected region is conformally equivalent to a circular region bounded 
by n+ 1 circles. This proof will be accomplished by the use of Brouwer’s 
Invariance of Domain Theorem combined with previously proved conformal 
mapping results. But first the uniqueness question for such regions will 
be addressed. Recall that the oscillation of a function f on a set E is 
osc(f; £) = sup{| f(x) — f(y)|: 2, y € EF}. For a curve y, &(-y) denotes its 
length. 


7.1 Lemma. Let K be a compact subset of the region G and let f be a 
bounded analytic function on G\ K. If, for every ¢ > 0 and every open 
set U containing K and contained in G, there are smooth Jordan curves 
{¥1,---,Yn} in U that contain K in the union of their insides such that 


mr Tm 


dey)? <e and > Josef, 74)? < «, 


j=l j=l 
then f has an analytic continuation to G. 


Proof. Let yo be a smooth positively oriented Jordan curve in G \ K that 
contains K in its inside. Fix a point z in G \ K and inside yo. For € > 0 let 
Y1,-++,%n be as in the statement of the lemma arranged so that they lie 
inside 7p and the point z is outside each of them. Give the curves 71,..-,Yn 
negative orientation. So = {70,71,---, Yn} is a positively oriented Jordan 
system in G. Let d = dist(z,T). Hence 


nm 


1 1 
f(z) = = / Fw) dw + ) = / Sw) dw. 
274 Jy. WZ — 271 Jy, WZ 
j=l Y5 
Fix a point w; on 7;. Since z is in the outside of y;, 


1 f(w) _ Ff (w;) dw 1 f fw) 
mm fips OO tol dw 


272 y, W-2 W— Zz 
J 7 
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Hence if 6; = osc(f,7;), 


=] Td y, VW 4 "T= 1; W—-Zz 
= £(y;)6; 
< 
— » 27 d 
j=l 
1/2 1/2 


IA 
iw) 
S| 
Qa, 
Me 

> 

2 

S 
M 
wR 


lA 


Since € was arbitrary, 
271 Jy, WZ 


for all z inside yo and lying in G \ K. Thus this formula gives a means of 
defining f on the set K that furnishes the required analytic continuation. 
O 


For the following discussion, let’s fix some notation. Let 22 be a circular 
region whose outer boundary is yp = OD. Let y1,...,n be the remaining 
circles that form the boundary of 2; put y; = OB(a,;r;). Now look at the 
region that is the reflection of 9 across the circle y;. Recall (§3.3) that the 
reflection of a point z across the circle 7; is the point w given by 


7.2 w=a;t+ 


Note that this formula is the conjugate of a Mobius transformation. Thus 
the image of (22 under this transformation is another circular region; call 
it 1; for the moment. Note that the outer boundary of 111; is the circle 
yj. Thus O11) = NUD, U--- UN, UY U-+++U % is also a circular 
region, though its complement has more components (how many more’). 
Now for each 92;; and for each of its boundary circles +, look at the image 
of 2; under the reflection across y. Denote the resulting circular regions 
by {Q2; :1 <j < No}. Note that each of these is the image of Q under two 
successive reflections and hence is the image of 2 under the composition of 
two transformations of the type given in (7.2). It is easy to check that the 
composition of two such transformations is a Mobius transformation. Let 
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(2) be the union of (1), the regions {N2; : 1 < j < No}, together with 
the circles forming the inner boundary of (1). 

Continue. This produces for each integer k a collection of circular regions 
{Qx; :1< 7 < Np} and an increasing sequence of circular regions {0(k)}, 
where 20(k) is the union of 0(k — 1), the regions {Q,; : 1 < j < Nx}, 
together with the circles that form the inner boundary of 2(k — 1). Put 
Q(co) = Uz,N(k). So 


Q(co) = QU {l%,; =k >1land1 <j < Nx}. 


For k > 1 and1 <j < Ng, Qe; = Ty;(Q), where T,,; is a Mobius trans- 
formation if k is even and the conjugate of a MGbius transformation if k is 
odd. Let y%5:, 1 <4 <n, be the circles that are the components of 00x; 
exclusive of its outer boundary. So the components of 00(k) are the unit 
circle together with the circles {y,;5: 1 <j < Ne, 1 <i< n}. Put rej = 
the radius of ¥xj:. 


7.3 Lemma. With the preceding notation, 


[e @) 
S- Sir2j 1 SG SNe, 1Si Sn} <oo. 
k=1 


Proof. First note that the regions {Q;; :k >1, 1<j < Nx} are pairwise 
disjoint. Let D,; be the derivative of T,; when k is even and the derivative 
of the conjugate of T;,; when k is odd. Let B = B(a;r) be a disk contained in 
Q and consider the disks T;,;(B). By Koebe’s 1/4-Theorem, T;,;(B) contains 
a disk of radius r|D,;(a)| /4. Thus Area(Q,;) > ar? |Dx; (a)|? /16. Thus 


7.4 > So {Daj (a)|? 21 <5 < Ne} < 00. 
k=1 


According to the Distortion Theorem (14.7.16), for 1 < 7 < n there is a 
constant M; such that for k > 1 and1<j7< Nx, 


sup{|Daj(2)| : 2 © 4} < Mi |Dig(a)]. 
Now nj: = Tkj(%i) for 1 <1 <n. Thus 


On resi = | \Duj(z)| \dz| < Mz |Duj(a)| 207s. 
vi 


Combining this with (7.4) gives the proof of the lemma. O 


7.5 Proposition. If Q and A are circular regions and f:Q — Aisa 
conformal equivalence, then f is a Mobius transformation. 
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Proof. By Theorem 3.4 it follows that f maps each circle in the bound- 
ary of 12 homeomorphically onto a circle in the boundary of A. By using 
appropriate Mobius transformations, it suffices to consider the case that 
the outer boundaries of 2 and A are the unit circle and f maps 0D onto 
itself. If 71,..., 7, are the other boundary circles of A, the numbering can 
be arranged so that f(y) =; for 1 <i<n. 

Adopt the notation of Lemma 7.3 and the analogous notation for the 
circular region A. By using the Reflection Principle there is for each k > 1 
a conformal equivalence f, : Q(k) — A(k) that continues f. Hence we get 
a conformal equivalence fo. : 2(0c) — A(co). Note that K = D \ Q(oo) is 
compact. 

Now apply Lemma 7.1 to show that f.. has a continuation to D. Once 
this is done the proof will be complete. Indeed, if g = f~! : A > 9, the 
same argument shows that g has a continuation to D that is a conformal 
equivalence on A(oo). In fact go. = fx). Since z = goo © foo = foo © Goo; it 
must be that the continuation of f to D is a conformal equivalence whose 
inverse is the continuation of g to D. Thus f is a conformal equivalence of 
D onto itself. According to Theorem 6.2.5, f is a Mobius transformation. 

To see that Lemma 7.1 is applicable to f,., let U be an open subset of 
D that contains K and let « > 0. By Lemma 7.3 and an easy topological 
argument, there is an integer m such that for k > m each of the circles y4; 
is contained in U and 


(o @) 
So olrése 1S 5 < Me, l<i<n}<e. 
k=m 


If pxji is the radius of 7,j;, m can also be chosen so that 


> Sop l si < Me, lSi<n}<e. 


k=m 
But f, maps the circle +,;; onto the circle n,;;. So if 6,53; = osc(f, Ye;:), 
this last inequality implies that 


© @) 


Yo Dole LS GS Mey Si <n} <e. 


k=m 


Thus the curves {Ymji: 1 <i<n, 1 <j < Nm} are those required by 
Lemma 7.1. O 


The topological lemma that follows will be used in the existence proof. 


7.6 Lemma. (a) Let {0;} be circularly slit disks such that 0D is the outer 
boundary of each and each Qy, is n-connected. If Q is a non-degenerate 
n-connected region with outer boundary OD and Q, — QQ in the sense of 
(4.1), then Q is a circularly slit disk. 
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(b) Let {G,} be circular regions such that OD is the outer boundary of 
each and each Gx is n-connected. If G is a non-degenerate n-connected 
region with outer boundary OD and Gy — G in the sense of (4.1), thenG 
is a circular region. 


Proof. (a) Let 71,...,Yn be the bounded components of the complement 
of 0; put yo = OD. Let 0 < 6 < dist(y;,y) fori # j and 0 < i,j <n. 
Choose an integer k; such that for k > k,, K = {z € D;dist(z, dQ) > 6} C 
Q,. If0 <7 <n and a; € 7;, then Exercise 4.5 implies there is an integer 
ko > ky, such that for k > ko, dist(a;,00,) < 6/2. Fix k > ke for the 
moment and let aj, € OQ, with |a;, — a;| < 6/2. If y;~ is the component 
of OQ; that contains a;,, then it must be that 7;, C {z: dist(z,7;) < 6}. 
Indeed the fact that K CQ; and 2 C D implies that 7;, C D\ K. Since 
jk 18 connected, the choice of 6 implies that 7;, C {z : dist(z, y;) < 6}. 
Thus we have that for k > kj, the proper arcs that form the bounded 


components of the complement of 2, can be numbered 744,...,Ynk SO aS 
to satisfy 
7.7 Vik © (yj) = {z : dist(z, 7;) < 6}. 


Now fix j, 1 < 7 < n. For each ¢ in 7;, Exercise 4.5 implies there is 
a sequence {¢x} with ¢, in OQ, such that ¢, — ¢. By (7.7), Ck © Yjx for 
k > ko. If yjx is contained in the circle {¢ : |¢| = p;x}, this implies that 
Pik = |\Cjn| — |¢|. Since ¢ was an arbitrary point of 7;, this shows that y; 
is contained in the circle {y : |y| = p;}, where pjx — p; as k — oo. But 
is connected and no component of the complement of 2? is trivial. Thus ¥, 
is a proper closed arc in this circle and hence (2 is a circularly slit disk. 

The proof of part (b) is similar. O 


7.8 Lemma. 

(a) Let {G,} and G be circular regions such that OD is the outer boundary 
of each and each is n-connected; for each k > 1 let fy : Ge — Qz be a 
conformal equivalence onto a circularly slit disk Q, with outer boundary 
OD such that f,(0) = 0, f, (0) > 0, and f,(OD) = OD. If G, — G in the 
sense of (4.1), then fr — f (uc), where f is a conformal equivalence of G 
onto a circularly slit region Q with outer boundary OD, and Q, — 1. 

(b) Let {Q;} and Q be circularly slit disks such that 0D is the outer bound- 
ary of each and each is n-connected; for each k > 1 let dg : QR — Gy be a 
conformal equivalence onto a circular region Gy with outer boundary OD 
such that $,(0) = 0, $,(0) > 0, and ¢, (OD) = OD. If Q, — Q in the 
sense of (4.1), then dy — o(uc), where ¢ is a conformal equivalence of 2 
onto a circularly slit region G with outer boundary OD, and G; — G. 


Proof. As with the preceding lemma, the proofs of (a) and (b) are similar, 
so only the proof of (a) will be presented. | 
First we show that {f;(0)} is bounded away from 0. Let Ci,...,C, be 
the circles in the boundary of G that are different from 0 D and choose € > 0 
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such that the closure of V = {z : dist(z, 0D) < ¢} is disjoint from each C;. 
Since G; — G, there is a k, such that for k > ki,clV NOG, = OD. Thus 
each f, with k > k, admits a univalent analytic continuation to G; UV, 
which will also be denoted by f, (Proposition 13.4.4). It is straightforward 
to check that G,; UV - GUV. 

We now want to construct certain paths from 0 to points on the unit 
circle. Let z € OD and consider the radius [0, z]. This radius may meet 
some of the circles C;. Enlarge these circles to circles D;,..., Dn so that 
they remain pairwise disjoint, do not meet OD, and do not surround 0. 
Whenever [0, z] meets D;, replace the segment of [0, z] by half of this circle. 
Each circle D; has radius less than 1 so that we arrive at a path from 0 
to z that lies entirely in G, stays well away from the circles C),...,Ch, 
and has length less than 1 + nz. Thus we can find an open subset U of 
G such that OD C clU C GUV, 0 € U, and for each z in 0D there 
is a path in U from 0 to z having length < 1+ nz. Let ko > ky, such 
that clU C G, UV for k > kag. According to Theorem 14.7.14 there is a 
constant M such that |f,(z)| < M|f;,(0)| for all k > ka and z in clU. If 
|z| = 1, let y be a path in U for 0 to z with length (y) < 14+ nz. Thus 
1 = |fe(z)| < J, fel |dw| < M |f;,(0)|(1 + nm). Hence {f7,(0)} is bounded 
below. 

Now we will show that {f/(0)} is bounded above. Let c, = [f;(0)|7* 
and put gx = cx fr. If {f;,(0)} is unbounded, there is a subsequence {c,, } 
that converges to 0. But according to Lemma 4.6, by passing to a further 
subsequence if necessary, there is a univalent function g : G — C such that 
gx; — g(uc). Theorem 4.7 implies that cy,Qx%, = gx;(Ge;) — g(G). But 
the sets 2, are all contained in D and since cz, — 0, {cp Qe, } can have 
no kernel, a contradiction. Thus {f;,(0)} must be bounded. 

Remember that anything proved about the sequences {f,} or {f;(0)} 
is also true about any of their subsequences. Suppose that f,(0) — a, a 
non-zero scalar. Using the notation of the preceding paragraph, there is a 
subsequence {g,,} and a univalent function g on G such that gx, — g (uc). 
Thus OQ: = fr (Gx, ) —_ ag(G). 

Thus f = ag is a conformal equivalence of G onto a region 2 and Q,, — 
Q. Since the outer boundary of 2. is 0D, Lemma 7.6 implies that 2 is a 
circularly slit disk. 

Now suppose that {f;,} and {fm,} are two subsequences of {f,} such 
that fr, — f and fm, — h, where f and fA are conformal equivalences 
of G onto circularly slit disks 2 and A, respectively, with f(0) = h(0) = 
0, f’(0) > 0, and h’(0) > 0. Thus ¢ = f oh7 is a conformal equivalence 
of A onto 2 with ¢(0) = 0,¢’(0) > 0, and ¢(0D) = OD. By Lemma 6.3, 
A =Q and $(¢) = ¢ for all ¢ in A. Thus h = f. 

To recapitulate, each subsequence of { f;,} has a subsequence that con- 
verges to a conformal equivalence of G onto a circularly slit disk, and each 
convergent subsequence of { f;,} has the same limit point. This implies that 
{ f,} converges to a conformal equivalence f of G onto the circularly slit 
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disk 2. Hence Q, — 22. by Theorem 4.10. O 


7.9 Theorem. If G is a non-degenerate finitely connected region, A is 
a component of the extended boundary of G, and a € G, then there is a 
unique circular region Ql and a unique conformal equivalence f :G —- 2 
such that f associates A with OD, f(a) =0, and f’(a) > 0. 


Proof. Once existence is established, uniqueness follows from Proposition 
7.5 as follows. Suppose that for 7 = 1, 2, f; : G — 9; is a conformal 
equivalence that associates A with 0D such that f;(a) = 0 and f;(a) > 0. 


Then g = foo fy 1 is a conformal equivalence of 2; onto Na, g(OD) = 
OD, g(0) = 0, and g’(0) > O. It follows from Proposition 7.5 that g is 
a Mobius transformation. The remaining information about g shows that 
g(z) = z for all z. 

Now for the proof of existence. Let G be the collection of all circular 
regions G that are n-connected such that 0 € G and @D is the outer 
boundary of G. Let #H be the collection of all circularly slit disks 2 that 
are n-connected such that 0D is the outer boundary of 2. According to 
Theorem 6.2, for every G in G there is a unique 22 in H and a conformal 
equivalence f : G — 2 such that f(0) = 0, f’(0) > 0, and f associates 0D 
with 0D. This defines a map F': G — H by F(G) = 2 whenever G and 2 
are conformally equivalent. To prove the theorem it suffices to show that 
F is surjective. 

We now topologize G and H. If G € G, let Ci,...C, be the circles 
that form the boundaries of the bounded components of the complement 
of G. Each circle C; is determined by its center z; = a; + ib; and its 
radius r;. Thus G can be identified with the point in R°” with coordinates 
(a1, b1,71,---,@n, bn, Tn); let G’ be the set of such points in R*” that are so 
obtained. Note that G’ is a subset of 


{(a1,61,71,---,An;6n, Tn): 0< as + b% <land0<r,; < 1}. 


G’ is a proper subset of this set since we must have that the circles compris- 
ing the boundary of G do not intersect. If G € G, let G’ be the corresponding 
point in Gg’. 

If Q € H, let 71,...,%n be the closed arcs that constitute the bounded 
components of the complement of 1. Each 7; is determined by its beginning 
point ¢; = a; +1; and its length 0; as measured in a counterclockwise 
direction. Thus we also have that each (1) in # can be identified with a 
point 0! in R°”; let H’ = {0’: Q € H}. The function F : G — H gives rise 
to a function F’ : G’ > H’. 

Give G’ and H’ their relative topologies from R°”. It is left to the reader 
to show that a sequence {G,} in G converges to G in G (in the sense 
of Definition 4.1) if and only if G, — G’ in G’. Similarly for convergent 
sequences in H and H’. We will show that F is surjective by showing that 
F’ is a homeomorphism. 
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7.10 Claim. Both G’ and H’ are connected open subsets of R®”. 


The proof of this claim is left to the readers so that they might more 
thoroughly familiarize themselves with the notation and the identifications. 
At this point it seems safe to abandon the distinction between the regions 
and the corresponding points in R°” and we do so. 

Note that F' is injective by the uniqueness statement of Theorem 6.2. 
Let G, — G in G and put Q, = F(G,) and Q = F(G). According to 
Lemma 7.8, Q; — Q and so F is continuous. By the Invariance of Domain 
Theorem, F' : G — H is an open map. Suppose F' is not surjective; let 
Q, € H\ F(G) and let N) = F(Go) € F(G). Since H is an open connected 
subset of R*”, there is a path 2 : (0, 1] — H with Q(0) = Np and N(1) = 04. 
Since F'(G) is open, there is a 7 with 0 < 7 < 1 such that Q(7) ¢ F(G) and 
Q(t) = F(G(t)) € F(G) for 0 <t <7. Let 0 < t, < 7 such that t, — 7; so 
O(th) — OQ(r). If G, = F~*[Q(t;,)], then Lemma 7.8 implies that G, — G, 
a circular region, and it must be that F(G) = Q(r), contradicting the fact 
that 0Q(7) ¢ F(G). Thus F is surjective, proving the theorem. O 


Exercises 


1. Give an example of a sequence of circularly slit disks that converges 
to D in the sense of (4.1). 


2. What happens in Theorem 7.9 if some of the components of the com- 
plement of G are trivial? 


3. Refer to Exercise 3.3 for the definitions of a proper map. Let G be 
a non-degenerate n-connected region and let Aut(G) be the group of 
all conformal equivalences of G onto itself. Show that if f : G — G is 
a proper map, then f € Aut(G) (Rado [1922]) (Hint: Take G to be 
a circular region with outer boundary OD. Use the hypothesis that 
f is proper to show that f extends to clG. Now extend f by the 
Schwarz Reflection Principle. Now f defines a permutation of the 
boundary circles 71,...,%n of G. Show that for some integer m > 1, 
the m-th iterate of f, f™, defines the identity permutation. Thus, 
without loss of generality, we may assume that f defines the identity 
permutation of the boundary circles. Now use the method of the proof 
of Proposition 7.5 to extend f to a proper map of D onto D and use 
Exercise 3.4. Also show that f fixes the points of D \ G(co).) 


4. If G is a non-degenerate n-connected region and f:G—-Gisa 
conformal equivalence such that f(z) = z for three distinct points z 
in G, then f is the identity. 


Chapter 16 


Analytic Covering Maps 


In this chapter it will be shown that for every region 2 in the plane such that 
C\Q has at least two points, there is an analytic covering maptT: D— 2. 
This is the essential part of what is called the Uniformization Theorem. The 
reader might want to review 89.7 before going much further. The reader will 
be assumed to be familiar with some basic topological notions such as the 
fundamental group and its properties. Some topological facts will be proved 
(especially in the first section) even though they may seem elementary and 
assumable to many. 


81 Results for Abstract Covering Spaces 


Recall that if Q is a topological space, a covering space of 2) is a pair 
(G,7) where G is also a connected topological space and 7: G — Disa 
surjective continuous function with the property that for every ¢ in 9) there 
is a neighborhood A of ¢ such that each component of 7~1(A) is mapped 
by + homeomorphically onto A. Such a neighborhood A of ¢ is called a 
fundamental neighborhood of ¢. 

We will be concerned in this book with covering spaces (G,7) of regions 
Q in C where G is also a region in C and 7 is an analytic function. Such 
a covering space will be called an analytic covering space. It is not dif- 
ficult to check that (C,exp) and (C \ {0}, 2”), for n a non-zero integer, 
are both analytic covering spaces of the punctured plane. Of course any 
homeomorphism yields a covering space and a conformal equivalence gives 
rise to an analytic covering space. In fact our main concern will be analytic 
covering spaces (G,7) of regions 2 in C where G = D. But for the moment 
in this section we remain in the abstract situation where G and (2 are met- 
ric spaces. In fact the following assumption will remain in force until it is 
supplanted with an even more restrictive one. 


Assumption. Both G and Q are arcwise connected and locally arcwise 
connected metric spaces, (G,T) is a covering space of 2, ag € G, and 
Qo = T(ao) € Q. 


Recall that a topological space is said to be locally arcwise connected if 
for each point in the space and each neighborhood of the point there is a 
smaller neighborhood that is arcwise connected. A good reference for the 
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general theory of covering spaces is Massey [1967]. Because certain notions 
will be so frequently used and to fix the notation, we recall a few facts from 
89.7. 

If y : [0,1] - Q is a path with (0) = apo, then there is a unique path 
7: [0,1] + G with 7(0) = ap and To ¥ = y (9.7.5). Such a path 7 is called 
an ao-lifting (or ag-lift) of y. Moreover if o : [0,1] — © is another path 
with initial point ao and ¢ is its ap-lifting,then 7 and o have the same final 
point in G if y and o are fixed end point (FEP) homotopic in 2 (9.7.6). 
Indeed 7 and o are FEP homotopic under this hypothesis. A loop in QQ is 
a closed path. If y : [0,1] — Q is a loop with y(0) = 7(1) = ao, say that + 
is a loop with base point ao. 

We begin with some basic results about “liftable” continuous functions. 


1.1 Lemma. Suppose (G,7T) is a covering space of 2, X is a locally con- 
nected space, f : X — Q) is a continuous function, and T : X — G is 
a continuous function such that ToT = f. Ifx € X, A is a fundamen- 
tal neighborhood of € = f(x), U is the component of 7~1(A) containing 
z = T(x), and W is a connected neighborhood of x such that f(W) C A, 
then T|W = (t|U)—-1 0 (f |W). 


Proof. Using the above notation, T(W) is connected and contained in 
tT 1(A), and z € T(W); therefore T(W) C U. Since f(w) = 7(T(w)) for 
all w in W, the lemma follows. O 


1.2 Proposition. Suppose (G,7) is a covering space of 2, X is a connected 
locally connected space, f : X — Q) is a continuous function, and S and T 
are continuous functions from X into G such that f =TroT=70S. If 
there is a point ro in X for which T(x9) = S(xo), then T = S. 


Proof. Set Y = {x € X : T(x) = S(x)}. By hypothesis Y # @ and 
clearly Y is closed. It suffices to show that Y is also open. If x € Y, let 
z= T(z) = S(x), € = f(x), A a fundamental neighborhood of €, and let 
U be the component of r~!(A) that contains z. If W is a neighborhood 
of x such that f(W) C A, then the preceding lemma implies that T|W = 
(r|U)—1 o (f|W) and also S|W = (r|U)~1 o (f|W). Thus W CY and Y is 
open. O 


1.3 Theorem. Suppose (G,7T) is a covering space of 2, X is a connected 
locally connected space, and f : X — Q°“2 is a continuous function with 
f(zo) = ao = T(ao). If X is simply connected, then there is a unique 
continuous function T : X —G such that f =710T and T(zo) = ao. 


Proof. If x € X, let o be a path in X from Zo to z. So f og is a path in 
Q from ap to f(x). Let ¥ be the ap-lift to G. Define T(x) = ¥(1); it must 
be shown that T(z) is well defined. So suppose that o; is another path in 
X from zo to x. Since X is simply connected, 0; ~ o (FEP) in X. Thus 
foo, ~ foo (FEP) in 2. By the Abstract Monodromy Theorem, the 
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ao-lift of f oo, has the same final point as 7. Therefore the definition of 
T(x) does not depend on the choice of the curve o and is well defined. 

To prove continuity let x € X and let z = T(x). Let o be a path in X 
from x9 to z, y = f oa, and let ¥ be the ap-lift to G. So z = 4(1). Let A 
be a fundamental neighborhood of ¢ = f(x) and let U be the component 
of 7~1(A) that contains z. Choose A so that it is arcwise connected. Let 
W be an arcwise connected neighborhood of x in X such that f(W) C A. 
If w is any point in W, let \ be a path in W from z to w. So f od is a path 
in A from ¢ = f(x) to f(w). Thus the z-lift of fod is A = (T|U)~1 0 fod. 
But Ag is a path in X from zp to w and this leads to the fact that T(w) = 
d(1) = (r|U)~1(f(w)). Thus T|W = (7|U)—! 0 f|W and T is continuous. 

It is easy to check from the definition that ro T = f and T(axo) = ao. 
Uniqueness is a consequence of Proposition 1.2. 0 


1.4 Definition. If (G,,7,) and (Gz,72) are covering spaces of 2, a ho- 
momorphism from G; to G2 is a continuous map T': G; — Go such that 
70 T = 7. If T is a homeomorphism as well, then T is called an isomor- 
phism between the covering spaces. 

If (G,7) is a covering space of 12, an automorphism of the covering space 
is a covering space isomorphism of G onto itself. Let Aut(G,7) denote the 
collection of all automorphisms of (G, 7). 


Note that the inverse of an isomorphism is an isomorphism and Aut(G, 7) 
is a group under composition. The next result collects some facts about 
homomorphisms of covering spaces that are direct consequences of the pre- 
ceding results. 


1.5 Proposition. Suppose that (G,,7,) and (G2,72) are covering spaces 
of Q with T(a1) = T(a2) = ao. 


(a) IfT :G, — G2 is a homomorphism of the covering spaces, then T is 
a surjective local homeomorphism. 


(b) If G, is simply connected, there is a unique homomorphism T : G, > 
G2 with T(a,) = ao. 


(c) Any two covering spaces of 2 that are simply connected are isomor- 
phic. 


Proof. (a) Without loss of generality we may asume that T(a;) = ag. To 
see that T is surjective, let z2 be an arbitrary point in G2 and let 42 be 
a path in Go from a2 to zo. Let y = 72 04 and let 4 be the a,-lift of +. 
Now T'0 4 is a path in Gp with initial point ag and T207T'07, = y. By the 
uniqueness of path lifts, To 4, = Fo. Thus zo = 42(1) = T(41(1)) and T 
is surjective. Since 7, is a local homeomorphism, the fact that 7’ is a local 
homeomorphism is immediate from Lemma 1.1. 
(b) This follows from Theorem 1.3. 
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(c) Let T : Gy — Gz be a homomorphism with T(a;) = ag and let 
S : Gg — G, be a homomorphism with S(a2) = a,. Thus SoT isa 
homorphism of G into itself that fixes the point a;. From Proposition 1.2 
it follows that S oT is the identity homorphism of G; and so JT’ must be a 
isomorphism (with S as its inverse). O 


Thus we say that a simply connected covering space of 2) is the universal 
covering space of 22. The reason for the word “universal” here is contained 
in (b) of the preceding proposition. The reason for the use of the word 
“the” is contained in (c). Of course this uniqueness statement does not 
imply existence. The existence of a universal covering space for subsets 
of the plane will be established before the end of this chapter. Existence 
results for more general spaces can be found in any standard reference. 


1.6 Corollary. If (G,7) is the universal covering space of Q and a, and 
a2 are two points in G with T(a,) = T(a2), then there is a unique T in 
Aut(G,7) with T(a1) = ag. 


Proof. Apply Theorem 1.3 and, as in the proof of the preceding proposi- 
tion, show that the resulting homomorphism is an automorphism. © 


1.7 Corollary. If (G,7) is the universal covering space of Q and z € G, 
then t~1(7(z)) = {T(z): T € Aut(G,7r)}. 


1.8 Theorem. If (G,7) is the universal covering space of QD, then Aut(G,7T) 
is isomorphic to the fundamental group of 2, 7(Q). 


Proof. Let T € Aut(G,7r) and let ¥ be any path in G from ag to T(ag). 
Since T € Aut(G,7T), y = 7 °¥ is a loop in 2 with base point ap. If o 
is another path in G from ag to T(ao), then the simple connectedness of 
G implies that ¢ and 7 are FEP homotopic in G. Thus 7 0 6 and y are 
homotopic in 2. This says that for each T in Aut(G,7) there is a well 
defined element yr in 7(Q). It will be shown that the map T — yr is 
an anti-isomorphism of Aut(G,7) onto 1(Q). (The prefix “anti” is used 
to denote that the order of multiplication is reversed.) This implies that 
T > yp defines an isomorphism between the two groups, proving the 
theorem. 

Let S and T be two automorphisms of the covering space; it will be 
shown that ys7 = yryg. To this end let ¥ and o be paths in G from ag to 
T (ag) and S(ag), respectively. So yr = 707 and yg = TOG. Now Soyvisa 
path in G from S(ag) to S(T(ao)) so that (So ¥)a is a path in G from ao 
to S(T(ag)). Therefore yer = T 0 [(S 0F)a] = [7 0(S0¥F)] [roG] = Yr Ys. 

To show that the map is surjective, let y € 7(Q,ao) and let 7 be the 
ag-lift of ~. According to Corollary 1.6 there is a unique automorphism T 
such that T(ag) = ¥(1). It follows from the definition that yr = 7. 

Finally let’s show that the map is injective. Suppose T € Aut(G,7) and 
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Y¥=7r ~ OinQ. Let ¥ be the ap-lift of 4; so T(ag) = 7(1). Nowy ~ 0 
implies that y is homotopic to the constant path ap. But the Abstract 
Monodromy Theorem implies that the ag-lifts of a9 and y have the same 
end point. Since the ao-lift of the constant path ap is the constant path 
ag, this says that T(a9) = ap. By Proposition 1.2 this implies that T is the 
identity automorphism. O 


Exercises 


1. Suppose (G,7) is a covering space of 2 and A is a subset of 2 that 
is both arcwise connected and locally arcwise connected. Show that 
if H is a component of 7~1+(A), then (H,7) is a covering space of A. 


. If r(t) = e*, show that (R, 7) is a covering space of OD. Find Aut(R, rT). 
. For the covering space (C, exp) of C \ {0}, find Aut(C, exp). 
. For the covering space (C \ {0}, z”) of C\ {0}, find Aut(C\ {0}, 2”). 


. For any z in G, show that {T(z) : T € Aut(G, 7)} is a closed discrete 
subset of G. 


6. If G = {z : 0 < Re z < r} and r(z) = e”, show that (G,rT) is a 
covering space of ann(0;1,e”) and find Aut(G,r). 


oo F- GW bd 


7. If G = {z: 0 < Re z} and 7(z) = e’, show that (G,7) is a covering 
space of {z: 1 < |z| < co} and find Aut(G,7r). 


8. Prove that for the universal covering space, the cardinality of {T(z) : 
T € Aut(G,7)} is independent of the choice of z. 


§2 Analytic Covering Spaces 


In this section we restrict our attention to analytic covering spaces and 
derive a few results that are pertinent to this situation. Assume that 2 and 
G are regions in the plane and 7 : G — (? is an analytic function that is 
also a covering map. 


2.1 Proposition. If (G,7) is an analytic covering space of 2, H is an open 
subset of the plane, f : H — Q°“ is an analytic function, and T : H — G is 
a continuous function such that roT = f, then T is analytic. 


Proof. This is an immediate consequence of Lemma 1.1. O 


2.2 Corollary. If (Gi,7,) and (G2,72) are analytic covering spaces of 2 
and T :G,; — G2 ts a homomorphism, then T is analytic. 
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2.3 Corollary. If (G,7) is an analytic covering space of 2, then every 
function in Aut(G,7) is a conformal equivalence of G. 


2.4 Corollary. If (G1,7,) and (G2,72) are analytic covering spaces of Q 
and T : G, — G2 is an isomorphism, then T is a conformal equivalence. 


2.5 Corollary. If 7 :D— 2 is an analytic covering map, 7(0) = ao, and 
T'(0) > 0, then r is unique. 


Proof. Suppose that yz: D— Q is another such map. By Proposition 1.5 
there is an isomorphism f : (D,7) — (D,) of the covering spaces with 
f(0) = 0. By the preceding corollary, f is a conformal equivalence of the 
disk onto itself and thus must be a Mobius transformation. But f(0) = 0 
and f’(0) > 0; therefore f(z) = z for all z. O 


2.6 Corollary. Suppose (G,r) is an analytic covering space of 2, X 
is a region in the plane, and f : X — Q“) is an analytic function with 
f(zo) = Qo = T(ao). If X is simply connected, then there is a unique 
analytic function T: X — G such that f=7T0T and T(z) = ao. 


Proof. Just combine the preceding proposition with Theorem 1.3. 0 


It will be shown later (4.1) that if Q is any region in the plane such 
that its complement in C has at least two points, then there is an analytic 
covering map from the unit disk D onto 2. The next result establishes that 
for this to be the case it must be that the complement has at least two 
points. Recall that Cg denotes the punctured plane. 


2.7 Proposition. The pair (G,7T) is a universal analytic covering space of 
Co if and only if G = C and r(z) = exp(az + b) for some pair of complez 
numbers a and 6b with a # 0. 


Proof. If a,b € C with a £ 0, then az + b is a Mobius transformation of 
C onto itself. It is easy to see that if 7(z) = exp(az +b), then (C,7T) is a 
covering map of Co. 

For the converse assume that G is a simply connected region in C and 
(G,7) is a covering space of Co. We have already seen that (C,exp) is a 
covering space for Cp so Proposition 1.5 and Corollary 2.4 imply there is a 
conformal equivalence h : C > G such that exp z = r(h(z)) for all z in C. 
But according to Proposition 14.1.1, G = C and h(z) = az +b for complex 
numbers a and 6 witha 40. O 


2.8 Example. Let 2 be the annulus {z: 1 < |z| < p}, where p = e”. If 


1 
T(z) = exp 1! log (7) +o}. 
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then (D,7) is the universal analytic covering space for 9. The maps in the 
group Aut(D,7) are the Mobius transformations 


az Bn 
T(z) = ———*, 
(2) = y= G2 
where 
e2mm _ e72mn 
Bn = = tanh(277n). 


e2mn + e—2mn 


To see this first observe that the map 7 above can be expressed as a 
composition of two maps: the first is a conformal equivalence of D onto 
a vertical strip; the second is the exponential map, which wraps the strip 
around the annulus an infinite number of times. To show that the auto- 
morphisms of this covering space have the requisite form uses some algebra 
and the following observation. (Another verification of the statements in 
this example can be obtained by using Exercise 1.6 and the form of the 
conformal equivalence of D onto the relevant vertical strip.) 

If (D,7) is the universal analytic covering space for Q, then every T in 
Aut(D,7) is necessarily a conformal equivalence of D onto itself. Hence T 
is a Schwarz map, 

T(z) =e? 2—P 


1 — Bz’ 
for some choice of 6 and £, |G| < 1. For convenience, whenever (D,7) is the 
universal analytic covering space for a region 22 in C, we will let 


G, = Aut(D,r). 


By Theorem 1.8, G, ~ 7(Q2). It is known that for regions 2 in C, 7(Q) 
is a free group (see Exercise 3). If C, \ 9 has n + 1 components, then 
m(Q) is the free group with n generators. If C, \ has an infinite num- 
ber of components, then (2) is the free group on a countable number of 
generators. 


Exercises 


1. For |z| < 1, define r(z) = exp[z(1 — |z|)~+] and show that (D,7) is a 
covering space of C \ {0}. 


2. Show that for an n-connected region 2, 7((2) is a free group on n 
generators. 


3. Let K be a compact subset of C and put 9 = C\ K. If 71,...,%n 
are paths in 2, let 6 > 0 such that dist(7;, K) > 6 for 1 <j <n. Let 
Q(6) = {w € OD: dist(w, K) > 6}. Show that (6) is finitely connected 
and contains the paths 71,...,%n. Show that the fundamental group 
of (2 is a countably generated free group. 
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4. Let Q = {z:1 < |z|} and let 7(z) = exp Ea Explicitly determine 
Aut(D, 7). 


83 The Modular Function 


Here we examine a special analytic function called the modular function. 
This is a special analytic covering map from the upper half plane onto the 
plane with the points 0 and 1 deleted. 


3.1 Definition. A modular transformation is a Mobius transformation 
_ azt+ b 
 ez+d 


3.2 M(z) 


such that the coefficients a, 6, c, d are integers and ad — bc = 1. The set 
of all modular transformations is called the modular group and is denoted 


by M. 


The designation of M as a group is justified by the following proposition. 
The proof is left as an exercise. 


3.3 Proposition. M is a group under composition with identity the iden- 
tity transformation I(z) = z. If M(z) is given by (3.2), then 
—b 
M-1(z) = =. 
—cz+a 
Let H denote the upper half plane, {z : Im z > 0}. 
3.4 Proposition. If M € M, then M(R.) = Ro and M(H) = H. 


Proof. The first equality follows because the coefficients of M are real 
numbers. Thus the Orientation Principle implies that M(H) is either the 
upper or lower half plane. Using the fact that M € M and consequently 
has determinant 1, it follows that 


1 


z. 
This concludes the proof. O 


Let G denote the subgroup of M generated by the modular transforma- 
tions 


3.6 S(z) = 


a a1 and T(z) =z4+2. 


Let 
3.7 G={zeH:-1< Rez <1, |2z4+1| >1, |2z-1| > 1}. 
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Figure 16.2. 


This set G is illustrated in Figure 16.1. Note that GM R = @. The reason 
for defining G in this way and excluding portions of its boundary while 
including other parts of OG will become clear as we proceed. For now, 
gentle reader, please accept the definition of G as it is. 


3.8 Example. If S is as in (3.6) and G is as above, then S(G) = {¢ : 
Im ¢ > 0, 26-1] < 1, |4¢ — 3] > 1, |6¢ —1| > 1,and |12¢ — 5] > 1}. 
Consequently, S(G) NG = @. 


The region described as S(G) is depicted in Figure 16.2. To see that 
the assertation of this example is true, first let L_ and L, be the rays 
{z: Im z > 0 and Re z = +1} and let C_ and Cy be the half circles 
{z:Im z > 0 and |2z = 1| = 1}. Observe that S(L+) and S(C+) must be 
circles that are perpendicular to the real line. Since $(0) = 0, S(-—1) = 
1, S(1) = 1/8, and S(co) = 1/2, applications of the Orientation Principle 
show that S(G) has the desired form. 


3.9 Lemma. Let G and G be as in (3.6) and (8.7). 
(a) If My, and M2 €G and M, # Mg, then M,(G)N M2(G) = 9. 
(b) H=U{M(G):M EG}. 


(c) G consists of all modular transformations M having the form (3.2) 
such that the coefficients a and d are odd and b and c are even inte- 
gers. 
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Proof. Let G, be the collection of all modular transformations described 
in part (c) and note that if S and T are defined as in (3.6), then they belong 
to G,. The reader can verify directly that G, is a group under composition, 
and so it follows that G C Gy. 


3.10 Claim. If Mi, Mz € G; and M, # Mg, then Mi(G)N Mo(G) = 0. 


Because G; is a group, to prove this claim it suffices to show that if 
M €G, and M #£ IT, then M(G)NG = 9. This will be done by considering 
two possible cases. The first case is that c = 0 in (3.2); so M(z) = (az+b)/d, 
where a and d are odd integers and 0 is even. Since 1 = ad — bc = ad, a= 
d = +1. Thus M(z) = z + 2n, with n in Z and n # 0 since M # I. It is 
now clear that M(G)NG = 9. 

Now assume that M has the form (3.2), M € G,, and c 4 0. Notice that 
the closed disk B(—1/2;1/2) meets G without containing in its interior any 
of the points -1, 0, or 1, while any other closed disk whose center lies on the 
real axis and that meets G must have one of these points in its interior. This 
leads us to conclude that if M(z) 4 S(z)+6, where S is the transformation 
in (3.6) and 0 is an even integer, then |cz + d| > 1 for all z in G. Indeed, 
if there is a point z in G with |cz + d| < 1, then B(—d/c; 1/|c|) NG F 0. 
For the moment, assume this closed disk is not the disk B(—1/2;1/2). As 
observed, this implies that 0, +1, or —1 € B(—d/c; 1/|c|); let k be this 
integer. So |k + d/c| < 1/|c| and hence |kc + d| < 1. But c is even and d is 
odd, so that kc + d is odd, and this furnishes a contradiction. Thus 


3.11 cz + d| > 1 forall z in G, 


provided —d/c # —1/2 or 1/|c| #4 1/2. On the other hand, if —d/c = 
—1/2 and 1/|c| = 1/2, then c = +2 and d = +1. All the entries in a 
Mobius transformation can be multiplied by a constant without changing 
the transformation, so we can assume that c = 2 and d = 1. But the 
condition that the determinant of M is 1 implies that a — 2b = 1, so 


a=1+2b. Thus 
az+b 


2z+1 


M(z) 


z+2bz+56 
2z+1 


S(z) +6. 


So (3.11) holds whenever M is not the transformation S(z) + b. 
Note that (3.5) implies that if @ 4 5+) for S as in (3.6) and 6 is even, 
then 
Im M(z) < Im z for all z in G. 


16.3. The Modular Function 119 


Figure 16.3. 


The definition of G and (3.5) show that when M equals S(z) + }, we still 
have that 
Im M(z) < Im z for all z in G. 


Now let M be an arbitrary element of the group Gj. It is left to the 
reader to show that either M or M—! is not of the form S + b, with S as 
in (3.6) and 6 an even integer. Thus either Im M(z) < Im z for all z in 
G or Im M7~}(z) < Im z for all z in G; assume for the moment that the 
former is the case. If there is a z in GN M(G), then Im z = Im MM~1(z) < 
Im M~1(z) < Im z, acontradiction. Thus GN. M(G) = 0. If M~}(z) < Imz 
for all z in G, a similar argument also shows that GM M(G) = @. This 
establishes Claim 3.10. 

Now let L = U{M(G) : M € G}, a subset of H. If T is as in (3.6), then 
T"(z) = z+2n. So for each n in Z, L contains T"(G), which is the translate 
of G by 2n. As discovered in Example 3.8, S maps the circle |2z + 1| = 1 
onto the circle |2z — 1| = 1. Combining these last two facts (and looking at 
Figure 16.3) we get that 


312 L containsevery z in H thatsatisfies|2z — k| > 1 


foralloddintegers k. 


Fix a ¢ in H. Because {c€ +d: c, d € Zandc, d occur in some M 
in G} has no limit point in the plane, there is an element of this set hav- 
ing minimum modulus. Thus there is a transformation Mo(z) = (agz + 
bo)/(coz + do) in G such that |co¢ + do| < |c¢ + d| for all M(z) = (az + 
b)/(cz+d) in G. By virtue of (3.5) we get that Im Mo(¢) > Im M(C) for all 
M in G. Putting z = Mo(C) and realizing that M Mo € G whenever M € G, 
this shows that 


3.13 Im z > Im M(z) for z = Mo(C) and for all M in G. 


Let n € Z and continue to have z = Mo(C) for a fixed ¢ in H. Applying 
(3.13) to M = ST—” and using (3.5) as well as a little algebra shows that 


_n Im z 
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Now apply (3.13) to M = S~!T~—” and perform similar calculations to get 


that 
Im z 


I > —_____—_____., 
mee | —2z2+4n+1/? 


But Im z > 0 so these inequalities become 
j2z2 —4n+1| > 1 and |2z —4n —1| > 1 for all nin Z. 


But {4n —1, 4n+1:n € Z} is the collection of all odd integers, so (3.12) 
implies that z = Mo(¢) € L. Thus € = Mj*(z) € Mj‘ (L) = L. Since ¢ 
was arbitrary, this proves (b). 

Remember that we have already proved that G C G,. Let M, € G;. By 
part (b) there is a transformation M in G such that M(G)N M,(G) # @. 
But both M and My, are in G, so Claim 3.10 implies that M, = M € G. 
This proves (c). By (3.10), part (a) also holds. O 


Now the stage is set for the principal result of this section. It is convenient 
to let Co, = C \ {0,1}. The reader might want to carry out Exercise 1 
simultaneously with this proof. 


3.14 Theorem. If G and G are as in (3.6) and (3.7), then there is an 
analytic function 1: H — C having the following 
properties. 


(a) Ao M =X for every M inG. 

(b) A is univalent on G. 

(c) ACH) = Co,1. 

(d) A» is not analytic on any region that properly contains H. 


(e) (H, A) ts a covering space of Co1. 


Proof. Let 
Go = {z:Imz>0, 0< Rez <1, and |2z —-1| > 1}; 


so Go C G. Let fo : Go — H be any conformal equivalence and extend 
fo to a homeomorphism of cl,,.Gp onto cl.,H (14.5.7). Let A be a Mobius 
transformation that maps fo(0) to 0, fo(1) to 1, fo(co) to oo, and takes H 
onto itself. Hence f = Ao fp is a homeomorphism of cl.,.Gg onto cl.oH, a 
conformal equivalence of Gp onto H, and fixes the points 0, 1, and oo. 
Since f is real-valued on OGo, f can be extended to int G by reflecting 
across Re z = 0. This extended version of f satisfies f(z+iy) = f(—ax + iy) 
for x+iy in Go. (Note that f is also real-valued on the portions of |2z—1| = 1 
and |2z + 1| = 1 that lie in cl G, so that by successively reflecting in these 
circles and the circles and vertical lines of the various reflected images of G 
it is possible to extend f to all of H. The argument that follows does just 
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this but with a little more finesse and accuracy by using the action of the 


group G.) 
Define the following sets: 


TL, = {z:Imz>0, Rez=0}U {oo}; 
[Ig = {z:Imz>0, |2z-—1|=1}; 
[3 = {z:Imz>0, Rez=1}U {oo}. 


So L; UL, UL3 = 0..Go. For j = 1,2,3, L; is connected and so the same 
holds for f(Z;). By an orientation argument (supply the details) 


f(y) = {z:z=Rez <0}U {oo}; 
f(l2) = {z:z=Rezand0<z< 1}; 
f(L3) = {2:2=Rez>1}U {oo}. 


Thus 
f(int G) = C)\ (0,00); 


f(G) = Ci =2. 
Extend f to a function A: H — C by letting 


3.15 A(z) = f(M7*(z)) 


whenever M € G and z € M(G). According to Lemma 3.9 this function 2 
is well defined. 

Why is \ analytic? Observe that if S and T are defined as in (3.6), then 
» is analytic on V = int[G UT~1(G) US~!(G)] and V is an open set that 
contains G. Thus for every M in G, X is analytic on a neighborhood of 
M(G). Thus J is analytic on all of H. 

Clearly condition (a) of the theorem holds because of the definition of 
A. Because f is defined on G by reflecting a conformal equivalence, it is 
one-to-one on G, so (b) holds. Since f(G) = Q, (c) is also true. Part (d) is 
a consequence of the following. 


3.16 Claim. {M(0): M € G} is dense in R. 


In fact if this claim is established and A has an analytic continuation to 
a region A that contains H, then A must contain a non-trivial open interval 
(a,b) of R. But (3.16) implies that for every a in (a,b) there is a sequence 
{M,,} in G such that M,(0) — a. Let y — 0 through positive values. Then 
A(M;,(0)) = limy—o A(Mz(ty)) = limyo A(ty) = A(O) = 0. Thus @ is an 
accumulation point of zeros of A, a contradiction. 
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To prove Claim 3.16 let M € G and suppose ™ is given by (3.2). So 
M (0) = b/d. Now b and c are even integers, a and d are odd, and ad—bc = 1. 
It suffices to show that for every even integer b and odd integer d such that 
6 and d have no common divisor, there is an odd integer a and an even 
integer c with ad — bc = 1. Equivalently, show that given integers m and n 
such that 2m-+1 and 2n have no common divisor, there are integers p and 
q such that 


_— 
| 


(2p + 1)(2m + 1) — (2n)(2q) 
= 4pm+2m+2p+1 — 4ngq. 


This happens if and only if p and q can be found so that —m = p(2m + 
1) — (2n)q. But {p(2m + 1) — (2n)q : p, q € Z} is the ideal in the ring 
Z generated by 2m+ 1 and 2n. Since these two integers have no common 
divisors, this ideal is all of Z. 

It remains to prove (e). If ¢ € C \ [0, 00) and 6 > 0 is chosen sufficiently 
small that B = B(¢;6) C C \ [0, 00), let Up = f—1(B) C int G. It is easy to 
verify that \~1(B) = U{M(Uo) : M € G} and so {M(Up) : M € G} are the 
components of A~/(B). Now assume that ¢ = t¢ € (0,1) and choose 6 > 0 
sufficiently small that B = B(t;6) C Co. An examination of the definition 
of f as the reflection of a homeomorphism of cl,,Go onto cl,,H, shows that 
f-'(@) = {z4,z_} C OG, where |2z4 +1] = 1. Also f~1(B) consists of 
two components, U, and U_, where z+ € Ux. Thus f(U+) = BNcl (+H). 
If S is the Mobius transformation defined in (3.6), then it can be verified 
that S maps the circle |[2z + 1| = 1 onto the circle (2z — 1| = 1. (The 
reader has probably already done this in Example 3.8.) Since t = f(z+) = 
A(z+) = A(S(z+)), it follows that S(z_) = z,. Hence Up = U, U S(U_) is 
an open neighborhood of z, (Verify!) and A(Up) = f(U+~) UACS(U_)) = 
f(U,) Uf(U_) = B. Therefore {M(Uo) : M € G} are the components of 
A—1(B) and clearly ) maps each of these homeomorphically onto B. The 
final case for consideration, where ¢ = t € (1, 00), is similar to the preceding 
one and is left to the reader. O 


3.17 Example. If 7(z) = A(i(1 — z)/(1 + z)), then (D,7) is an analytic 
covering space of Co. 


3.18 Definition. The function A’ obtained in Theorem 3.14 is called the 
modular function. 


Calling \ the modular function is somewhat misleading and the reader 
should be aware of this when perusing the literature. First, A is not unique, 
as can be seen from the proof, since its definition is based on taking a 
conformal equivalence fp of Go onto H. Given fo, A is unique. It is possible 
to so construct the function » that A(0) = 1, A(1) = oo, and A(oo) = 0. 
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Having done this the function is unique and is the classical modular function 
of complex analysis. 


Remarks. 


1. The material at the beginning of this section has connections with 
the study of the group SZ2(R), modular forms, and number theory. 
The interested reader should see Lang [1985]. Also see Ford [1972] for 
the classical theory. 


2. A nice reference for the Uniformization Theorem for Riemann sur- 
faces is Abikoff [1981]. Also see Ahlfors [1973]. 


Exercises 


1. This exercise constructs the exponential function by a process similar 
to that used to construct the modular function and is meant to help 
the student feel more comfortable with the proof of Theorem 3.14. 
(Thanks to David Minda for the suggestion.) Let Go be the strip 
{z:0 < Im z < m} and let ¢o be the conformal equivalence of Go 
onto H with ¢9(—0co) = 0, ¢9(+00) = ov, and ¢09(0) = 1. Now extend 
go to an analytic function ¢ defined on G = {z: —7 < Imz < m} 
by reflection. If T,(z) = z+ 27in for n in Z, extend ¢ to a function 
E on C by letting E(z) = $(T,(z)) for an appropriate choice of n. 
Show that F£ is a well defined entire function that is a covering map 
of Cp and prove that FE is the exponential function. 


2. If A is the modular function, what is Aut(H, A)? (By Theorem 1.8, 
Aut(H, A) © 2(Co,1), which is a free group on two generators. So the 


question asked here can be answered by finding the two generators of 
Aut(H, A).) 


3. Let {a,b} be any two points in C and find a formula for an analytic 
covering (D,7) of C \ {a,b}. If ag € C \ {a,b}, show that 7 can be 
chosen with 7(0) = ao and 7’(0) > 0. 


$4 Applications of the Modular Function 


In this section the Picard theorems are proved as applications of the mod- 
ular function and the material on analytic covering spaces. Proofs of these 
results have already been seen in (12.2.3) and (12.4.2), where the proofs 
were “elementary.” 
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4.1 Little Picard Theorem. If f is an entire function that omits two 
values, then f is constant. 


Proof. Suppose f is an entire function and there are two complex numbers 
a and b such that a,b ¢ f(C). By composing with a Mobius transformation, 
we may assume that f(C) C Co1. Let 7: D — Co, be a universal covering 
map. According to Theorem 1.3 and Proposition 2.1, there is an analytic 
function JT: C — D such that 7 oT = f. But the T is a bounded entire 
function and hence constant. Thus f is constant. O 


As we know from 814.4, the key to the proof of the Great Picard Theorem 
is to prove the Montel-Carathéodory Theorem. 


4.2 Montel-Carathéodory Theorem. Jf X is any region in the plane 
and F ={f: f is an analytic function on X with f(X) C Cori}, then F 
is a normal family in C(X, Co). 


Proof. ‘To prove that ¥ is normal, it suffices to show that for every disk 
B = B(zo; R) contained in X, F|B is normal in C(B,C,.). To prove this, 
it suffices to show that for any sequence {f,} in F, there is either a subse- 
quence that is uniformly bounded on compact subsets of B or a subsequence 
that converges to co uniformly on compact subsets of B (why?). So fix such 
a sequence {f,}. By passing to a subsequence if necessary, we may assume 
that there is a point a in Cy such that f,(z9) — a. We consider some 
cases. 


Claim. If a € C and a # 0,1, then {f,} has a subsequence that is 
uniformly bounded on compact subsets of B. 


Let 7 : D — Co, be a universal analytic covering map and let A = 
B(a; p) be a fundamental neighborhood of a. Fix a component U of r~!(A). 
Since fn (zo) —- a, we may assume that f,(z) € A for all n > 1. According 
to Theorem 1.3 and Proposition 2.1, for each n > 1 there is an analytic 
function T, : B — D such that T,(zo) € U and 707, = fn on B. But 
{T,,} is a uniformly bounded sequence of analytic functions and so there 
is a subsequence {T,,, } that converges in H(B) to an analytic function T. 
Clearly |T(z)| < 1 for all z in B. If there is a z in B such that |T(z)| = 1, 
then T is constantly equal to the number A with |A| = 1. In particular, 
Tn, (20) 2 A. But (7|U)~! (a) = limg(7|U)~* (fn, (20)) = lime Tn, (20) = A; 
a contradiction. Thus it must be that |T(z)| < 1 for all z in B. 

Let K be an arbitrary compact subset of B. From the discussion just 
concluded, there is a number r such that M = max{|T(z)|:zE€ K}<r< 
1. Let kp be an integer such that |T,,(z) — T(z)| < r—M for all z in K 
and k > ko. Hence |T;,, (z)| < r for all z in K and k > kg. But 7 is bounded 
on B(0;r). It follows that {fn,} = {7 °Tn,} is uniformly bounded on K. 
Since K was arbitrary, this proves the claim. 
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Now assume that a = 1. Since each function f, never vanishes, there 
is an analytic function g, : B — C with g? = f,. Since f,(zo) — 1, we 
can choose the branch of the square root so that gn(zo) — —1. But once 
again, gr(B) C Co. So the claim implies there is a subsequence {g,,, } that 
is uniformly bounded on compact subsets of B. Clearly this implies that 
{ fn, + is uniformly bounded on compact subsets of B. 

Assume that a = 0. Here let g, = 1 — fn. So gn(zo) — 1 and gn never 
assumes the values 0 and 1. The preceding case, when applied to {g,}, 
shows that {f,,} has a subsequence that is uniformly bounded on compact 
subsets of B. 

Finally assume that a = oo. Let gn = 1/fn. Again gy is analytic, 
9n(B) C Cor, and gn(z) — 0. Therefore the preceding case implies there 
is a subsequence {gn, } that converges uniformly on compact subsets of B 
to an analytic function g. But the functions {g,,} have no zeros while 
g(zo) = 0. By Hurwitz’s Theorem (7.2.5), g = 0. It now follows that 
fn, (2) — co uniformly on compact subsets of B. O 


4.3 The Great Picard Theorem. I[f f has an essential singularity at 
z =a, then there is a complex number a such that for ¢ 4 a the equation 
f(z) =¢ has an infinite number of solutions in any punctured neighborhood 


of a. 


For a proof the reader can consult Theorem 7.4.2. 


Exercises 


1. Prove Landau’s Theorem: If ap and a, are complex numbers with 
ag # 0,1 and a, # 1, then there is a constant L(ap,a1) such that 
whenever r > 0 and there is an analytic function f on rD with f(0) = 
ag, f’(0) = ay, and f omits the values 0 and 1,then r < L(ao, aj). 
(Hint: Let 7: D — Co; with 7(0) = ao and 7’(0) > 0. Use Corollary 
2.6 to find an analytic function T : rD — D such that 707 = f and 
T(0) = 0. Now apply Schwarz’s Lemma.) 


2. Prove Schottky’s Theorem: For a in Cp and 0 < 6 < 1, there is 
a constant C(a,(@) such that if f is an analytic function on D that 
omits the values 0 and 1 and f(0) = a, then |f(z)| < C(a,@) for 
|z| < B. (See 12.3.3.) 


85 The Existence of the Universal Analytic Covering Map 


The purpose of this section is to prove the following theorem. 


5.1 Theorem. /f 2) is any region in C whose complement in C has at 
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least two points and ag € 2, then there is a unique analytic covering map 
T: DQ with r(0) = ap and r’(0) > 0. 


The proof requires some preliminary material. The first lemma is a re- 
statement of Exercise 3.3. 


5.2 Lemma. [f a,b, and ag € C with ag # a,b, then there is an analytic 
covering map T:D + C\ {a,b} with 7(0) = ao and r’(0) > 0. 


The next lemma is technical but it contains the vital construction needed 
in the proof. 


5.3 Lemma. Suppose 2) is a region in C and (G,7T) is an analytic covering 
of Q with T(a) = ao for some point a in G. If Ap = B(ao;70) is a funda- 
mental neighborhood of ag and go is the local inverse of r defined on Ao 
such that go(ao) = a, then the following statements hold: 


(a) go(a0) > 0 if r'(a) > 0. 


(b) If y: [0,1] + Q is a path with y(0) = ag, then there is an analytic 
continuation along y {(g:, At) : 0 < t < 1} of (go, Ao) such that 
gt(Az) C G for all t. 


(c) If (gi,A1) and (gz, Az) are obtained from (go, Ao) by analytic contin- 
uation, g;(A;) C G, and gi(wi) = go(we) for some points w; in A, 
and we in Ao, then w, = we and gi(w) = go(w) for allw in A, N Ag. 


(d) If (g,A) ts obtained by analytic continuation of (go, Ao) and g(A) C 
G, then T(g(w)) =w for allw in A. 


Proof. Part (a) is trivial. To prove (b), use Lebesgue’s Covering Lemma 
to find a 6 > 0 with 6 < ro and such that for each t,0 <t<1, B(y(t);6) 
is a fundamental neighborhood. Let 0 = tp < ty <--: < t, = 1 be such 
that y(t) € B(y(t;); 6) for tj-1 <t¢< tj, lS jen. 

In particular, y(0) = ag € Ay = B(y(E1); 6); let gi : A1 — G be the 
local inverse of 7 such that gi(a@o) = a. Clearly g; = gp on AgM Ay. Hence 
(91, A1) is a continuation of (go, Ao). Similarly, let Ap = B(7(t2);6) and 
let go : Ag — G be the local inverse of 7 such that go(7y(t1)) = gi(y(t1)); 
SO g2 = g; on A; N Ag. Continuing this establishes (b). 

Let {(g:, Az) : 0 < t < 1} be any continuation of (go, Ag) along a path + 
such that g:(A:) C G for all ¢ and put F = {t € [0,1] : r(q@(z)) = 
z for all z in A}. Since0 € F, F £ @. It is left as an exercise for the reader 
to show that F is closed and relatively open in [0,1] and so F = (0, 1]. This 
proves (d). 

Using the notation from (c), the fact that g; and go are local inverses of 
T (by (d)) implies that w; = 7(gi(w1)) = 7(go(w2)) = we. The rest of (c) 
follows by the uniqueness of the local inverse. 0 


Proof of Theorem 5.1. Let a and b be two distinct points in the com- 
plement of 2 and put Q) = C\{a,b}. By Lemma 5.2 there is an analytic 
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covering map 7) : D — po with 79(0) = ao and 75(0) > 0. Let Ao be a 
fundamental neighborhood of ap that is contained in 2 and let ho : Ap — D 
be the local inverse of 79 with ho(ao) = 0 and ho(0) > 0. Define F to be 
the collection of all analytic functions g : Ap — D having the following 
properties: 


(a) g(ao) = 0 and g’(ao) > 0; 
(b) Ify: [0,1] > is a path with 7(0) = ao, then 
there is an analytic continuation {(g,, Az) : 0 < t < 1} 
of (g, Ao) along y such that A; C Q and g;(A;) C D for all ¢; 
5.44 (c) If (gi:,A1) and (go, Ag) are obtained from (g, Ao) 
by analytic continuation with A; C 2 and gi(wi) = go(we) 
for some points w, in A, and wz in Ag, then 
Wy = we and gi(w) = g2(w) for all w in 


Ai Nn Ag. 


Note that conditions (b) and (c) are the conditions (b) and (c) of Lemma 
5.3 with G replaced by D. Hence ho € F and so F # @. Since each function 
in F is bounded by 1, F is a normal family. The strategy here, reminiscent 
of the proof of the Riemann Mapping Theorem, is to show that the function 
in F with the largest derivative at ap will lead to the proof of the theorem. 

Put « = sup{g’(ao) : g € F}; so 0 < Kk < oo. Let {hy} C F such that 
hi. (ao) — K. Because F is a normal family, we can assume that there is an 
analytic function h on Ag such that hy, — h uniformly on compact subsets 
of Ag. So h(ao) = 0 and h'(ao) = k > 0. Thus (5.4.a) is satisfied; it will 
be shown that (b) and (c) of (5.4) also are satisfied so that h € F. 

Let y be a path in Q with 7(0) = ao and choose 6 > 0 so that B(ag; 6) C 
Ao and B(y(t);6) C Q for0 <t <1. Let 0 = tp < ty <--- < t, =1 besuch 
that y(t) € A; = B(y(t;); 6) for t;-1 < t < t;. By hypothesis each function 
h, admits unrestricted analytic continuation throughout Aj, and so the 
Monodromy Theorem implies there is an analytic function hi, : A; — D 
with hi, = hy on Ay NM Ao. Continuing, for 1 < 7 < n we get an analytic 
function hj, : A; — D such that hj, = hj_1,, on A;MAj_1. Fix j for 
the moment. So {h,;, : k > 1} is a uniformly bounded sequence of analytic 
functions on A,; and must therefore have a subsequence that converges 
uniformly on compact subsets of A; to an analytic function g; : A; — D. 
By successively applying this argument we see that the functions g; can be 
obtained so that g; = gj;-1 on A; N A;-1. Thus {(g;,A;):1< 7 < n} is 
an analytic continuation of (h, Ag) and (5.4.b) is satisfied. 

Now adopt the notation of (5.4.c) with h replacing the function g. Argu- 
ing as in the preceding paragraph, there are sequences of analytic functions 
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{(hiz, A1)} and {(ho,, Ag)} such that for 7 = 1,2, (hj,,A;) is a continu- 
ation of (hy, Ao) and hj, — g; uniformly on compact subsets of A; as 
k — oo. Now Hurwitz’s Theorem (and Exercise 7.2.11) implies that for 
j = 1,2 and all sufficiently large k there are points w;, in A; such that 
hik(Wik) = gi(wi) = g2(we) = hax(wex); these points also can be chosen so 
that w;, — w; as k — oo. But hy € F and so (5.4.c) implies that for each 
kK, Wiz = Woz, and hi, = hoy on A, M Ag. Thus w; = we and gi = go on 
Ai Ag. That is, h satisfies (5.4.c). Therefore h € F. 
Fix the notation that h is a function in F for which h’(ao) = k. 


5.4 Claim. For every z in D there is an analytic continuation (g,, A) of 
(h, Ag) such that z € gi (Aj). 


Suppose the (5.5) is false and there is a complex number c in D such that 
no continuation of h in G with values in D ever assumes the value c. Since 
h(ag) = 0, 0 < |c| < 1. Let T be the Mobius transformation (c—z)/(1—éz); 
so T is a conformal equivalence of D\{0} onto D\{c} with T(0) = c. Thus 
if u(z) = T(z”), ((D\{0}), 4) is an analytic covering space of D\{c}. 

Let a be a square root of c; so (a) = 0 and p'(a) = —2a/(1 — {c|*). Let 
g be a local inverse of yz: defined in a neighborhood of 0 with g(0) = a and 
apply Lemma 5.3 to ((D\{0}), uw). Thus g satisfies properties (b), (c), and 
(d) of Lemma 5.3 (with ag = 0, G = D\{0}, 7 = p, and Q = D\{c}). 
Now go h is defined and analytic near ap and g(h(ao)) = a. If (hi, Aj) 
is any analytic continuation of (h, Ag) with h,(A,) C D, then hi(Ai) C 
D\{c}. Since, by Lemma 5.3.b, g admits unrestricted analytic continuation 
in D\{c}, it follows that go h admits unrestricted analytic continuation in 


We want to have that goh € F, but two things are lacking: g(h(ao)) = 
a # 0 and (goh)’(ao) may not be positive. These are easily corrected as 
follows. Let M be the Mobius transformation M(z) = b(a — z)/(1 — Gz), 
where b = a/|a| = a/,/|c|. Put f = Mogoh. Thus f(a) = 0 and f 
satisfies (5.4.b) and (5.4.c) since go h does. Also 


M'(g(h(a0))g'(h(ao))K 
M'(a)g’(0)k. 


f'(a0) 


Now z = p(9(z)), so 1 = w'(9(0))9’(0) = —2a(1 —|e|*)~*g’(0). Thus g’(0) = 
—(1 — |c|?)/2a. A computation of M’(a) shows that the above equation 


becomes 
b 1 — |e|? 
/ _ 
fas) = ag (>a) 


1+ |c| 


——= K 
2v/lel 


> 0 
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Therefore f € F. But this also shows that f'(ag) > «, contradicting the 
definition of «. Thus Claim 5.5 must hold. 

Now to define 7, the covering map of D onto Q); this is the easy part. 
As above, let h be a function in F with h’(ao) = x. If z € D, Claim 5.5 
implies there is an analytic continuation (h;, Ai) of h with z in hy(Aj); 
say z = hy(w 1) for w; in Aj. If (he, Ae) is another continuation of h with 
z = h2(we) for some we in Ag, then (5.4.c) implies that wy = we and hy = he 
on A; M Ag. Since (5.4.c) also implies that h; is univalent on Aj, we can 
safely define rT on U = hi(A;) by 7 = (hy|A1)~?. Since z was arbitrary, T 
is defined on D. From the definition it is clear that 7 is analytic; it is just 
as Clear that 7(D) = Q. Since 7 is locally univalent, 7’(z) 0 for all z in D. 

The only remaining part of the existence proof is to show that 7 is a 
covering map. To do this fix a point w in 2; we must find a neighborhood A 
of w such that each component of r~1(A) is mapped by t homeomorphically 
onto A. To find A just take any analytic continuation (h;, A) of h, where A 
is a disk about w. Suppose (he, Ag) is another continuation of h with w in 
A2. According to (5.4.b), hg has a continuation to every point of A. Thus 
(there is something extra to do here) the Monodromy Theorem implies that 
ha extends to an analytic function on Ag U A. So we may assume that he 
is defined on A. That is, we may assume that every continuation (h2, Ae) 
of (h, Ao) with w in Ag has A C Ag. Let H,, = {(hi, A) : ¢ € I} be the 
collection of all the distinct analytic continuations of (h, Ag) to A. (At this 
time we do not know that H,, is countable, though this will turn out to be 
the case.) From the definition of 7, 


7 *(A) = J ai(A). 


tel 


But (5.4.c) implies that hj(A)Nh;(A) = @ for i 4 7. Thus {h;(A) : 7 € I} 
are the components of r~!(A) (and so J is countable). Clearly t maps each 
h;(A) homeomorphically onto A since 7 |h;(A) = (h;| A)~). This completes 
the proof of existence. 

The uniqueness statement follows by Corollary 2.5. O 


Theorem 5.1 is the essential part of what is called the Uniformization 
Theorem. The treatment here is from Pfluger [1969] but with considerable 
modification. The reader can also see Fisher [1983], Fisher, Hubbard, and 
Wittner [1988], and Veech [1967] as well as the survey article Abikoff [1981] 
for different approaches and additional information. 

We can now furnish the proof of Proposition 15.4.8 in its entirety. Recall 
that the proof given there was only valid for the case that the complement 
of the region G had a component that was not trivial. 


5.5 Corollary. Let G be a proper region in C that contains zero. If f is a 
conformal equivalence of G onto itself with f(0) = 0 and f’(0) > 0, then 
f(z) =z for all z inG. 
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16. Analytic Covering Maps 


Proof. If G is the entire plane less a single point, the proof is left to the 
reader. If the complement of G has at least two points, let 7: D — G be 
the universal analytic covering map with 7(0) = 0 and 7’(0) > 0. It follows 
that for : D — G is also an analytic covering map with (fo7)(0) = 0 and 
(f o7)'(0) > 0. Thus f o7 = 7. That is, f(7(z)) = 7(z) for all z in D and 
the corollary follows. 0 


Exercises 


1. 


Show that if 2 is simply connected and 7 is the covering map obtained 
in Theorem 5.1, then 7 is the Riemann map. 


. Let 2. be a region in C whose complement has at least two points 


and let tr : D — 2 be the analytic covering map with 7(0) = ap and 
7'(0) > 0. If f : Q > C is an analytic function, show that g = for 
is an analytic function on D such that go J = g for all T in G,. 
Conversely, if g : D — C is an analytic function with go TJ = g for all 
T in G,, then there is an analytic function f on 1) such that g = for. 


. Suppose 2 is an n-Jordan region and 7 is as in Theorem 5.1. (a) Show 


that for any point a in D, {T(0):T €G,} and {T(a) : T € G,} have 
the same set of limit points and these limit points are contained in 
OD. Let K denote this set of limit points. (b) Show that if w € OD\K, 
then there is a neighborhood U of w such that 7 is univalent on UND 
and 7 has a continuous extension to D U (OD\K). 


. Prove a variation of Corollary 5.6 by assuming that C\G has at least 


two points but only requiring F to be a covering map of G onto itself. 


Exercises 5 through 8 give a generalization of Schwarz’s Lemma. The 
author thanks David Minda for supplying these. 


. If Gis a proper simply connected region, a € G, and f is an analytic 


function on G such that f(G) C G and f(a) = a, then |f’(a)| < 1. The 
equality |f’(a)| = 1 occurs if and only if f is a conformal equivalence 
of G onto itself that fixes a. 


. Let G bea region such that its complement has at least two points, let 


a € G, and let 7: D — G be the analytic covering map with 7(0) = a 
and 7/(0) > 0. If f is an analytic function on G with f(G) C G and 
f(a) = a, show that there is an analytic function F' : D — D with 
F(0) =0 and for =T OF. Also show that F(r~!(a)) C r7*(a). 


. Let f and G be as in Exercise 6. (a) Show that |f’(a)| < 1. (b) If f 


is a conformal equivalence of G onto itself, show that | f’(a)| = 1 and 
f’(a) = 1 if and only if f(z) = z for all z. (c) Let Aut(G, a) be all the 


16.5. 


10. 


11. 


12. 


13. 
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conformal equivalences of G onto itself that fix the point a and prove 
that the map f — f’(a) is a group monomorphism of Aut(G, a) into 
the circle group, 0D, and hence Aut(G, a) is abelian. (d) If G is not 
simply connected, show that G is a finite cyclic group. What happens 
when G is simply connected? 


. Let G, f, 7, and F' be as in Exercise 6. This exercise will show that if 


|f’(a)| = 1, then f € Aut(G,a). For this purpose we can assume that 
G is not simply connected or, equivalently, that 7—!(a) is infinite. 
(a) Show that if |f’(a)| = 1, then there is a constant c such that 
F(z) = cz for all z in D. (b) Examine the action of F on 7~!(a) and 
conclude that c is an n-th root of unity for some positive integer n. 
(c) Conclude that f € Aut(G, a). 


. Let f and G be as in Exercise 6. For n > 1 let f, be the composition 


of f with itself n times. Prove that if f ¢ Aut(G,a), then f,(z) — a 
uniformly on compact subsets of G. 


In this exercise let G be a proper region in the plane, let @ and 6 
be distinct points in G, and let f be an analytic function on G with 
f(G) CG, f(a) =a, and f(b) = b. (a) If G is simply connected and 
f(a) =a and f(b) = b, show that f(z) = z for all z in G. (b) Give 
an example to show that (a) fails if G is not assumed to be simply 
connected. (c) If G is not simply connected but the complement of G 
has at least two points, show that f is a conformal equivalence of G 
onto itself and there is a positive integer n such that the composition 
of f with itself n times is the identity. (d) What happens when G = C 
or Co? 


Suppose f is an analytic function on D such that |f(z)| < 1 and 
f(0) = 0. Prove that if z, is a point in D different from 0 and f(z,) = 
0, then |f’(0)| < |z,|. (Hint: Consider f(z)/zT(z) for an appropriate 
Mobius transformation T.) 


The Aumann-Carathéodory Rigidity Theorem. Let G be a region that 
is not simply connected and whose complement has at least two 
points; let a € G. Show that there is a constant a depending only on 
G and a with 0 < a < 1 such that if f is an analytic function on G 
with f(G) C G and f(a) = a, and if f is not a conformal equivalence 
of G onto itself, then |f’(a)| < a. (Hint: Let 7 be the analytic cover- 
ing map of D onto G with 7(0) = a and 7’(0) > 0 and let F be as in 
Exercise 6. Write 7~!(a) = {0, 21, z2,...} with 0 < |z,| < |ze| <---. 
Observe that F(7~!(a)) C r~!(a) and try to apply Exercise 11.) 


Show that if G is simply connected, no such constant a as that ob- 
tained in the preceding exercise can be found. 


Chapter 17 


De Branges’s Proof of the 
Bieberbach Conjecture 


In this chapter we will see a proof of the famous Bieberbach conjecture. 
Bieberbach formulated his conjecture in 1916 and in 1984 Louis de Branges 
announced his proof of the conjecture. In March of 1985 a symposium on 
the Bieberbach conjecture was held at Purdue University and the proceed- 
ings were published in Baernstein et al. [1986]. This reference contains a 
number of research papers as well as some personal accounts of the history 
surrounding the conjecture and its proof. The history will not be recounted 
here. 

The original ideas of de Branges for the proof come from operator theory 
considerations. The proof presented here (in §6) is based on the proof given 
in Fitzgerald and Pommerenke [1985]. This avoids the operator theory, 
though some additional preliminaries are needed. Another proof can be 
found in Weinstein [1991]. Though this is shorter in the published form 
than the Fitzgerald-Pommerenke proof, it actually becomes longer if the 
same level of detail is provided. 

The strategy for the proof, as it evolves in the course of this chapter, is 
well motivated and clear from both a mathematical and a historical point of 
view. The tactics for the proof of the final crucial lemma (Lemma 6.8) are 
far from intuitive. Perhaps this is part of the nature of the problem and con- 
nected with the conjecture lying unproved for so many decades. The tools 
needed in the proof have existed for quite some time: Loewner chains and 
Loewner’s differential equation (1923); Lebediv-Millin inequalities (1965). 
In fact, de Branges brought a new source of intuition to the problem. This 
insight was rooted in operator theory and is lost in the shorter proofs of 
Fitzgerald-Pommerenke and Weinstein. The serious student who wishes to 
pursue this topic should look at de Branges’s paper (de Branges [1985]) and 
the operator theory that has been done in an effort to more fully explicate 
his original ideas. 


81 Subordination 


In this section we will see an elementary part of function theory that could 
have been presented at a much earlier stage of the reader’s education. 


134 17. The Bieberbach Conjecture 


1.1 Definition. If G is a region including the origin and f and g are two 
analytic functions on G, then f is subordinate to g if there is an analytic 
function ¢: G — G such that ¢(0) = 0 and f =god. 


It follows from the definition that if f is subordinate to g, then f(0) = 
g(0). Also note that if f is subordinate to g, then f(G) C g(G). In Corollary 
16.2.6 it was shown that if g : D — 12) is the universal analytic covering map 
for Q with g(0) = a and f is any analytic function on D with f(0) = a and 
f(D) © Q = g(D), then f is subordinate to g. In this section we will use 
this result for the case that (2 is simply connected and g is the Riemann 
map. The proof for this case is easy and so it is presented here so as to 
make this section independent of Chapter 16. 

The fact that subordination is valid in a more general setting should be 
a Clue for the reader that this is a more comprehensive subject than it will 
appear from this section. In fact, it has always impressed the author as a 
favorite topic for true function theorists as it yields interesting estimates 
and inequalities. For a further discussion of subordination, see Goluzin 
[1969] and Nehari [1975]. 


1.2 Proposition. [fg is a univalent function on D, then an analytic func- 
tion f on D ts subordinate to g if and only if f(0) = g(0) and f(D) C g(D). 
If f 1s subordinate to g and ¢ is the function such that f = god, then ¢ is 
unique. 


Proof. If f(D) C g(D), letdé : D — D be defined by ¢ = g™! 0 f; this 


shows that f is subordinate to g. The converse was observed prior to the 
statement of this proposition. O 


1.3 Proposition. [f f and g are analytic functions on D, f is subordinate 
to g, and ¢ is the function satisfying f = go ¢ and o(0) = 0,7 then for each 
r>1: 


(a) {f(z): lz] <r} C to(z): lz] <r}; 
(b) max {/f(z)|: 2] <r} < max{|g(z)|: lz] <r}; 
(c) (1—[z|*)|f'(2)| < GA — 6(2)|7)lo"(O))I 


(d) |f’(0)| < |g’(O)| with equality if and only if there is a constant c with 
|c| = 1 such that f(z) = g(cz) for all z. 


Proof. Let @: D — D be the analytic function such that f = go. 
Since ¢(0) = 0, Schwarz’s Lemma implies that |é(z)| < |z| on D. This 
immediately yields (a) and part (b) is a consequence of (a). 

To prove part (c), first recall from (6.2.3) that 


(1 — |z|*)|¢'(z)| < 1 - |e) 
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for all z in D. Thus 


(1 —|z|")If"(z)| (1 — |z|")|6'(z)|l9’(d(2))| 


(1 — |¢(z)I*)l9"(d(z))I, 


1.4 


IA 


establishing (c). 

Since f’(0) = g’(0)¢’(0) and Schwarz’s Lemma implies that |¢’(0)| < 1, 
we have that |f’(0)| < |g’(0)|. If |f’(0)| = |g’(0)|, then |¢’(0)| = 1 and so 
there is a constant c with |c| = 1 such that ¢(z) = cz for all z. O 


We now apply these results to a particular class of functions on D. Let P 
be the set of all analytic functions p on D such that Re p(z) > 0 on D and 
p(0) = 1. The first part of next result is a restatement of Exercise 6.2.3. 


1.5 Proposition. [fp € P and z € D, then 


1 — |z| 
1+ |z| 


1+ |z2| 
1— |2| 


< |[p(z)| < 


and 
2 


/ 
p (z)| < ———>.- 
These inequalities are sharp for p(z) = (1+ z)/(1 — 2). 


Proof. The Mobius transformation T(z) = (1 + z)/(1 — z) maps to D 
onto the right half plane and T(0) = 1. Thus Proposition 1.2 implies p is 
subordinate to T. Let ¢: D — D be the analytic function with ¢(0) = 0 


and 14+ 6t2) 
z 
p(2) = T(e(2)) = 7S 
for all z in D. But for any ¢ in D, 
4 <[H*4| L+i¢ 
1+{¢] ~}1—¢]7~ 1-|¢y 
0) 
1— le - [1+ 4] - 1+16)! 
1+ |o(z)| ~ |1—(z)|~ 1-I6(2)| 


But |¢(z)| < |z|, whence the first inequality. 
For the second inequality, apply (1.3.c) to obtain that 


tale)? 1 


PONS A= 6@)F 1- eP 
1—|o(z)2 1 

< *G-W@)? 1-ke 
L+|d(z)} 1 


1 — |g(z)} 1— 2)? 
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pit le 1 
1—|z| 1-|2/? 
2 
(1 — |2|)? 


CO 


1.6 Corollary. P is a compact subset of H(D). 


Exercises 


1. Show that for p in P and |z| < 1: (a) = iE} < Re p(z) < 1+|z|., 
(b) [Im p(z)| < te: (c ; (c) jarg p(z)| < sin“! Feat (d) pie 
er 

2. (a) Show that if f is an analytic function on D with f(0) = 0 and 
f’(0) = 1, then the convex hull of f(D) contains B(0;1/2). (Hint: 
Show that if this is not the case, then f is subordinate to a rotation 


of the map g(z) = z/(1 — z).) (b) Show that if f € S (14.7.1) and 
f(D) is convex, then f(D) contains B(0; 1/2). 


3. (a) Let fa be the rotation of the Koebe function (Example 14.1.4). 
Show that if f is an analytic function on D with f(0) = 0 and f’(0) = 
1, then f(D) meets the ray {r@: r > 1/4} unless f 4 f,. (b) Suppose 
f € S (14.7.1) and f(D) is a star like region; show that f(D) contains 
B(0; 1/4). (This is a special case of the Koebe 1/4-Theorem (14.7.8).) 


4. Show that if f is an analytic function on D with 0 < |f(z)| < 1 for 
all z, then | f’(0)| < 2/e and this bound is sharp. 


§2 Loewner Chains 


If f : D x (0,00) — C, then f’(z,t) is defined to be the partial derivative 
of f with respect to the complex variable z, provided this derivative exists. 
The derivative of f with respect to the real variable t is denoted by f(z, t). 


2.1 Definition. A Loewner chain is a continuous function f : D x [0,00) - 
C having the following properties: 

(a) for all ¢ in [0, 00), the function z — f(z,t) is analytic and univalent; 
(b) f(0,t) =0 and f’(0,t) =e’; 

(c) for0O<s<t<o, f(D,s) C f(D,t). 


17.2. Loewner Chains 137 
Let £ denote the collection of all Loewner chains. 


The first question is the existence of Loewner chains. If g is the Koebe 
function (14.1.4) and f(z,t) = e’g(z) = e'z(1 — z)~?, then it is easy to 
check that f is a Loewner chain with f(D, t) = C \ (—oo, —e*/4]. If g is any 
function from the class S, then f(z,t) = e’g(z) satisfies conditions (a) and 
(b) of the definition of a Loewner chain, but it may not satisfy condition 
(c). An amplification of this existence question appears in Theorem 2.16 
below. 

The first result gives some properties of the parametrized family of simply 
connected regions 20.(t) = f(D, t) associated with a Loewner chain that will 
be used in the construction of the examples just alluded to. 


2.2 Proposition. If f is a Loewner chain and for each t > 0, Q(t) = 
f(D, t), then: 


(a) for0<s<t<oo, Xs) CN) 
and Q(s) € Q(t); 
2.3 (b) ift, >t, then Q(t,) — Q(t) in the 
sense of Definition 15.4.1; 
(c) tft, oo, then Q(t,) > C. 


Proof. The proof that Q(s) C Q(t) when s < ¢ is immediate from the 
definition. Since f’(0,s) 4 f’(0,t), the uniqueness part of the Riemann 
Mapping Theorem implies that Q(s) 4 Q(t). Part (b) is clear from Theorem 
15.4.10. Note that the Koebe 1/4-Theorem (14.7.8) implies that f(D, t) D 
(e'/4)D so that f(D,t) > Cast—oo. O 


We now prove what is essentially a converse of the preceding proposition. 


2.4 Proposition. Let {Q(t): 0 <t < co} be a family of simply connected 
regions satisfying (2.3) and for eacht > 0 let hy : D — Q(t) be the Riemann 
map with h,(0) = 0 and hi(0) = G(t) > 0. If h(z,t) = hi(z) and Bo = B(0), 
then the following hold. 


(a) The function B is continuous, strictly increasing, and B(t) + co ast > 
oe) 


(b) If A(t) = log[B(t)/Go] and f(z,t) = By *h(z,A7*(t)), then f defines a 
Loewner chain with f(D,t) = Bp 'Q(A71(t)). 


Proof. Let 
h(z,t) = B(t)[z + be(t)z? +--+]. 
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By (2.3.b), if {t, } is a sequence in [0, 00) such that t, — t, then Q(t,) - 
Q(t) and so hy, — hy in H(D) (15.4.10). In particular, h : D x (0,00) — C 
is a continuous function that satisfies conditions (a) and (c) of Definition 
2.1 as well as h(0,t) = 0 for all t. So h fails to be a Loewner chain only 
because it lacks the property that h’(0,t) = e*. Indeed, there is no reason 
to think that G(t) = e’. However it is easy enough to reparametrize. 

Note that if t, —- t, ht, — ht in H(D) and so ((t,) — G(t). Hence G is 
continuous. 

Fix s < t; so Q(s) C Q(t). By Proposition 1.2 there is an analytic func- 
tion ¢: D > D with ¢(0) = 0 and such that h(z,s) = h(¢(z),t) for all z in 
D. By Schwarz’s Lemma |¢(z)| < |z| and |¢’(0)| < 1, where the strict in- 
equality occurs because 2(s) 4 Q(t). Thus G(s) = h’(0,s) = h’(0,t)d’(0) = 
B(t)d’(0). But 6'(0) > 0 and we have that ( is a strictly increasing function 
from [0, 00) into (0,00). Moreover Q(t) — C as t > oo so that it must be 
that 3(t) — oo as t — oo. This proves (a). 

So we have £8 : [0,co) — [f9,0c) is strictly increasing, continuous, 
and surjective. Thus A(t) = log|G(t)/@o] is a strictly increasing contin- 
uous function from [0,00) onto itself. Define f(z,t) as in part (b). So 
f : Dx [0,00o) — C is a continuous function that is easily seen to sat- 
isfy conditions (a) and (c) in (2.1) and f(0,t) = 0. If r = A7*(t), then 
t = X(r) so that e = B(T)/Bo. So f'(0,t) = 85° B(r) = et. Thus f isa 
Loewner chain and it is clear that f(D,t) = 6) 'Q(A71(t)). O 


Of course the constant 69 ‘ must appear in (b) of the preceding result. 
The function fo in a Loewner chain belongs to the class S, and for an 
arbitrary region (2(0) there is no reason to think that the Riemann map of 
D onto (0) comes from the class S. 

The following example will prove to be of more value than merely to 
demonstrate the existence of a Loewner chain. 


2.5 Example. Let ¥ : [0,co) — C be a Jordan arc that does not pass 
through 0 and is such that y(t) — oo as t — oo and (0) = apo. For 
0<t < o, let y% be the restriction of ¥ to [t, oo) and put Q(t) = C\%. It 
is easy to see that (2.3) is satisfied. By means of Proposition 2.4 we have 
an example of a Loewner chain. 


For a Loewner chain f, let f; denote the univalent function on D defined 
by fi(z) = f(z,t). Think of a Loewner chain as a parametrized family of 
univalent functions on D, { f;}, indexed by time, where fo is the starting 
point, and as time approaches oo the functions expand to fill out the plane. 


2.6 Proposition. If f € £Land0 <s <t < ov, then there is a unique 
analytic function z — $(z,s,t) defined on D having the following properties. 


(a) (z,s,t) € D and f(z,s) = f(d(z,s,t),t) for all z in D. 
(b) z— $(z,s,t) is univalent, o(0,s,t) = 0, |b(z,s,t)| < |z| for all z in 
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D, and ¢'(0,s,t) =e**. 
(c) (z,s8,s) =z for all z in D. 
(d) Ifs<t<u, then d(z,s,u) = o(d(z,s,t),t,u) for all z in D. 


Proof. Because f,(D) C f;(D), there is a unique analytic function ¢(z, s, t) 
defined on D with values in D and such that ¢(0, s,t) = Oand f;(¢(z, s,t)) = 
fs(z) (Proposition 1.2). Since both f,(z) and f,(z) are univalent on D, ¢ is 
also. This shows (a). The fact that |¢(z, s,t)| < |z| for all z in D follows by 
Schwarz’s Lemma. Taking the derivative of both sides of the equation in 
(a) at z = 0 gives that e° = f’(0,s) = f’(#(0.s.t), t)¢’(0.s.t) = e'd’(0.s.t). 
This proves part (b). 

Part (c) follows by the equation in (a) and the fact that the function 
o(z,s.t) is unique. Finally, to show (d) observe that the properties of the 
functions imply that for w = ¢(z,s,t), f(d(w,t,u),u) = f(w,t) = f(z,s), 
so that (d) follows by the uniqueness of ¢. O 


2.7 Definition. The function ¢(z,s,t) defined for z in DandO<s<t< 
oo and satisfying 


2.8 f(z, 8) = F(P(z, 8, t), #) 


for a Loewner chain f is called the transition function for the Loewner 
chain. 


Note that the transition function is given by the equation ¢(z,s,t) = 


fe’ (fs(z)). 
2.9 Lemma. I/f f € L, then for all z in D andO <t<o, 


, 1-|z| , 1+(2| 

2.10 e€ (+12) < |f (z, t)| <e (1 — iz|)3 
, {2 : (2 

2.11 e G42)? < | f(z, t)| <e (1 \z|)? 


Proof. In fact, the function e~‘ f(z,t) € S, the class of univalent functions 
defined in §14.7. Thus this lemma is an immediate consequence of the Koebe 
Distortion Theorem (14.7.9). O 


The preceding lemma quickly implies that for any T > 0, {f(z,t):0< 
t < T} is a normal family in H(D). However we will prove much more than 
this in Proposition 2.15 below. 
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2.12 Lemma. [f f is a Loewner chain with transition function ¢, then the 
function p is defined for z in D andO0 <s<t< oo by 

1+e%-§ [1—z7!¢(z, s,t) 

1+e§* [z—-(z,s,t) 

~ Jest E + aoe) 

belongs to the class P and p(0,s,t) = 1. 

Proof. Let ¢(z) = ¢(z,s,t) for s and t fixed. The fact that p belongs to 


P is a consequence of the fact that |¢(z)| < |z| and hence belongs to D for 
allzin D. O 


p(z, s,t) 


2.13 Lemma. [f f € L, |z2| <1, andO<s <t<u,0, then the following 
inequality holds: 
8|2| t 
If (z, 8) — flz,t)| < ~—TGle — e*). 
lay 

Proof. For the moment, fix s and t, s < t, and put ¢(z) = ¢(z,38,¢t). 
According to (2.10), if |¢| < |z| < 1, then |f’(¢,t)| < 2e®(1 — |c|)-° < 
2e’(1 — |z|)~3. Since |¢(z)| < |z| this implies 


z 


FG, t)d¢ 
(2) 


2e% 


< Gas) — 2\. 


|F(z,t) _ f(z, s)| 


| 


Now to estimate |¢(z) — z|. Applying Proposition 1.5 to the function p 
defined in Lemma 2.12, we get 


1+e%—*] |z-— (z) 
in ane SR Se t 
SS] GSS] = veo 
1+ |z| 
1 —|z| 
Hence 
1—e®*] f1+|2| 
_ < {is 
zo < [FSS] | FE e+ oe) 
1+ || —t 
2.1 < —e° "), 
4 <  QIz| F — =] (1 — e®*) 
Therefore 


x 


lf(z,t) —flz,s)| < az) 


17.2. Loewner Chains 141 
proving the lemma. O 


2.15 Proposition. The set £L of all Loewner chains is a compact subset of 
the metric space C'(D x [0, 00), C). 


Proof. The inequality (2.11) implies that for every (z,t) in D x [0, oo), 
sup{|f(z,t)| : f € £L} < co. Also Lemma 2.13 shows that £ is equicontin- 
uous at each point of D x [0,0o). Thus the Arzela-Ascoli Theorem implies 
that £ is normal in C(D x [0, co)). It remains to show that C is closed. 

If {f,} is a sequence in £ and f, — f in C(D x (0, 00)), then for each ft, 
fn(z,t) — f(z,t) in H(D). Hence for each t, z — f(z,t) is analytic. Clearly 
f(0,t) = 0 and f’(0,t) = e*. Since each f,(z,t) is univalent, Hurwitz’s 
Theorem implies that z — f(z,t) is also univalent. Finally, if0<s <t< 
00, fn(D,s) C fr(D,t) for all n, so f(D, s) C f(D, t). Therefore, f € £ and 
£ is closed. O 


Note that if f is a Loewner chain, then z — f(z,0) is a function in the 
class S defined in 814.7. A further amplification of the fact that Loewner 
chains exist is the next theorem, which asserts that any function in the 
class S can occur as the starting point of a Loewner chain. 


2.16 Theorem. For every function fo in S there is a Loewner chain f 
such that f(z,0) = fo(z) on D. 


Proof. First assume that f is analytic in a neighborhood of cl D. Thus 
y = f(OD) is aclosed Jordan curve. Let g : C,.\ cl D> C,,\ cl [ out ¥] be 
the conformal equivalence with g(oo) = oo and g’(co) > 0. For 0 < t < ow, 
put Q(t) = the inside of the Jordan curve g({z : |z| = e'}). Note that 
Q(0) = fo(D) and {Q(t)} satisfies the condition (2.3). 

Letting h be as in Proposition 2.4, the uniqueness of the Riemann map 
implies that h(z,0) = fo(z) and so 8p = 1 (in the notation of (2.4)). An 
application of Proposition 2.4 now proves the theorem for this case. 

For the general case, let f be an arbitrary function in S, for each positive 
integer n put r, = 1—n~!, and let f,(z) = r7'f(rn,z). So each fp € S 
and is analytic in a neighborhood of cl D. By the first part of the proof 
there is a Loewner chain F,, with F,(z,0) = f,(z). By Proposition 2.15 
some subsequence of { F;,,} converges to a Loewner chain F’. It is routine to 
check that F'(z,0) = f(z) in D. O 


Note that if fo maps D onto the complement of a Jordan arc reaching 
out to infinity, then the preceding theorem is just Example 2.5. It is this 
particular form of the theorem that will be used in the proof of de Branges’s 
Theorem. 

The study of Loewner chains continues in the next section, where we 
examine Loewner’s differential equation. 
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Exercises 


1. Let f : D x [0,00) — C be a function such that for each z in D,t > 
f(z,t) is continuous and for each t in [0,00),z — f(z,t) is analytic. 
Assume that properties (a), (b), and (c) of Definition 2.1 are satisfied. 
Show that Lemma 2.9 is satisfied for this function and consequently 
that f is a Loewner chain. 


2. Let Q be a simply connected region containing 0 such that C, \ 
Q consists of two Jordan arcs that meet only at oo. Let ho be the 
Riemann map of D onto 2 with ho(0) = 0 and 8 = Ao(0) > 0. Show 
that there are two Loewner chains f and g with f(z,0) = g(z,0) = 
B5 "ho(z) (see Proposition 2.4). 


3. Let f € £ and let ¢ be the transition function for f. Fix u > 0 and 
define g : D x [0,00) — C by g(z,t) = e“¢(z,t,u) for t < wu and 
g(z,t) = e“z for t > u. Show that g € CL. 


4. If g is the Koebe function and f is the Loewner chain defined by 
f(z,t) = e'g(z) = e'z(1 — z)~?, find the transition function for f. 


5. In Lemma 2.9, what can be said about the Loewner chain f if one of 
the inequalities is an equality? 


6. If f is a Loewner chain with transition function ¢, prove that, anal- 
ogous to (2.13), 


|P(z, t, u) _ o(z, s, u)| < ape —e ) 


for0O<s<t<u< _o and all z in D. 


§3 Loewner’s Differential Equation 


In this section Loewner’s differential equation and the concommitant char- 
acterization of Loewner chains is studied. There is a version of Loewner’s 
differential equation valid for all Loewner chains, but we will only see here 
the version for a chain as in Example 2.5. This is all that is needed for the 
proof of de Branges’s Theorem. 

To set notation, let  : [0,co) — C be a Jordan arc with (0) = ao such 
that 7 does not pass through 0 and y(t) — oo ast — oo. For0 <t< ow, 
let +; be the restriction of + to [t, oo) and put Q(t) = C \ %. Assume there 
is a Loewner chain f such that f;(D) = €(%) for all t > 0. (The reason for 
the word “assume” here is that otherwise we would have to multiply the 
regions (0(t) by a constant. See Proposition 2.4.b.) Let ¢@ be the transition 
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function for the chain f and let g = f;* : Q(t) — D with g(C,t) = g(C). 
For s < t let ds:(z) = $(z, s,t). Recall that 6: = fy,‘ o fs. 

Now Proposition 15.3.7 implies that f, and f; have continuous extensions 
to cl D. Moreover Proposition 15.3.8 g; has a continuous extension to 2(t)U 
{y(t)}. Let A(t) be the unique point on the unit circle such that f;(A(t)) = 
y(t). Let Cy: be the closed arc on OD defined by Cy, = {z € OD: f,(z) € 
¥({s,t])} and let Jse = gz(y([s, t])). So Jet is a Jordan arc that lies in D 
except for its end point A(t). (The reader must draw a picture here.) Thus 
dst maps D conformally onto D \ J,;. Also ¢,; has a continuous extension 
to cl D that maps C,; onto J,; and the complement of C’,; in the circle 
onto OD \ {A(t)}. 

Observe that A(s) is an interior point of the arc C’,, and C’,; decreases 
to A(s) as t | s. Similarly, if t is fixed and s { t, then J,: decreases to X(t). 


3.1 Proposition. With the preceding notation, the function »: [0,0c0) — 
OD is continuous. 


Proof. An application of the Schwarz Reflection Principle gives an analytic 
continuation of ¢,; to C \ C,,. This continuation, still denoted by ¢:, is 
a conformal equivalence of C \ C,; onto C \ {J,, U J3,}, where Jz, is the 
reflection of J,; across the unit circle. 


Claim. |z~1¢,:(z)| < 4e°~$ for all z in C \ Cy. 


This is shown by applying the Maximum Modulus Theorem. In fact 


lim C284) _ 4 é : ts 


Z—00 A 20 o(z, s,t) ~ ¢'(0) — © 


Also the Koebe 1/4-Theorem (14.7.8) implies that since J,; is contained in 
the complement of ¢,:(D), Jse C C \ {C : |C| < e% */4}. Thus J% C {¢: 
\C| < 4e*-*}. This proves the claim. 

The claim shows that for any T > s, {z~'dg : s <t < T} is a normal 
family. If t, | s and {@g¢,} converges to an analytic function w, then » 
is analytic on C \ {A(s)} and bounded there. Hence (s) is a removable 
singularity and w is constant. But ~(0) = lim;_,, ¢’(0, s,t) = 1. Since every 
convergent sequence from this normal family must converge to the constant 
function 1, we have that z~!d,;(z) — 1 (uc) on C \ {X(s)} as t | s. Thus 
dst(z) > z (uc) on C \ {A(s)} ast] s. 

Fix s > 0. We now show that X is right continuous at s. The proof 
that A is left continuous is similar and left to the reader. If ¢ > 0, choose 
6 > 0 such that for s << t < s+6, Cs: C B(X(s);e). Let C be the circle 
OB(A(s);€) and put x = ¢.4(C), a Jordan curve. Note that the inside of x 
contains the arcs J,; and J3,; so in particular A(t) € ins x. Now 6 can be 
chosen sufficiently small that for s << t <s+6, |@st(z) — z| < e for all z 
in C’. From here it follows that diam y < 3¢. So if we take any point z on 
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C, ||A(s) — A(t)| < |A(s) — 2] + |zbse(z)| + [bse (z) — A()| < e te + 8 = 5e. 
This proves right continuity. O 


For a Loewner chain f, recall that f(z,t) = Of /Ot and f'(z,t) = Of /dz; 
similarly define ¢(z,s,t), ¢'(z,s,t), 9(¢,t), and g’(C, t). 


3.2 Proposition. Fiz the notation as above. The function g has continuous 


partial derivatives and if x(t) = X(t), then for t > 0 and ¢ in Q(t) 


, 1+ x(t)g(G, t) 
3.3 aC.) = -a(6,1) | ED) 
Proof. It is left for the reader to verify that g is a continuous function. 
To prove that g’ exists and is continuous is the easy part. In fact because 
f is a Loewner chain, g'(¢,t) exists and equals [f'(g(C, t),t)]~!. Since the 
convergence of a sequence of analytic functions implies the convergence of 
its derivatives, f’ : D x [0,0co) — C is continuous. Hence g’ is continuous. 
Note that if we can show that g exists and (3.3) holds, then the continuity 
of g follows from the continuity of g. To prove existence, we will show that 
the right partial derivative of g exists and satisfies (3.3). The proof that 
the left. derivative exists and also satisfies (3.3) is similar and left to the 
reader. Return to the transition function ¢. Remember that for s < t, dst 


has a continuous extension to cl D and ¢5:(Cs:) = Js. Now z~1@5¢ does 
not vanish on D and so it is possible to define the analytic function 
®(z) _ log fa 
Zz 


where the branch of the logarithm is chosen so that ®(0) = s — t. 

Thus ® is continuous on cl D and analytic on D. If z € OD \ Cz, then 
dsi(z) € OD \ {X(t)} and so Re ®(z) = log|z~'@,:(z)| = 0. Thus the 
Poisson formula gives that 


p | 
Re ®(z) = 5 / [Re &(e%)|P,(e*”) dé, 


where a and # are chosen so that e* and e*? are the end points of C,:. By 
the choice of the branch of the logarithm, 


3.4 ®(z) _ [ [Re ®(e’”)| 0 5 
We also have that 


p 
s—t=(0)= | Re ®(e’*) dé. 


a 
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Now fi ° dst = fs and so g: = dst © gs. Thus letting z = g.(C) in (3.4) 
implies that 


(0) __ Lf a, seins [ee t+ 986) 
EEO) al Re IEeraaike 


Now apply the Mean Value Theorem for integrals to the real and imaginary 
parts of this integrand to obtain numbers u and v with a < u, v < @ and 
such that 


ve [SOL 


_ E [ore &(e%*) do ee { tat) 


44 im { + 9s(¢) \ 


e956) - 
= (s—t) Re { eet +t Im { Soe} | 


Now divide both sides of this equation by t — s and let t | s. When this is 
done, e*“ and e’”” both converge to \(s). Thus 


_ 1 ge(¢) A(s) + 9s(¢) 
ist—s 8 ol ACs) — gs(¢) 
14 2(s)9s(¢) 
1— t(s)gs(C) | 
But the left hand side is precisely the right derivative of log|g:(¢)/gs(C¢)| 
with respect to t, evaluated as t = s. By taking exponentials and multi- 


plying by gs(C¢), it follows that t — g;(C) has a right derivative at t = s. 
Elementary calculus manipulations then give that 


1+ x(s)9(G, 3 
1 — x(s)g(C, 8) ] 


where this is actually the right derivative. As was said, the similar proof 
for the left derivative is in the reader’s hands. O 


alG,8) = -a(6.s) | 


3.5 Theorem. If f is a Loewner chain such that fo is a mapping onto a 
slit region, then there is a continuous function x : |[0,co) + OD such that 
f(z,t) exists and satisfies 


1+ 2(s)z 
1 — x(s)z 


3.6 f(z,t) = zf'(z,t). 


Proof. The existence and continuity of f’ was already shown at the be- 
ginning of the proof of Proposition 3.2. Since f; and g; are inverses of each 
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other, the differentiability of f with respect to t will follow from the Inverse 
Function Theorem of Advanced Calculus, but this must be set up properly. 

Define F': D x [0,00) ~ Cx R by Fi(z,t) = (f(z,t),t). It is not hard to 
see that F'(D x (0, 00)) is the open set A = Urso(C\%) x (#, 00) and that F 
is a one-to-one mapping with inverse given by F~!(¢,t) = (g(¢,t), t). Thus 
F~' is a continuously differentiable function and its Jacobian is 


act | 29 9 |< o'(,0, 
H(Ct) 1 


which never vanishes. Thus F’ is continuously differentiable, from which it 
follows that f(z, t) exists and is continuous. 

Now let x be as in Proposition 3.2. Note that ¢ = f(g:(C, t), so differen- 
tiating with respect to t gives that 0 = f’(g:(C), t)g(C,t) + f(ge(0), t). 
Putting z = 9:(C), this shows that 0 = f’(z,t)9(C,t) + f(z, t) for all z in D. 
Therefore applying (3.3), 


f(z,t) 


. 1+ x(t)g(C,t) 
f'(z, t)g(¢, t) ee | 


1+ ae | 
1 —a(t)x 


F'(et)z| 
This finishes the proof. O 


Equation (3.6) is Loewner’s differential equation. There is a differential 
equation satisfied by all Loewner chains, not just those that begin with a 
mapping onto a slit region. For an exposition of this see Duren [1983] and 
Pommerenke [1975], two sources used in the preparation of this section and 
the preceding one. 

This section concludes with a result valid for all Loewner chains, not 
just those that begin with a mapping onto a slit region. In many ways this 
illustrates the importance of Loewner chains in the study of the univalent 
functions in the class S. 


3.7 Proposition. Let f be a Loewner chain with gq; the inverse of f,. Then 
fo(z) = Jim e'g(fo(z), t) 


uniformly on compact subsets of D. 


Proof. According to (2.11), 


Hg <iledl se 
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Substituting z = g(C,t) this becomes 


ot [g(¢, t)| al<et lg(¢, t)| 
G+ loon? ="! S* a eGan 


Algebraic manipulation gives that 


3.8 [1 —|9(¢, aI)? < et < [1+ l9(¢, OIF. 


“s 
C 


Since |g(¢,t)| < 1 for all ¢ and t, |g(¢,t)| < 4e~*|C|. This implies that 
{e'g,/Ct > 0} is a normal family. But (3.8) implies that if t, — oo and 
e’kg,,/€ — h, then h is an analytic function with |h| = 1. Hence h is 
constant. But for any t, e’g}(0) = e’/f;/(0) = 1. Thus A(0) = 1 and so 

= 1. That is, any limit point of this normal family as t — oo must be 
the constant function 1. Therefore as t — oo, e'g;(€)/¢ — 1 uniformly on 
compact subsets of C. Thus e’g(¢,t) — ¢ uniformly on compact subsets 
of C, so that e’g(fo(z),t) — fo(z) uniformly on compact subsets of D as 
t— oo O 


3.9 Corollary. If f € S and g 1s the inverse of the Loewner chain starting 
at f, then t — e'g(f(z),t) for 0 < t < oo is a path of functions in S 
starting at z and ending at f. 


3.10 Corollary. The family S of univalent functions with the relative topol- 
ogy of H(D) is arcwise connected. 


Exercises 


1. Let f € L with g; the inverse of f; and put h(z,t) = 9(fo(z), t). Show 
that h satisfies the equation 


i(2,t) = A'(z,t) |; + x(t)h(z, 5 | 


1 — x(t)h(z, t) 
where z is as in Proposition 3.2. 


2. If f € £ and ¢ is its transition function, show that for all s > 
0, f(z,s) = lim... e'¢(z, s,t) uniformly on compact subsets of D. 
Compare with Proposition 3.7. 


3. If g is the Koebe function and the Loewner chain f is defined by 
f(z,t) = e'g(z) = etz(1 — z)~?, find the function z that appears in 
Loewner’s differential equation for f. 
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$4 The Milin Conjecture 


What will be proved in the next section is not the Bieberbach conjecture 
but the Milin conjecture, which is stronger than Bieberbach’s conjecture. In 
this section the Milin conjecture will be stated and it will be shown that it 
implies the Bieberbach conjecture. But first the Robertson conjecture will 
be stated and it will be shown that it implies the Bieberbach conjecture 
and is implied by the Milin conjecture. 

For reasons of specificity and completeness, let’s restate the Bieberbach 
conjecture. First, as standard notation, if f is a function in S, let 


4.1 f(z) = zt+agz7 + agz°4---. 


4.2 Bierberbach’s Conjecture. If f belongs to the class S and has the 
power series representation (4.1), then |a,| <n. If there is some integer n 
such that |a,| =n, then f is a rotation of the Koebe function. 


If f is a rotation of the Koebe function, then (14.1.4) shows that |a,| =n 
for all the coefficients. 

Recall (Proposition 14.7.4) that a function g in the class S is odd if and 
only if there is a function f in S such that g(z)? = f(z?) for all z in D. Let 
S_ be the collection of odd functions in S and if g € S_,let 


4.3 g(z) = z+e329 +e52° +-:- 


be its power series. The Robertson conjecture can now be stated. 


4.4 Robertson’s Conjecture. [fg € S_ has the power series represen- 
tation (4.3), then for eachn > 1 
1+ |e3|? +--+ + |ean—il*? <n. 


If there is an integer n such that equality occurs, then g(z)* = f(z), where 
f is a rotation of the Koebe function. 


4.5 Theorem. Robertson’s conjecture implies Bieberbach’s conjecture. 


Proof. Let g € S_ satisfy (4.3) and let f be the corresponding function 
in S with g(z)? = f(z) in D. Suppose f satisfies (4.1). Thus 


zt t+ agzt* +--+ = (z+e3224+---)?. 


Expanding and identifying coefficients of the corresponding powers of z we 
get that for all n > 1 


An = CyCon—1 + C3Can—3 + +++ + Con-1C1.- 
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An application of the Cauchy-Schwarz Inequality shows that 


nm 
lan| < S- \con—al*; 
k=1 


whence the first part of theorem. 

If equality occurs in Bieberbach’s conjecture, then the preceding inequal- 
ity shows that equality occurs in Robertson’s conjecture. This completes 
the proof. O 


To state the Milin conjecture is not difficult; it only requires some no- 
tation. To see that this implies the Robertson conjecture is more involved 
and will occupy us for most of the remainder of the section. 

Let f € S and let g be the corresponding function in S_ with g(z)? = 
f(z?) on D. Assume (4.1) and (4.3) hold. It is easy to see that z~'f is an 
analytic function on D and has no zeros there. Thus there is an analytic 
branch of (1/2) log[z~+f(z)] defined on D; denote this function by h and 
let 


4.6 h(z) = S~ nz” 
n=1 


be its power series representation on D. Note that we have chosen the 
branch of (1/2) log[z~!f(z)] that satisfies h(0) = 0 and with this stipula- 
tion, A is unique. 


4.7 Milin’s Conjecture. If f € S, h is the branch of (1/2) log[z—' f(z)] 
with h(0) = 0, and h satisfies (4.6), then 


nr m 1 
3 kil? 4) <0. 
m=1k=1 
If equality holds for some integer n, then f is a rotation of the Koebe 
function. 


To show that Milin’s conjecture implies the Robertson conjecture (and 
hence the Bieberbach conjecture), it is necessary to prove the Second 
Lebedev-Milin Inequality. This is the second in a collection of three in- 
equalities that relate the power series coefficients of an analytic function 
with those of its exponential. All three inequalities will be stated and then it 
will be shown that Milin’s conjecture implies Robertson’s conjecture. Then 
the second inequality will be proved. After this the remaining inequalities 
will be derived for the interested reader. 

Let ¢ be an analytic function in a neighborhood of 0 with ¢(0) = 0 and 
let 


4.8 o(z) = Saget 
k=1 
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be its power series. Let 


4.9 ap(z) = e®) = S| Bez". 


k=0 


4.10 First Lebedev-Milin Inequality. If @ and w are as above, then 


> |Bel? < exp »» Hout : 
k=0 k=1 


If the right hand side is finite, then equality occurs if and only if there is 
a complez number y with |y| <1 and a, = y*/k for all k > 1. 


4.11 Second Lebedev-Milin Inequality. If ¢ and yw are as above, then 
foralln>1 


> (Bel? < (n+ Nee} >> Y (law? —~ p}. 


k=0 ln 1 


Equality holds for a given integer n if and only if there is a complex 
number y with |y| = 1 and a, = y*/k forl<k<n. 


4.12 Third Lebedev-Milin Inequality. If 6 and y are as above and 


n#1, 
[Bnl? < exp {Solo — D} ; 


k=1 
Equality holds for some integer n tf and only tf there ts a complex number 
7 with |y| =1 and a, = y*/k for1<k <n. 
4.13 Theorem. Milin’s conjecture implies Robertson’s conjecture. 
Proof. Let g € S_ and let f € S such that g(z)? = f(z?) on D; as 
sume that (4.1) and (4.3) hold. Let h(z) = (1/2) log[z—! f(z)] satisfy (4.6). 
Note that if z € D\ (—1,0], [9(Vz)/Wz]? = f(z)/z. On the other hand, 


9(/z)/JVz = 1432 +527 +---, so that 9(/z)/Vz is analytic on D. Thus 
h is a branch of log[g(./z)/./z] and so taking c,; = 1 we get 


[© 0) oo 
S— Con412" = exp +> me" | ; 


n=0 n=l] 


According to the Second Lebedev-Milin Inequality, for each n > 1 


> lcongal? < (n+ Dew | ri >> Ske? — Df. 


k=0 tie 
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Thus if Milin’s conjecture is true, this implies that for every n > 1 


| 
> lcongal? < (n+ 1), 
k=0 


which we recognize as Robertson’s conjecture. 
Suppose n > 1 and equality holds in Robertson’s conjecture. Again as- 
suming the Milin conjecture, this implies 


ae) 


n+1l= > lconsal? 
k=0 
< (n+ 1)exp fez > 5 (eel? - >} 
nr 1 m=1k=1 k 
< n+l. 


But this implies equality in Milin’s conjecture and so f must be a rotation 
of the Koebe function. O 


Now to prove the inequalities. A few preliminary observations are valid 


for each of the proofs. Since 7 = e%, w’ = d’e? = d/w. Using the power 
series expansions of these functions we get 


S  kBaak = (Sons) (3: as") 
k=1 k=1 k=0 


011 9 + (a1 + 2a280)z + (182 + 202/81 + 3a380)2" 
+++++(Q18m +++: +MAmBo)z™ +--- . 


Equating corresponding coefficients gives 
m 

4.14 MBm = S- kar Bm—k:- 
k=1 


Proof of the Second Lebedev-Milin Inequality. Apply the Cauchy-Schwarz 


4.15 = (5° Hou? (Ss ar). 


k=1 


m?|Bm|? 


IA 


Put 


4.16 Am = >_ k? \ax|? Bm = >— |Bxl?. 
k=0 
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So (4.15) becomes m?|8m|? << AmBm-1 for all m > 1. Now fix n > 1 and 
let’s prove (4.11). Thus 


Bn = Bn-1 + |Bn|? 


] 
< Bn-1 c + apn 
nm 


= ——~ | Bn-1 
n n(n + 1) 

< ———~ ? Bn-1, 

= “a ep {| 


where the elementary inequality 1+ x < e® has been used. Now apply this 
latest inequality to B,_; and combine the two; so we have 


B, << —— ———_—— + ————— ? Bn -2. 
c PAS ep | to + (n—1)n } ? 


Continuing and noting that Bo = |Go|* = 1 we get that 


By (n+ 1) o ach} 


lA 


c= k(k +1) | 
n Ax n+1 1 
k=1 k=1 


Now use the summation by parts formula (Exercise 2) with 2, = [k(k + 
1)|-1 and y, = Ay. Here Xn = Sop, [k(k + 1)]7+ = 1- (n+ 1). This 
gives 


n At n—1 
S- —__—_—_ = X5(Axg — Agy1) + XnAn 
<4 k(k +1) vane 
n—l 1 
= te a] Cet vMebead 
k=1 
+ _ | 5 lax? 
+1 
k=1 
nm 1 Tm 
= S klax|? - —— > k? lox”. 
k=1 n+ / k=1 
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ar 
ta * 
Tr 


= 3G + 1)klox|? — So hla? +n+1 
k=1 


k=1 


n 1 n n+1 
_ 2 2 2 _ 
= Dd ohlag|? — —— DF’ loxl? +1 
k=1 k=1 
1 


n+l1 


n+1 
eras 


= —y { (n+ L)klax|? — k2lax|? + 1 — “ih 


n+1%= 


= FIO k (zal? - 5) 


= — 3” ¥> (sloul? -Z), 


m=1k=1 


where we have used Exercise 3. If this is combined with (4.17), we have the 
Second Inequality. 

Now for the case when we have equality in (4.11). (At this point the 
reader can go directly to the next section and begin to read the proof of 
the Milin conjecture and, hence, the Bieberbach conjecture. The remainder 
of this section is not required for that enterprise.) There were two factors 
that contributed to inequality in the above argument: the Cauchy-Schwarz 
Inequality and the inequality 1+ 2z < e*. So if equality occurs, it must be 
that equality occurred whenever these two facts were used. The first such 
instance was when the Cauchy-Schwarz Inequality was applied to (4.14) in 
order to obtain (4.15). Note that for equality in (4.11) for an integer n, we 
need equality in (4.15) for 1 < m < n. Thus there must exist constants 
A1,-++;An such that for each m, 1 <m<n, 


4.18 Bm—k = AmkaK, 


for 1 < k < m. Since 1+ 2 = e* only when x = 0, an examination of 
the occurrence of this equality in the argument yields that A,, = m for 
l<m<n. 

Substitution of (4.18) into (4.14) gives that MBm = Am dip, kK? lanl? = 
AmAm = MAm. Thus Bm = Am for 1 < m < n. Since Bp = 1, (4.18) for 
k = m says that A,mMQ,, = 1 for 1 < m < n. Thus for m > 2, »1 = 
By = Am(M — 1)Q@m_-1 = Am/Am-1- Hence Am = A1Am-—1, from which we 
derive that Bm = Am = AT’ = y™, where y = 1. Equation 4.18 for k = m 
implies that ma,, = y™. But forl <k <n, k= Ay = ye 4 m7 lam|*? = 
ye \y|?”. In particular it holds for k = 1 so that |y| = 1. Hence (4.18) 
implies that for 1 <k <n, y"~* = Ba_x, = y"k@e, so that a, = y"/k for 
l<k<n. 
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The proof that this condition suffices for equality is left to the reader. O 


Proof of the First Inequality. Without loss of generality it can be assumed 
that the right hand side of (4.10) is finite. Apply the Cauchy-Schwarz In- 
equality to (4.14) in a different way than was done in the proof of the 
second inequality to get that m?|Gn|? <m (S74... m?lam|?|Gm—x|?), or 


2a-lwie 2 2 
4.19 [Bm|” < maa” |om|*|Bm—k|*. 
Let Gm = mla,|? and inductively define bp = 1 and 
1m 
4.20 bm = — S| karbm—k- 


An induction argument using (4.19) shows that |8n|? < bm for all m > 1. 
If we examine how (4.14) was derived and look closely at (4.20), we see 


that 
(o.@) © 2) 
S- b,z* = exp ps ast| ; 
k=0 k=1 


where the hypothesis guarantees that these power series have radii of con- 
vergence at least 1. But since az, b, > 0 we get 


S| |Bxl? S> by, 
k=0 k=0 


= esp} Soa} 
k=1 

= op} Salou. 
k=1 


which is the sought for inequality. 
Now assume that 577°, klaz|? < co and equality occurs. Clearly 


S- |Bx|? = S- bx. 
k=0 k=0 


Since |3;|7 < by for all k > 0, it follows that |G,|? = by for all k. But this 
can only happen if for each m > 1 equality holds in (4.19). But this is 
an instance of equality holding in the Cauchy-Schwarz Inequality. Thus for 
every m > 1 there is a complex number ,, such that 


lA 


4.21 karOm—k = Am for 1 < k < m. 
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Letting k = m here shows that ma,, = Am for all m > 1. Also if we 
substitute (4.21) into (4.14), we get that By, = m7"(Am+---+Am) =Am- 
With these two identities,(4.21) becomes Am = Am—KAx- In particular, 
Am = Am—141- From here we get that A,, = AT for all m > 1. Thus 
putting -y = 1 we have that a, = y*/k and 3 = 7* for all n. Because the 
right hand side of (4.10) is finite, it must be that |y| < 1. 

The proof that the condition suffices for equality is left to the reader. O 


Proof of the Third Lebedev-Milin Inequality. Using the notation from the 
proof of the Second Lebedev-Milin Inequality, (4.15) states that 


n? Bn |? < AnBn-1 


A 
ASS 
3 
= 
é 
—— 
S| 
3 
ui 
Ms 
—~ 
cm 
R 
7 
—§ 
| 
om | 
Ne” 
Ne ee 


m=1 k=1 
Hence 
A 1 n—-l m 
2 f’n + 20 
pat < A emt 2S" 5° (‘oul f)f 
m=1k=1 
An 120 
- & ox 2 (nk) (Klan[? - :)| 
n n 
k=1 
An n-—l1 1 1 n—1 
= — oo} Ga — ‘ a S > (#lax|? — o} 
k=1 k=1 
An Rot 1\ A, 1 —1 
= — ox (Han — :) — "4 —n?la,|? + ad 
n k n n n 
k=1 
A 


Now apply the inequality re~* < 1/e with z = A,/n and (4.12) appears. 
The proof of the necessary and sufficient condition for equality in (4.12) 
is left to the reader. O 


Exercises 


1. Show that if f is a rotation of the Koebe function and g(z)” = f(z”), 
then we have equality in the Robertson and Milin conjectures for all 
n. 


2. (The summation by parts formula) Show that if {,} and {y,} are 


156 17. The Bieberbach Conjecture 


two sequences of complex numbers and X;, = )>,_, x, then 


n n—1 
Yo ceye = Yd Xe(ye — yeri) + XnYn 


S- Xk(Ye — Ye+1) + XnYn41- 
k=1 


3. If {x,} is a sequence of complex numbers, show that }>;_,(n +1 - 
k) tk = dima Lok=1 Th: 


4. What are the functions ¢ and w for which equality holds in the First 
Lebedev-Milin Inequality? 


o. Prove the necessary and sufficient condition for equality in (4.12). 


85 Some Special Functions 


In this section certain special functions are introduced that were invented 
by de Branges for the proof of the Bieberbach conjecture. The properties 
of these functions are essential for the proof. This section will not be self- 
contained. Indeed, in order to deduce some of their crucial properties, we 
will also need to examine another collection of special functions, the Jacobi 
polynomials (defined below). Many of the properties of these functions can 
be found in Szegé [1959] and it will be left to the reader to ferret them 
out. One crucial property is a positivity result of Askey and Gasper [1976] 
that will not be proved here. The general attitude here will be that results 
about Jacobi polynomials will be quoted while the needed properties of the 
special functions introduced by de Branges will be proved. 

The only self-contained exposition of these special functions of de Branges 
that I am aware of are some unpublished notes of Dov Aharonov [1984] that 
I used to prepare this section and for which I would like to publicly thank 
him. 


5.1 Definition. For any choice of parameters a and § > —1, the Jacobi 
polynomials {pho )}oo | are the unique polynomials having the following 
properties. 


(a) pt) is a polynomial of degree n. 


(b) For w(x) = (1—2)*(a+2z)8 andn#¥#™m, 


1 
| po?) (2) p\) (2)w(x)da = 0. 
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(c) pire (0) = ("F*) = fot Dn, where for any number z and a non- 
negative integer n, 
(2)n = 2(z+1)---(2+n-1). 
The fact that the Jacobi polynomials exist and are unique can be found 


in any standard reference. See, for example, Szeg6 [1959]. The proof of the 
next result can be found on pages 29 and 59 of that reference. 


5.2 Proposition. For all admissible a and B and -1 <2 <1, 
pm?) (x) = (—1)"pl (—2) 

for alln > 0. 

5.3 Corollary. pi”) (—1) = (-1)"p™ (1) = (-1)"("*9). 


The next identity appears in the proof of Theorem 3 in Askey and Gasper 
[1976] (see page 717); its proof involves hypergeometric functions and won’t 
be given here. The result following that is part of the statement of Theorem 
3 in that reference. 


5.4 Proposition. If a > —1 and -1< 2 <1, then for every m > 0 


= Sat); [a] (e+ 25 + 2) m—j 
(a,0) (> _ J J 
S10 «5 


j= 


[2(2 — 1)]’. 


5.5 Theorem. (Askey and Gasper [1976]) If a > —1 and m> 0, then 


m 


S| p(x) > 0 


v=0 
for-l<a2<l. 


Now for the functions of de Branges. If n > 1 and 1 < k < n, define for 
allt > 0 


n—k 
(2k +u+1)y(2k + 2u+2)n-pey _ 
56 th=k —j)yv Ate A NT KO’ 6 (ut+k)t 
Te(t) d ) (k+v)u!l(n—k-—v)! . 


and Tn41 = 0. 
The relation between the Jacobi polynomials and the functions of de 
Branges is as follows. 


5.7 Proposition. For 1<k<n, 


n—k 


T(t) = —ke7** Sp?) (4 — 2e~*). 
v=0 
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Proof. From the definition of 7 we compute 


T(t) Ph +e + ok + 20 +a k-v o—(k-+u)t_ 
i ae 5 —1)° ——_—_—___—_____———"e ° 


Hence 


. n—k 
_ TRE) pet R(_ yyw CR HU + Vo (2k + 20 + )n—k—v ot 
k “ = DU ) v'i(n —k — v) 


Now use (5.4) with a = 2k and m = n — k to get 


n—k 
Y r#)(1 — 26-4) = 
v=0 


u\(2k + 1),(n —k-—v)! [2(—2e~*)]”. 


But 2? [2842] | (k+1)y = (2k+1)ay and (2k+1)2,/(2k+1)y = (2k+v+1)y. 
Therefore 


n—k 
Swi — 26-4 
v=0 


Sra CRA Wolk + 20 + Yn tew ve 
vi(n—k—v)! 

#0 okt. 

UO 


The next result contains all the information about these functions that 
will be used in the proof of de Branges’s Theorem. 


5.8 Theorem. For the functions 7,...,T, defined in (5.6) and t4; = 0, 
the following hold; 


Tk , Tk+i 
5.9 —~thyi=—-|—= 
1h T+ k  k+ 4 
5.10 7;.(0) =n+1—k; 
5.11 7. (t) ~O0as t > 00; 


5.12 T <0. 
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Proof. To prove (5.9) readers might increase their comfort level by first 
verifying the equality in the case that k = n (and 7,4; =0). Forl<k<n 
it must be shown that 7, + k7! tq = Te41 — (kK +1)7'te41. To facilitate the 
proof, define g, = k~!7,e** and hy = k7!t,e7*! for 1 <k <n+1. These 
functions enter the picture by observing that 


gk = E + n ekt hy = E — n e Kt 
so to show (5.9) it suffices to show that 
5.13 gpe** = —hyy e(*tt 
forl<k<n. 


From the definitions of 7, g,, and hy we get that 


n—k 


(Qk tut 1)y(Qk+2u+2)n—k—v op 
— —] UO Ne SY UV 
dk 2 ) (k+v)u!(n-—k-—v)! “ 
n—k 
(2k +u+1)y)(2k+ 2u+2)n-K—v _yt_ant 
hh, = 1)? Sa ee” ; 
k du ) (k+v)ul(n —k—v)! “ 
Thus 
= (2k + + 1)y(2k + 20 +2)n—x 
kts _ v+1 v n—k-v (—(k+v)t 
— yori eh TO ah ee ee Aina kav 
© ok 2 ) (k+v)(v—1)!"(n-k-—v)! 
n—k 
kt j v1 (u + 2k) (2k + u + 1)o(2k + 2v + 2)n—K—v —(k+v)t 
hh, = —1 $A , 
UR 2 ) (k+v)ul(n—k-—v)! “ 


Now (2k + v)(2k +vu+ 1), = (2k + v)y41. Incorporating this in the last 
equation and changing the index k to k + 1, we get 


efFtDths 
n—k—-1 
a" St cit Ck+ 2+ vosi 2k + 204 Ankatow g-(esa4y) 
v=0 (kK+1+v)ul(n-—k-—1-v)! 
n—k 


»(2ke+1+),(2k + 20+ 2)n-k-v _(payt 
DY Gwe -Di@ak-o 


v=1 


5.14 =e *'g,. 


thus demonstrating (5.13), and hence (5.9). 
To prove (5.10), first apply Corollary 5.3 and (c) of Definition 5.1 to 


obtain that pr) (—1) = (—1)”. Combine this with Proposition 5.7 to get 


n—k 
7(0) = —k S> pp?) (—1). 


v=0 
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Thus 


T(O) {i if n —k is even 

k = 10.) ifn —k is odd. 
Now substitute this information into (5.9) to get that 7(0) — 7%41(0) = 1. 
Summing up yields (5.10). 

The property (5.11) is clear from the definition of the functions and 
(5.12) is immediate from Theorem 5.5 and Proposition 5.7. O 


86 The Proof of de Branges’s Theorem 


The aim of this section is to prove the following, which is the culmination 
of this chapter. This approach is based on the paper of Fitzgerald and 
Pommerenke [1985]. 


6.1 Theorem. The Milin conjecture is true. That is, if f € S, h is the 
branch of (1/2) log[z—'f(z)] with h(0) = 0, and 


n=1 


then for alln > 2 
6.3 > k\ye|? — 1\ <0. 
k) = 


To accomplish this we first show that it suffices to prove the theorem for 
functions in S that map onto a slit region. 


6.4 Proposition. If f € S, then there is a sequence {f,} in S such that 
each f, maps onto a slit region and f, — f in H(D). 


Proof. First we assume that Q = f(D) is a Jordan region with its bound- 
ary parametrized by y : [0,1] — OQ, 7(0) = y(1) = wo. Replacing f by 
e~* f(e*®) for a suitable 0, if necessary, we may assume that |wo| > |w| for 
all w in cl Q. Thus the ray n = {rwo: 1 <r < co} in Cy meets cl 2 only 
at wo. Let Qn = Cy \[nU {y(t) :n7! <t < 1}] and let g, be the Riemann 
map of D onto 2,, with g,(0) = 0 and g/ (0) > 0. 

Note that 2,, — ( in the sense of Definition 15.4.1. Thus Theorem 
15.4.10 implies that g, — f. Thus g,(0) — f(0) = 1. Soif f, = [gn(0)]~1gn, 
then f, € S, fr(D) is a slit region, and f, — f 

Now assume that f is arbitrary. Put r, = 1—n7! and let f,(z) = 
rr f(rnz). So fr € S, fn — f, and f,(D) is a Jordan region. The proof of 
the special case implies that each f, can be approximated by slit mappings 
in S and, thus, so can f. O 
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6.5 Corollary. If Milin’s conjecture is true for sit mappings in S, it is 
true. 


Proof. If f € S, let {f,} be a sequence of slit mappings in S such that 
fn — f. For each n let hy(z) = (1/2) log[f,(z)/z] and let h be as in 
the statement of de Branges’s Theorem. It is left to the reader to show 
that h, — h. Therefore the sequence of the k-th coefficients of the power 
series expansion of h, converges to the k-th coefficient of the power series 
expansion of h, yz. Milin’s conjecture now follows. O 


Now to begin the path to the proof of de Branges’s Theorem. To do this 
let us set the notation. For the remainder of the section, f is a slit mapping 
in S and F is the Loewner chain with Fo = f. Thus Loewner’s differential 
equation (3.6) holds for F. Observe that e~*F, € S for all t > 0. Thus we 


can define 
1 F(z,t) 
h(z,t) = 5 toe | ty | 
6.6 = So yn(t)2*, 
k=1 


where the branch of the logarithm is chosen with h(0,t) = 0. 
The strategy of the proof is to introduce the function 


Te 


6.7 60) = > [kml - 7] 


k=1 


for t > 0, where 71,..., 7p are the special functions introduced in the pre- 
ceding section. Given the function ¢, we will prove the following. 


6.8 Lemma. If ¢ is the function defined in (6.7), then ¢(t) > 0 for all 
t> 0. 


The proof of this lemma is the heart of the proof of the theorem. Indeed, 
the proof of de Branges’s Theorem, except for the equality statement, easily 
follows once Lemma 6.8 is assumed. 

Proof of (6.3). | According to (5.10), 7(0) =n+1-—k and so 


Yon +1 ~ k)(Ale - 5) 
k=1 


d= Doehel? - 2) 


m=l1k=1 


$(0) 


by Exercise 4.3. Also from (5.11) we know that 7;(t) — 0 as t — oo and so 
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oé(t) + 0 as t > co. Therefore 


6.9 > Whe? =- fo soar <0 


1lk=1 


by Lemma 6.8. O 


The proof of the equality statement needs additional information about 
the function ¢@. 

So now return to our assumptions for this section and the definition of 
the function h in (6.6). 


6.10 Lemma. (a) If 0 < r < 1, then sup{|h(z,t)| : |zZ| < r and0O <t< 
co} < oo. 
(b) For each k > 1,sup{|yx(t)| : 0 < t < co} < cw. 


Proof. (a) It suffices to get the bound for |z| = r. Using (2.11) we have 
for some integer N independent of r 


F(z,t) 


zet 


x 


A(z.) < 5[log 


; 4 2n N| 


“Ell 


1 
= 5 [an — logr + log 


1 r 
< —-|92 — | —___ 
< 5 | aN — logr + log Tend 


= M,. 


The Maximum Principle now gives the result. 
(b) If0 <r <1, then 


1 h(z, t) 


YR(t) = Oni Sion 2° dz 


1 os i0 4\,ik0 
= a f h(re’’,t)e’"’ dé. 


Thus |;,(t)| < r~*M, by part (a). 0 


6.11 Lemma. For each k > 1 the function yz : [0,00) — C is continuously 
differentiable and 


1 7 
6.12 4. (t) = sat | h(re®®, t)e~**" dé. 


Proof. In fact this is an immediate consequence of the formula for y(t) 
obtained in the preceding proof and Leibniz’s rule for differentiating under 
the integral sign. O 


17.6. The Proof of de Branges’s Theorem 163 


6.13 Lemma. If T < co and 0 < r < 1, then the series yy, yz(t)2* 
converges absolutely and uniformly for |z| <r andO<t<T. 


Proof. Let r < p < 1. Equation (6.12) implies that if |A(w,t)| < M for 
0 <t < T and |w| = p, then for all |z| < r, |44(t)z*| < M(r/p)*. The 
result follows from the Weierstrass M-test. O 


Proof of Lemma 6.8. The preceding lemma allows us to differentiate the 
series (6.6) for h(z, t) term-by-term with respect to ¢. Thus, using Loewner’s 
differential equation (3.6), 


10 F(z,t) 
k __ = ) 
d W()z" = 35 log vet 


— 1 F(z,t) 1 
~ 2 | F(z,t) — 

1[ 14 2(t)z F’(z,t) | 
2 E —xz(t)z F(z,t) ~|° 


6.14 = 
But |z(t)z| = |z| < 1 and so 


1+2(t)z _ — 
1—2(t)z =1+ 2D a(t)r2" 


Now we also have that 


Skye (t)2z*-t = h'(z,t) 


= / 
- olren 2) 


Thus 


F'(z,t) 1 k-1 
— — 2? t e 
F(z.t) ~ 2 + 2 kr( )z 


Substituting into (6.14) we get 
w(t)z*®¥ = —22z]142 x(t)*z*| |- +2 ky. (t)z*—-1| —15. 
nto a | Ya RE Yenlo 


Therefore 


1+2 > 4 (t)z* = , +2 > ate f +2 > inl , 
k=1 


k=1 k=1 
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Equating coefficients gives 
k—1 
u(t) = kyp(t) + a(t)’ +250 ja(t)* 94, (2). 
j=1 


Suppressing the dependence on ¢, this implies that 
k 
Ye = 2 — ky, +2 So jak Fy; 
j=l 
= gk kyp + 22" by, 
where b;(t) = eat jx—4(t)y,;(t) for k > 1 (and bp = 0). Now the fact that 
kyp2" = by — by—1 implies 


6.15 Ve = o*[1 + bp + bg_1]. 
It is not hard to check that 
d ; d 
— = —k t 
Frudeiacal a 1e(t)¥x (t) 
= 2Re kyr7x 


2Re ka*[1 + by + be—-1]7 x 
Using the fact that by — bg_1 = kx~*y, we get that kx*7, = (by, — be_1). 
Hence we can express the derivative entirely in terms of the functions b; 
by 
d 3 8 
6.16 ag ve) = 2Re [(bx — be_-1)(1 + bg + by_1)]. 


Now consider the function ¢ defined in (6.7). Suppressing the dependence 
on f, 


n d ; n . ; 1 

6.17 d=) tea lke | 1+ >  telklve(t)| — zl. 
k=1 k=1 

From (6.16) we get that 


y= Sng [lye 17] 


> 2Re [(by — be_1)(1 + be + be—1)] Th. 
k=1 


Now apply the summation by parts formula (Exercise 4.2 with y, = 7, and 
L, = 2Re [(bx _ by—1)(1 + bp + by, —1)]) to obtain that 


6.18 b= S > X(t — Te41), 


k=1 
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where 
Xm = S 2 Re (Ge — bp—1)(1 + be + b,-1)| 
k=1 
= 2Re So (b% — be—-1) + 2Re Sb: - by—1) (dx + by_1). 


k=1 k=1 


The first of the summands telescopes and for any complex numbers z and 
w, (Z—W)(z+w) = |z|? — |w|? — 22Im (zw). Hence 


Xm = 2Re bm +25 (|bel? — lbs”) 
k=1 
2[Re bm + |bm|*]. 


From (6.18) we get 


y= 25 [Re by, + bx |?) (7% — Tk+41): 
k—-1 
Using (6.17) we now have 


nr 


n 1 
6.19 =2YN [Re by + lb, |7](7, — + re lkiv.(t)|? — —]. 
p 2! e by + |be|*](Te — Te41) 27 ye (£)| 7! 


Focusing on the second summand, note that 


Tm Tm 


1 7 
Doielkle(P? - FZ] = SOP bel? =U 
k=1 k=1 
“7; 
- > ral ~ bei]? — 1). 
k=1 


For the first summand of (6.19) we use the property (5.9) of the functions 
T, to get 

Tk+1 

k+1 


T. 
[Re by + |be|?](Te — Tk+1) = —[Re by + bx PH + 
8 Tk 27k 
[(Re b,) 7 + |bx| ; 
Tk+1 2 Tk+41 


Now sum these terms for 1 < k < n and remember that 0 = bo = 741. 
Thus 
So [Re be + [be l(t — Tea) = -— >, = [Re by + |b|? + Re by—1 
k=1 k=1 
+|bp—1|7]. 


166 17. The Bieberbach Conjecture 


Thus 
¢ = - = [2Re by + 2|b,|? + 2Re by_1 + 2lbp_1? 
k=1 
— |by — by-1|7 + 1 
= -» + [lbel? +2Re by + 2Re by_1 + 2|by_1/? 
k=1 
+ 2Re brbe_1 + 1] 
6.20 - _y _ 
> y, (Oe + bp i+] 
k=1 
O) 


Proof of de Branges’s Theorem. We already saw how to deduce (6.3) 
from Lemma 6.8. It only remaits to treat the case of equality. 

We show that if f € S and f is not the Koebe function, then strict 
inequality must hold in (6.3) for all n > 2. If this is the case and f(z) = 
z+a2z*+---, then |a2| < a < 2 (14.7.7). Now also assume that f is a slit 
mapping and adopt the notation used to prove Lemma 6.8. In particular, 
define the function h as in (6.6) and the functions b, as in (6.15). Let F,(z) 
have power series expansion e'(z + a2(t)z? + ---). So |aa(t)| < 2 for all 
t > 0. A calculation shows that y,(£) = ao(t)/2 and 5, (t) = z(t)~'y1(t). 
Thus (6.15) implies that 


. 1 _ 
al = [1+ 52 *aa| <2 
and so 
‘ a 
n@®l=In+ [ ns)ds| < $ +24 
0 
Equation 6.20 and (5.12) imply that 


d(t) > (—7)\br +1) 


= (Alen +1? 
(Ai) - 5 - 24)? 


IV 


for 0 < t < 4-!(2 — a). From (6.9) we have 


YemP-p = -[ swe 


m=1k=1 
(2—a)/8 | 
-[  éwat 
8) 


lA 
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(2—a)/8 QO 
-| (—7,)(1 — — — 2t)*dt 
0 2 


_ (2—a)/8 
6.21 < ? | | ide. 
0 


Since T; < 0 everywhere, we get strict inequality in (6.3). 

Now let f be an arbitrary function in the class S and let {f;} be a 
sequence of slit mappings in S that converge to f. Because |a2| < a < 2, 
it can be assumed that |a;2| < a for all 7 > 1. Thus the inequality in 
(6.21) holds for each function f; (with y, replaced by the corresponding 
coefficient y;,). This uniform bound on the sum (6.3) for the functions f; 
implies the strict inequality for the limit function, f. O 


lA 


Chapter 18 


Some Fundamental Concepts 
from Analysis 


Starting with this chapter it will be assumed that the reader is familiar with 
measure theory and something more than the basics of functional analysis. 
This particular chapter is an eclectic potpourri of results in analysis. Some 
topics fall into the category of background material and some can be labeled 
as material every budding analyst should know. Some of these subjects may 
be familiar to the reader, but we will usually proceed as though the material 
is new to all. 
When needed, reference will be made to Conway [1990]. 


§1 Bergman Spaces of Analytic and Harmonic Functions 


For an open subset G in C and 1 < p < ov, define L?(G) to be the L” space 
of Lebesgue measure on G. That is, D?(G) = L?(A|G). In this section G 
will always denote an open subset of C. 


1.1 Definition. For 1 < p < oo and an open subset G of C, L?(G) is the 
collection of functions in L?(G) that are equal a.e. [Area] to an analytic 
function on G. Denote by L}(G) those elements of L?(G) that are equal 
a.e. [Area] to a harmonic function. These spaces are called the Bergman 
spaces of G because of the work of Bergman [1947], [1950]. 


Note that L}(G) contains L?(G) so anything proved about functions in 
Li (G) applies to the analytic Bergman space. 


1.2 Lemma. /[f f is a harmonic function in a neighborhood of the closed 
disk B(a;r), then 
1 
= — dA. 
fla)= =a | faa 


This is, of course, a variation on the Mean Value Property of harmonic 
functions and can be proved by converting the integral to polar coordinates 
and applying that property. 


1.3 Proposition. If 1 < p < oo, f € I} (G), ae G, and 0O<r< 
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dist(a, OG), then 


f(a) < IF llp- 


side 


Proof. Let q be the index that is conjugate to p: 1/p+1/q = 1. By the 
preceding lemma and Hélder’s Inequality, | f(a)| = (ar?)~! | J B(a:r) faA < 


1/q 
(mr?) (Save: r) fl? aA)" * (Setan I dA) < mr?) ||f|lp(ar?)/4 = 
(nr?) */P\|fllp- O 


1.4 Proposition. For 1 < p < cw, L}(G) and L®(G) are Banach spaces 
and L?(G) and L?(G) are Hilbert spaces. If a € G, the linear functional 
f — f(a) is bounded on L(G) and LP(G). 


Proof. The last statement in the proposition is an immediate consequence 
of Proposition 1.3 for the case p < oo, and it is a consequence of the 
definition for the case p = oo. For the first statement, it must be shown that 
Li,(G) and L?(G) are complete; equivalently, L?(G) and L?(G) are closed 
in L?(G). In the case that p = oo, this is clear; so assume that 1 < p < oo. 
Only the space L}(G) will be treated; the analytic case will be left to the 
reader as it is analogous. Let {fn} C LP (G) and suppose f, — f in L?(G); 
without loss of generality we can assume that f,(z) — f(z) a.e. Let K bea 
compact subset of G and let 0 < r < dist(K,0G). By Proposition 1.3 there 
is a constant C' such that |h(z)| < C||A||, for every h in L#(G) and every 
z in K. In particular, |fn(z) — fm(z)| < Cllfn — fmllp for. all m,n. Thus 
{fn} is a uniformly Cauchy sequence of harmonic functions on K. Since K 
is arbitrary, there is a harmonic function g on G such that f,(z) — g(z) 
uniformly on compact subsets of G. It must be that f(z) = g(z) a.e. and 
so fe L(G). O 


The space L(G) is the dual of the Banach space L1(G) and as such it 
has a weak-star (abbreviated weak* or wk*) topology. It can also be shown 
that L°°(G) and L°°(G) are weak” closed in L(G). See Exercise 1. 

This section concludes by proving some theorems on approximation by 
polynomials and rational functions in Bergman spaces of analytic functions. 


1.5 Definition. For a bounded open set G and 1 < p < on, let P?(G) be 
the closure of the polynomials in L?(G). R?(G) is the closure of the set of 
rational functions with poles off G that belong to L?(G). 


It follows that P?(G) C R?(G) C L(G). Note that if r is a rational 
function with poles off cl G, then r € L?(G). However in the definition of 
R?(G), the rational functions are allowed to have poles on OG as long as 
the functions belong to L?(G). If G = the punctured unit disk, then z~! 
has its poles off G but does not belong to L?(G) even though it does belong 
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to L(G). If, on the other hand, G = {z = x+iy:0< x@ < 1and ly| < 
exp(—z~7)}, then z~1 € L?(G). 

It is not difficult to construct an example of a set G for which P?(G) 4 
L(G). This is the case for an annulus since z~! € L?(G) but cannot be 
approximated by polynomials. Finding a G with R?(G) # L?(G) is a little 
more difficult. Indeed if 1 < p < 2, then R?(G) = L®(G), while there are 
regions G such that for 2 < p < oo equality does not hold (Hedberg [1972 
a|). See the remarks at the end of this section for more information. 

If K is a compact subset of C, then the open set C \ K has at most 
a countable number of components, exactly one of which is unbounded. 
Call the boundary of this unique unbounded component of C \ K the outer 
boundary of K. Note that the outer boundary of K is a subset of OK. 
In fact, the outer boundary of K is precisely OK, the boundary of the 
polynomially convex hull of AK. For a small amount of literary economy, 
let’s agree that for a bounded open set G the outer boundary y_of G is that 
of its closure and the polynomially convex hull of G is G=dG. 


1.6 Definition. A Carathéodory region is a bounded open connected subset 
of C whose boundary equals its outer boundary. 


1.7 Proposition. [f G is a Carathéodory region, then G is a component 
of int{G} and hence is simply connected. 


Proof. Let K = G and let H be the component of int K that contains G; 
it must be shown that H = G. Suppose there is a point z, in H \ G and 
fix a point zp in G. Let 7 : [0,1] — H be a path such that (0) = zp and 
y(1) = 21. Puta = inf{t: y(t) € H\G}. Thus 0 < a < land y(t) ¢ H\G 
for 0 < t < a. Since H \ G is relatively closed in H, w = 7(a) ¢ G. Thus 
w € OG. But since G is a Carathéodory region, OG = OK. Hence w € OK. 
But w € A C int K, a contradiction. 

It is left as an exercise for the reader to show that the components of 
the interior of any polynomially convex subset of C’ are simply connected. 
(See Proposition 13.1.1.) O 


There are simply connected regions that are not Carathéodory regions; 
for example, the slit disk. Carathéodory regions tend to be well behaved 
simply connected regions, however there can be some rather bizarre ones. 


1.8 Example. A cornucopia is an open ribbon G that winds about the 
unit circle so that each point of 0D belongs to OG. (See Figure 18.1.) 

If G is the cornucopia, then cl G consists of the closed ribbon together 
with OD. Hence C \ cl G has two components: the unbounded component 
and ID. Nevertheless G is a Carathéodory region. 


1.9 Proposition. If G is a Carathéodory region, then G = int{cl G}. Jf 
G is a simply connected region such that G = int{cl G} and C \ cl G is 
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Figure 18.1. 


connected, then G is a Carathéodory region. 


Proof. Exercise. 0 


1.10 Lemma. If 1 < p < 00 and {f,,} is a sequence in L(G), then {fn} 
converges weakly to f if and only if sup,, ||fn||p < 00 and f,(z) — f(z) for 
allz inG. 


Proof. If fn, — f weakly, then sup, || fn||p < oo by the Principle of Uni- 
form Boundedness. In light of Proposition 1.4, for each z in G there is a 
function k, in L4(G) such that g(z) = (g,k,) for all g in L(G). (Here q is 
the index that is conjugate to p: 1/p+1/q = 1.) Thus f,(z) = (fn, kz) > 
(f, kz) = f(z). If7 is the topology of pointwise convergence on L?(G), then 
we have just seen that the identity map 7 : (L?(G), weak) — (L2(G),7) is 
continuous. Since (ball L?(G), weak) is compact and 7 is a Hausdorff topol- 
ogy, 2 must be a homeomorphism. O 


1.11 Theorem. (Farrell [1934] and Markusevic [1934]) If G is a bounded 
Carathéodory region and 1 < p < ow, then P?(G) = [2(G). 


Proof. Let K = G and let tr: D > Cy \ Kk be a Riemann map with 
7T(0) = co. Put G, = C\r({z: |z| < 1 —1/n}). It is left to the reader 
to show that the sequence {G,,} converges to G in the sense of Definition 
15.4.1. So fix a in G and let ¢, be the Riemann map of G onto G, with 
gn(a) = a and ¢/,(a) > 0. By Theorem 15.4.10, ¢,(z) — z uniformly on 
compact subsets of G. Let %, = $71: Gn — G. Fix f in L?(G) and put 
fn = (f oUn)vn. Thus fp is analytic in a neighborhood of K and so, by 
Runge’s Theorem, f,, can be approximated uniformly on K by polynomials. 
Thus f,|G € P?(G). 

Also |lfall? < fie. UfalP@A = fo. [fmt mlPIWhIPLA = fo FPGA = [IFIP 
by the change of variables formula for area integrals. If z € G,y,(z) —- z 
and w(z) — 1. Therefore f,(z) — f(z) as n — oo. By Lemma 1.10, 
fn — f weakly and so f € P?(G). U 
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Rubel and Shields [1964] prove that if G is a bounded open set whose 
boundary coincides with the boundary of its polynomially convex hull and 
if f € L(G), then there exists a sequence of polynomials {p,,} such that 
IIPnlla < ||flle and pn(z) — f(z) uniformly on compact subsets of G. 
(Note that this condition on G is the same as the condition for a region 
to be a Carathéodory region, but G is not assumed to be connected here.) 
In particular, one can approximate with polynomials the bounded analytic 
function that is 1 on the open unit disk and 0 on the cornucopia. This says 
that Theorem 1.11 is true for p = oo if the weak* topology is used instead 
of the norm topology. The theorem also holds when p = 1 but a different 
proof is needed. See Bers [1965] and Lindberg [1982]. 

Some hypothesis is needed in Theorem 1.11 besides the simple connected- 
ness of G. For example, if G = D\(—1, 0], then z!/? € L? but z!/? ¢ P?(G). 
In fact it is not difficult to see that the functions in P*(G) are precisely 
those functions in L?(G) that have an analytic continuation to D. 

An exact description of the functions in P?(G) is difficult, though many 
properties of these functions can be given. Exercise 4 shows that if G is 
an annulus, then every f in P?(G) has an analytic extension to the open 
disk. In general, if U is a bounded component of C \ [cl G] such that OU is 
disjoint from the outer boundary of G, then every function in P?(G) has 
an analytic extension to G U {cl U] that belongs to P?(G U [cl U]), though 
the norm of the extension is larger. 

What happens if U is a bounded component of C \ [cl G] and OU meets 
the outer boundary of G? The answer to this question is quite complex and 
the continuing subject of research. See Mergeljan [1953], Brennan [1977], 
and Cima and Matheson [1985]. 

The next theorem can be proved by reasoning similar to that used to 
prove Theorem 1.11. See Mergeljan [1953] for details. 


1.12 Theorem. Let G be a bounded region in C such that C \ [cl G] has 
bounded components Uj,...,Um. Let K; = OU; and let Ko be the outer 
boundary; assume K, K; = @ fori # j and fix a point z; in U;, 1 < 
j<m. If f € L2(G), then there is a sequence {f,} of rational functions 
with poles in {00, 21,..-,2m} such that f, — f in L?(G). In particular, 
RP(G) = LP(G). 


We return to the subject of Bergman spaces in §21.9. 


Remarks. There is a substantial literature on the subjects covered in this 
section. Indeed, we have only skimmed the surface of the theory. Bers [1965] 
shows that R!(G) = L1(G). Mergeljan [1953] has the results of this section 
and more. Brennan [1977] discusses polynomial approximation when the 
underlying region is not a Carathéodory region. The interested reader can 
also consult Bagby [1972], Cima and Matheson [1985], Hedberg [1972al, 
[1972b], [1993], and Lindberg [1982]. 
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Exercises 


1. 


This exercise will show that L?°(G) is weak* closed in L™(G). A 
similar proof works for D2°(G). (a) If a € G, let 0 < 2r < dist(a, OG). 
For |w—a| <r put gy = (tr?) "x B(w-r). Show that the map w — gw 
is a continuous map from B(a;r) into L1(G). (b) Let Y be the weak* 
closure of L®°(G); so ¥ is the Banach space dual of L1(G)/L9°(G)+. 
Show that if {f,} is a sequence in L°°(G) and f, — f weak* in 
X, then {f,} is a uniformly Cauchy sequence on compact subsets 
of G and hence f € L?°(G). Now use the Krein-Smulian Theorem 
(Conway [1990], V.12.7) to conclude that L?°(G) is weak* closed. 


. If f is analytic in the punctured disk G = {z: 0 < |z| < 1}, for which 


values of p does the condition {.,|f|?dA < oo imply that f has a 
removable singularity at 0? 


. Give an example of a simply connected region G that is not a Carathé- 


odory region but satisfies G = int{cl G}. 


. If G is a bounded open set in C and K is a compact subset of G, then 


every function f in P?(G \ K) has an analytic continuation to G that 
belongs to P?(G). Show that if G is connected, then the restriction 
map f — f|(G \ K) is a bijection of P?(G) onto P?(G \ K). 


. Let {a,,} be an increasing sequence of positive numbers such that 1 = 


lim,, a,. Choose 7}, 7T2,..., such that the closed balls B, = B(an;rn) 
are pairwise disjoint and contained in D; put G = D \ U,,B,. Show 
that each f in P?(G) has an analytic continuation to D. Must this 
continuation belong to Z?(D)? 


. Let {a,,} be a decreasing sequence of positive numbers such that 0 = 


lim,, a,,. Choose 7}, 72,..., such that the closed balls B,, = B(an; Tn) 
are pairwise disjoint and contained in D; put G = D \ U,, B,. Show 
that R?2(G) = L?(G). 


§2 Partitions of Unity 


In this section (X,d) is a metric space that will shortly be restricted. We 
are most interested in the case where X is an open subset of C, but we will 
also be interested when X is a subset of R or OD. In the next section we will 
examine the abstract results of this section for the case of an open subset 
of C and add some differentiable properties to the functions obtained for 
metric spaces. 

The idea here is to use the fact that metric spaces are paracompact, 
terminology that will not be used here but is mentioned for the circum- 
spective. 
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2.1 Definition. If U/ is an open cover of X, a refinement of U is an open 
cover VY such that for each set V in VY there is an open set U in U with 
V CU. 


Notice that this extends the notion of a subcover. Also note that the 
relation of being a refinement is transitive, and that every open cover of 
a metric space has a refinement consisting of open balls. The typical ap- 
plication of this idea is to manufacture an open cover of the metric space 
that has certain desirable features. Because of a lack of compactness it is 
impossible to obtain a finite subcover, but we can always pass to a locally 
finite refinement (now defined). 


2.2 Definition. An open cover U of X is said to be locally finite if for each 
B(a;r) contained in X, UN B(a;r) = @ for all but a finite number of sets 
U in u. 


It is a standard fact from topology that every open cover of a metric space 
has a locally finite refinement (that is, every metric space is paracompact). 
This will be proved for metric spaces that satisfy an additional hypothesis 
that will facilitate the proof and be satisfied by all the examples that will 
occupy us in this book. See Exercise 1. 


2.3 Theorem. /[f X is the union of a sequence of compact sets {K,,} such 
that K, € int Kn+1 for alln > 1, then every open cover of X has a locally 
finite refinement consisting of a countable number of open balls. 


Proof. Let U be the given open cover of X. For each n let R,, = dist(K,, X \ 
int K,+1). For each integer n we will manufacture a finite collection of balls 
B,, that will cover K, and have some additional properties. These extra 
properties don’t come into play until we reach n = 3. 

For each point a in Ky, choose a radius r with r < R, such that B(a;r) 
is contained in some open set from U. By compactness we can find a finite 
collection B, of these balls that cover K,. Similarly let By be a finite col- 
lection of balls that cover K» \ int K,, with centers in Ko \ int K,, and 
with radii less than Ry and sufficiently small that the ball is contained in 
some set from U. For n > 3 let B,, be a finite collection of balls that cover 
kK, \ int Ky+1 and such that each ball in B, has the form B(a;r) with 
ain K, \ int K,+41 and r chosen so that B(a;r) is contained in some set 
from U and r < min{R,_2,R,}. Note that V = U,B, is a refinement of 
U. It is left to the reader to verify that if B € B, and BO K,, # @, then 
m =n—1,n,or n+1. Since X is the union of {int K,,}, this shows that V 
is locally finite. O 


2.4 Proposition. Jf K is a closed subset of the metric space X, {U,, }. 
..,; Um} is an open cover of K, and W is an open set containing K, then 
there are continuous functions f1,..., fm such that: 
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(a) forl<j<m, 0< f; <1 and support f; CU; NW; 
(b) S052. f(z) =1 for all x in K. 


Proof. We may assume that {U;,...,Um} is a minimal cover of K; that 
is, no proper collection is a cover. The proof proceeds by induction. The 
case m = 1 is just Urysohn’s Lemma. For m = 2, Urysohn’s Lemma implies 
there are continuous functions f and g on X such that each takes its values 
in [0,1], f(z) =1 for zin K\U2, f(x) =0 for zin K\U, g(x) = 1 for z 
in K, and g(x) = 0 for cin X\W. Put f; = fg and fo = (1—f)g. It is left 
to the reader to verify that these functions satisfy (a) and (b) for m = 2. 
Now suppose the proposition holds for some m > 2 and all metric spaces, 


and assume {Uj,...,Um41} is a minimal open cover of K. Put F = K \ 
Um+1 and pick an open set Gin X suchthat F CGCclGCU= Ui U;. 
By the induction hypothesis there are continuous functions h1,..., Am such 


that for 1 <j <m, 0<h; <1, support h; CU;QW, and in hj(z) =1 
for all x in cl G. Also since we know the proposition holds for m = 2, 
we can find continuous functions g; and gz with 0 < gi, g2 < 1, support 
g1 © GNW, support go C Umii1OW, and gi(x)+go(x) = 1 for all z in K. 
Put f; = gh; for 1 <7 < mand fm4i1 = go. The reader can check that 
these functions satisfy conditions (a) and (b). O 


2.5 Definition. A collection of continuous functions {¢;} on X is a par- 
tition of unity if: 


(a) for each j7,0< 4; <1; 
(b) the collection of sets {{x : ¢;(x) > 0}}, is a locally finite cover of X; 
(c) )0;;(z) = 1 for all cin X. 


If U is a given open cover of X, then the partition of unity {¢,;} is said to 
be subordinate to U provided the cover {{z : ¢;(z) > 0}}, is a refinement 
of U. 


Two observations should be made. The first is that the collection of 
functions in the definition is not assumed to be countable, let alone finite, 
though in the applications that we will see in this book it will be at most 
countably infinite. The second observation is that condition (b) of the def- 
inition implies that the sum that appears in (c) has only a finite number 
of non-zero terms, and so no questions about convergence are necessary. 

Like Theorem 2.3, the next result is valid for all metric spaces (except 
for the restriction that the partition of unity be countable), but we prove 
it here only for the metric spaces we will encounter in this book. 


2.6 Theorem. If X is the union of a sequence of compact sets {K,,} such 
that K, Cint Ky+1 for alln > 1 andU is an open cover of X, then there 
is a countable partition of unity {@;} subordinate to U. 
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Proof. According to Theorem 2.3 there is a countable cover B of X by 
open balls that is subordinate to U. Set Ko = @ and for n > 1 let B, be 
a finite subcollection of B that covers K, \ int K, 1. Arrange matters so 
that B, NB, = 0 forn Am. Let B, = {Unk : 1 <k < pn}. 

According to Proposition 2.4 for each n > 1 there are continuous func- 
tions {fng : 1 <k < pn} such that: 


(i) forl1<k<pp, O< fre < 1 and support fre C Ung N int Kn41; 
(ii) SOP", fne(x) = 1 for all z in K, \ int Ky-1. 


If the set where fnx is not zero is denoted by Nx, then it is apparent 
that {Nix :1<k < py, and n> 1} is a locally finite cover of X that is 
subordinate to B (and hence to YU). Thus f(z) = >>, oP fn (Z) is a 
well defined continuous function on X and f(z) > 1 for all z in X. 

Define dng(x) = fne(x)/f(z) for x in X. Clearly $n, is continuous, 
0 < nk < 1, support ¢,~, = support fnk, and Yonel yD aan dnk(Z) =1 
for all z in X. That is, {¢,,} is a partition of unity. Since {N,;,} forms a 
locally finite cover of X, {¢nx} is locally finite. O 


Exercises 


1. Show that a metric space that satisfies the hypothesis of Theorem 2.3 
is locally compact. Conversely, a locally compact, o-compact metric 
space satisfies the hypothesis of Theorem 2.3. 


2. If X is a locally compact metric space and U is an open cover of X, 
then there is a countable partition of unity {¢,;} subordinate to U 
such that each function ¢; has compact support. 


3. Suppose Z is an arbitrary Hausdorff space that is locally metrizable; 
that is, for each z in Z there is an open neighborhood U of z such 
that the relative topology on U is metrizable. Show that if every open 
cover of Z has a locally finite refinement, then Z is metrizable. 


$3 Convolution in Euclidean Space 


In this section a few basic facts about convolution in Euclidean space are 
presented. In the course of this book convolution on the circle also will be 
encountered. At the end of this section the definitions and results for the 
circle are presented without proof. Of course these both come under the 
general subject of convolution on a locally compact group, but this level of 
generality is inappropriate here. 

Recall that an extended real-valued regular Borel measure p is defined 
on all the Borel sets, is finite on compact sets, and its variation satisfies 
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the usual regularity conditions: for any Borel set F, |y|(£) = inf{|u|(U) : 
U is open and & C U} = sup{|yu|(K) is compact and kK C E£}. If pu is 
such a measure, then it admits a Jordan decomposition w = ps4 — p_, 
where p4 and pi are positive regular Borel measures that are carried by 
disjoint sets. If py is finite valued, then it is bounded with total variation 
[||| = |u|CR) < oo. Our principal interest will be when d is 1 or 2, but 
specialization to these dimensions does not make the discussion simpler. If 
p. is extended real-valued, then either 4 or — is bounded. An extended 
complex-valued regular Borel measure is one such that both its real and 
imaginary parts are extended real-valued regular Borel measures. 

For any open subset G of R, C.(G) denotes the linear space of continuous 
functions on G with compact support. Note that this is norm dense in 
the Banach space Co(G) of continuous functions that vanish at infinity. 
The space C,(R) will be abbreviated C.. The extended complex-valued 
measures correspond to the linear functionals L : C, — C that satisfy 
the condition that for every compact subset K of R there is a constant 
M = Mx such that |L(¢)| < M{|¢||.. for all continuous functions ¢ with 
support contained in K. 

In the future the term “measure” will always refer to an extended complex- 
valued regular Borel measure. A bounded or finite measure is a measure with 
finite total variation and a positive measure is one for which 0 < p(E) < co 
for all Borel sets. Bounded measures correspond to bounded linear func- 
tionals on Co = Co(R) and positive measures correspond to positive linear 
functionals on C. 


3.1 Proposition. Jf p: is a measure on R, ¢ is a continuous function with 
compact support, and F': R — C is defined by 


F(a) = / (x — y)du(y), 


then F is a continuous function. If 1 is bounded, then F vanishes at infinity. 
If pp has compact support, then F has compact support. 


Proof. First note that since ¢ has compact support, F is defined. Ifz, — z 
and ¢n(y) = (an — y), then there is a compact set K that contains the 
supports of all the functions ¢,. The Lebesgue Dominated Convergence 
Theorem implies that F(z,) — F(x) and so F is continuous. If p is a 
bounded measure, then the constant functions are integrable. So if x, — 00, 
the fact that @ has compact support implies that (xz, — y) — 0 for all y 
in R. Once again the Lebesgue Dominated Convergence Theorem implies 
F(xn) — 0. The statement involving compact support is left to the reader. 
C) 


3.2 Proposition. Let ,,0, and n be measures and assume that A anda 
are bounded and 7 has compact support. 
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(a) There is a measure denoted by uw * 7 such that for every continuous 
function @ with compact support 


| / (x — y) duty) dn(a) 
/ / o(z — y) in(y)| du(z). 


(b) There is a bounded measure denoted by X * a such that ||A * a|| < 
||Al] [|o|| and for every continuous function @ with compact support, 


| | / d(x — y) any) do(x) 
/ | / o(z — y) dow) d(c). 


Proof. (a) If F is defined as in (3.1), then the fact that 7 has compact 
support implies that the first double integral in (a) makes sense; denote 
this first integral by L(¢). Clearly L is a linear functional on C,. If K is 
any compact set, & is the support of 7, and ¢ has its support in K, then 
for x in FE, d(x —y) #0 only ifye E-K ={x-—2z;2€ E and ze K}. 
Since # — K is a compact set, M = |u\(E — K) < oo. It follows that 
IL(@)| < M||dlloo ||n||, assuring the existence of the measure p * 7. The 
fact that the first integral equals the second is an exercise in the use of 
Fubini’s Theorem. 

(b) Now if L(@) denotes the first double integral in (b), then |L(¢)| < 
[IAI] Ilol] ||¢}|.0, thus implying the existence of the measure \ * o and the 
fact that ||A *o|| < ||A|| ||o||. Again the first integral equals the second by 
Fubini’s Theorem. O 


[eduen 


[aac 


The measures 4 * 7 and A*o are called the convolution of the measures. 
Whenever we discuss the convolution of two measures it will be assumed 
that both measures are bounded or that one has compact support. The 
proof of the next proposition is left to the reader. 


3.3 Proposition. With the notation of the preceding theorem, if a is an- 

other measure with compact support and 3 is another bounded measure, 

then the following hold. 

(a) pxn=nxuwand AX*o=a%xX. 

(b) If all the measures are positive, then so are u*n and A x*~a. 

(c) The measure n * a has compact support and (uw * 7) * a = w*(n* a) 
and (A * a) * f. 

(d) wx(nta)=pxnt+uxa andrA*(n+B)=Atnt+Ax* ZB. 
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(e) If do is the unit point mass at the origin, p * 69 = pL. 


Now to specialize convolution to functions. 


3.4 Definition. A Borel function f defined on some Borel subset FE’ of 
R is said to be locally integrable if, for every compact subset K of E, 
Jc |f|dA < oo. The set of locally integrable functions on E is denoted by 
L*,.(E); we set Li, = Li (IR). Similarly, define L?,.(E) to be the linear 


space of all Borel functions f such that |f|? is locally integrable on E; 
LR, = TB.(R). 


Note that if f € Li,,, then u(A) = f, fdA is a measure. (A is used to 
denote Lebesgue measure on R.) This measure is bounded if and only if f 
is integrable on R. Similarly, pz is positive or has compact support if and 
only if f > 0 or f has compact support. This relation will be denoted by 
w= fA. 

Suppose f and g are locally integrable functions, uy = fA, and 7 = 
gA. Assume that either both f and g are integrable or one of them has 
compact support. If ¢ € C., then f ¢(z—y) du(y) = f o(z@—y) f(y) dA(y) = 
J 0(z) f(a — z) dA(z) by a change of variables. Thus 


/ / g(x — y) an(w) dn() 

/ | / oz — y) f(y) aA(y) g(x) dA(z) 
/ / $(z) f(a — z) a(2) gz) dA(a) 
/ O12) | | f(x — z)9() dA(2) dA(z). 


This leads to the following proposition. 


ic * 1) 


3.5 Proposition. If f and g are locally integrable functions and one of 
them has compact support (respectively, both are integrable), then the func- 
tion f xg defined by 


(f * g)(x) = / fle — y)g(y) dA(y) 


is locally integrable (respectively, integrable). If 1 = fA and n = gA, then 
pan=(f xg). 

The function f * g is called the convolution of f and g. The proposition 
for the convolution of functions corresponding to Proposition 3.3 will not 
be stated but used in the sequel. 

Note that for any constant c, if ¢: R — R is defined by letting ¢(x) = 
c exp[—(1—|z|?)—?] for |z| < 1 and ¢(z) = 0 for |x| > 1, then ¢ is infinitely 
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differentiable and non-negative. (Here |x| is the usual Euclidean norm, |x| = 
[2?+---+22]!/2.) Choose the constant c such that [ ddA = 1. Fore > 0, let 
¢-(z) = e 4¢(x/e). Note that ¢, is still infinitely differentiable, ¢,.(2) = 0 
for |z| > €, and { ¢-dA = 1. This net {¢,} is called a mollifier or regularizer 
and for f in L} 


loc 


($e * f(y) = / be(y — 2) f(a) dA(x) 


is called the mollification or regularization of f. The reason for these terms 
will surface in part (a) of the next result. 

It is important to realize, however, that the mollifier has the property 
that it is rotationally invariant; that is, 6.(x) = ¢,-(|x|). This will be used 
at times in the future. 


3.6 Proposition. Let f € Li and let K be a compact subset of R. 


loc 
(a) For everye >0, 6-* f €C®™. 
(b) If f = 0 off K and U is an open set containing K, then ¢, * f € 
Cx°(U) for 0 <« < dist(K, OU). 
(c) If f is continuous on an open set that contains K, then @, * f — f 
uniformly on K. 


(d) Iff € Lk., 1<p<o, then 


lim, | \de+ f - fPdA=0 


e—0 


Proof. (a) Since ¢, is infinitely differentiable, the fact that ¢@, * f is in- 
finitely differentiable follows by applying Leibniz’s rule for differentiating 
under the integral sign. 

(b) Let 0 < € < dist(K, R\U). If dist(y, K) > ¢, then ¢,(a—y) = 0 for all 
z in K. Hence if dist(y, K) > ¢, then (¢-*f)(y) = fx be(y—2) f(z) dA(z) = 
0. 

(c) Only consider « < dist(K,C\U). Because [ ¢.dA = 1 and ¢, = 0 off 
B(0;e), for y in K we have that |(¢. * f)(y) — f(y)| = |S ¢e(y — 2)[f(2)— 
f(y)|dA(x)| < sup{|f(z) — f(y)| : ly — 2] < e}. But since f must be 
uniformly continuous in a neighborhood of K, the right hand side of this 
inequality can be made arbitrarily small uniformly for y in K. 

(d) Let U be a bounded open set containing K and let a > 0. Let g bea 
continuous function with support contained in U such that f{ ylf—glPdA < 
a. If0 <e < dist(K,C \U), then 


| be * f — de #glP dA 
K 


7 h. ff e(a — y)'/ 4b. (x — y)/? [fF (x) — g(a) dA(z)| dACy) 
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< [ (| b-(2 —y) A(z)" | 
( I ge(x — y)| F(x) — g(x)|P dA(2)) dA(y) 
= | \fe)-a@)P [ ble-wa 0) Alc) 
herefon : 


1/p 


1/p 
/ e+ f— flPa| <2a+| | be 9a) dA 
K K 


By part (c), the right hand side of this inequality can be smaller than 3a 
if € is chosen sufficiently small. O 


The reader might profit by now looking at Exercise 1 in the next section. 
Here is an application of the preceding proposition that will prove useful 
later. 


3.7 Proposition. /f 1 is a measure on C and U is an open subset of the 
plane such that { ¢du =0 for all d in C%°(U), then |u|(U) = 0. 


Proof. Let f be an arbitrary function in C,(U); it suffices to show that 
J fdp = 0. Let K be the support of f and put d = 2~‘dist(K, OU). If {¢-} is 
a mollifier, then ¢.*f € C9°(U) for e < 2d. Hence [ ¢,*f du = 0 fore < 2d. 
But if L = {z: dist(x, K) < d}, then ¢, * f — f uniformly on L (3.6.c) 
and so f fdu=f, f du =lim.wo J, de * f du = limeo f d-* fdw=0. O 


3.8 Theorem. If G is an open subset of R and U is an open cover of G, 
then there is a partition of unity on G that is subordinate to U and consists 
of infinitely differentiable functions. 


Proof. It is easy to see that G can be written as the union of a sequence 
of compact sets {K,} with K, C int K,4+, (see 7.1.2). Thus according to 
Theorem 2.3 there is a countable locally finite refinement B of WU such 
that B consists of balls. Let B = U,B,, where B,, is a finite cover of 
Kk, \ int Kn_i(Ko = 9); put B, = {By : 1 < k < pn}. Arrange matters 
so that B, 1 By, = 0 for n # m. For each n > 1 let L,, be a compact set 
with K,, \int K,-1 C int L, C Ly, C U,Bn,. According to Proposition 2.4 
there are continuous functions {fn :1< k < py} such that 0 < fn, < 1, 
support fnk © Bn, and S02", fnk(x) = 1 for all z in Ly. 

Now choose €, > 0 so that it is simultaneously less than dist(K,, \ 
int K,-1,R \ Lyx) and dist(support fnz,9Bng); put ner = be, * fnk; 
where ¢,, is a regularizer. The function ~,, is infinitely differentiable 
by the preceding proposition and it is clearly positive. Also the defini- 
tion of ~~ shows that for any point 2, Wnk(xz) < f[¢e, = 1. Since 
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En < dist(support fnx,O0Bnz), the preceding proposition implies that sup- 
port dnk C Bnx. Finally, if c € K, \ int Ky-1, 


> vane) = f de, —v) D> fury) aly) 
k=1 k=1 


But ¢., (2 — y) = 0 unless |x — y| < &n. By the choice of xz this implies 
that y € Ly, and so S72", fnk(y) = 1. Thus 572", Unk (Z) = 1 for all x in 
Ky, \ int Ky_1. Hence (x) = 0°, 0271 Unk (2) > 1 for all x in G. If 
onk = Unk/Y, it is easy to check that {¢,,:1<k < py, and n > 1} is the 
sought after partition of unity. O 


We now state a somewhat abstract form of Leibniz’s rule for differenti- 
ating under the integral sign. 


3.9 Theorem. Let (Y,&, ys) be a measure space, let G be an open subset 
of R, and let e; be the j-th basis vector in R. Suppose f:Gx Y >~Cisa 
measurable function that satisfies the following conditions: 


(a) for each x inG the function y > f(x,y) belongs to L'(); 
(b) Bay 4 (zy) exists for a.e. [u] y in Y and all x in G; 


(c) for each x inG there is a function g in L'() and a function 6 defined 
for small real numbers such that 0(t) > 0 as t > 0 and 


x+te,;,y) — f(z, O 
Het ten y) Few) _ OF (oy) = a(y)art) 
vj 
a.e. [|]. Then F(x) = f{ f(x,y) du(y) exists and is differentiable with 
respect to x; with 


OF, ._ ff of 
On, 7) = Ban; 7 Y) AMY) 


3.10 Corollary. If ¢ is a continuously differentiable function with compact 
support and f € L'(A), then ¢* f is continuously differentiable and 0(¢ * 
f)/Ox; = (09/0x;)* f forl<j<d. 


Now to reset the definitions and results for convolution on the circle. 
Since OD is compact, all regular Borel measures on the circle are finite and 
so the discussion of convolution is simplified. It is no longer necessary to 
consider locally integrable functions. Let M(OD) be the space of complex- 
valued regular Borel measures on OD. If 4 and v € M(OD), define L : 
C(OD) — C by 


3.11 L(f) = [ ; [ _ f(z) du(2) dv(w) 
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for all f in C(OD). If L : C(OD) — C is defined as in (3.11), then L is a 
bounded linear functional and ||Z]| < ||y|| ||v||. Since this linear functional 
L is bounded, the Riesz Representation Theorem implies there is a unique 
measure on OD corresponding to it. 


3.12 Definition. If ~ and v € M(OD), then yp * v is the unique measure 
in M(OD) such that 


J fauxr) = [of sew) dle) dow 


for all f in C’. The measure yp * v is called the convolution of p and v. 


3.13 Proposition. If u, v, andy € M(OD), the following hold. 


(a) ev =v p and ||u*v|| < ||p|||IvI|. 

(b) If p and v are positive, then p*v > 0. 

(c) (uxv)*n = p(y *n). 

(dq) we(vtn)=pev tpn. 

(e) If 6, is the unit point mass at 1, then 6, * w= p= p* 61. 


There is an equivalent way to define p * v as a function defined on the 
Borel subsets of 0D. See Exercise 3. 


3.14 Proposition. If f andg € L'(OD), w= fm, v= gm, andh: OD —> 
C is defined by 
h(z) =f f(2w) g(w) dm(w) 


for z in OD, thenh € L'(OD) and p*xv = hm. 


3.15 Definition. If f and g € L!, then the convolution of f and g is the 
function 


(f «9)(z) = / (220) g(w) dm(w). 


Note that the preceding proposition shows that the definitions of convo- 
lution for measures and functions are consistent. Also the basic algebraic 
properties for the convolution of two functions can be read off from Propo- 
sition 3.13. In particular, it follows from part (a) of Proposition 3.13 that 


If * alla < Ul Holla. 
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Exercises 


1. Is Proposition 3.1 valid if it is not assumed that ¢@ is continuous? 


2. If f € Li (uv), show that f fduxv = ff f(c—y) du(x) dv(y). State 
and prove the analogous fact for convolution on the circle. 


3. If E is a Borel subset of R¢, show that (u*v)(F) = (ux v)({(z,y) € 
R? x R¢: 2+ y € E}). State and prove the analogous fact for convo- 
lution on the circle. 


4. If w and v are finite measures on R@ and vy << A, then p*v << A. 
State and prove the analogous fact for convolution on the circle. 


84 Distributions 


In this section we will concentrate on distributions on an open subset of 
the complex plane. The definitions and results carry over to distributions 
on open sets in R, and we will need some of these facts for distributions 
on R. However we will need to see some of the relationships involving 
functions and distributions of a complex variable and obtain information 
about analytic and harmonic functions. Thus the specialization. It will be 
left to the reader to carry out the extension to R. 

We make the convention, in line with the mathematical community, that 
for any region G in C, D(G) = CS°(G). The reader should regain acquain- 
tance with the notation 0¢ and O¢ from §13.2. 


4.1 Definition. If G is an open subset of C, a distribution on G is a linear 
functional L : D(G) — C with the property that if K is any compact subset 
of G and {¢;} is a sequence in D(G) with support ¢, C K for every k > 1, 
and if for all m,n > 1, 0°O" ¢,(z) — 0 uniformly for z in K as k > oo, 
then L(¢,) — 0. The functions in D(G) are referred to as test functions. 


It is possible to define a topology on D(G) such that D(G) becomes a 
locally convex topological vector space and the distributions are precisely 
the continuous linear functionals on this space. See §4.5 in Conway [1990). 
This observation has more than psychological merit, as it means that results 
from functional analysis (like the Hahn-Banach Theorem) apply. 


4.2 Example. 


(a) Ifu € Ly) (G), then wu defines a distribution L, via the formula 


Lu($) = fugdA. 
(b) If is a measure on G, then yp defines a distribution L, via the 
formula L,,(¢) = f dd. 
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The verification of these statements are left to the reader. Also note that 
if L is a distribution on G, then ¢ — L(O¢) and ¢ — L(0¢@) also define 
distributions on G. This justifies the following definition. 


4.3 Definition. If L is a distribution on G, let OL and OL be the distri- 
butions defined by 0L(¢) = —L(0¢) and OL(¢) = —L(0¢). 


The minus signs are placed here in the definition so that if u is a contin- 
uously differentiable function on G, then OL, = La, and OL, = [5,,) as 
can be verified by an application of integration by parts. 

For the most part we will be concerned with distributions that are de- 
fined by locally integrable functions, measures, and the derivatives of such 
distributions. Be aware, however, that the derivative of a distribution de- 
fined by a function is not necessarily a distribution defined by a function. 
If u € Li _(G), we will often consider Ou as the distributional derivative of 
u. That is, Ou is the distribution OL,, and the caution just expressed is the 
reminder that Ou is not necessarily a function. Similar statements hold for 
Ou and all higher derivatives. 

In Lemma 13.2.6 and Lemma 13.2.10 it was shown that for any w in C 
the functions z — (z—w)7! and z — log |z—w] are locally integrable. The 
derivatives in the sense of distributions of these functions are calculated 
below. These will see special service later in this book. For the sake of 
completeness, however, some additional distributions are introduced. 


4.4 Lemma. [fn >1 and ¢€ C7, then 


lim 9(2) dA(z) 


E70 Jizi>—e 2” 


exists and is finite. 


Proof. Let R be sufficiently large that support ¢ C B(0; R). By Taylor’s 
Formula (13.2.4) ¢ = p(z,Z) + g, where p is a polynomial in z and Z of 
degree < n — 1, each derivative of g of order < n — 1 vanishes at 0, and 
|g(z)| < Clz|" for some constant C’. Thus 


9) A(z) = P27) 4 A(z 92) ace). 
Js zn OA) Insts zn + fois. gn FA(2) 


Now the first of these two integrals is a linear combination of integrals of 
quotients of the form gkym /z” fork,m>0Oandk+m<_n. But 


gkym R 27 
| dA(z) | | citmnegg pktm—n—-l agp 
R>|z|>e zn 0 0 


0 
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since k —-m —n #0. On the other hand g/z” is bounded so that 


| (2) g(z) 
lim —_ d A(z) = “~“dA 
(2) if (2), 


Tr 
e0 Jizj>e 2” I<R 2 


a finite number. O 


4.5 Proposition. For n > 1 define PV, :D—-C by 


PV,($) = lim oe) dA(z). 


e—0 |z|>e 
Then PV,, defines a distribution and 


OPV,, = —nPVnit, OPV, = (—1)” A” 1p, 


(n — “Ty 
where 59 is the unit point mass at the origin. 


Proof. The preceding lemma shows that PV,,(¢) is defined and finite. It 
must be shown that it is a distribution. So let R be a positive number, 
let {¢;} be a sequence of test functions with supports all contained in 
B = B(0;R), and assume that for all k,m > 0 ara” o; — 0 uniformly 
on B. Again use Taylor’s Formula to write ¢; = p; + g;, where p; is a 
polynomial in z and Z of degree < n — 1 and each derivative of g; of order 
<n-—1 vanishes at 0. From the proof of the preceding lemma it is known 


that 
|z|>e oe R>|z|>e 


PV2(¢;) = / 7 ut) dA(z). 


IzI< 


and 


But Taylor’s Formula also implies that for each 7 > 1, 


(z 1 =j 
een <5 > max { |a*F 4;(w)| : jw] < R}. 
k+j=n 
Thus |g;(z)|/|z|" — 0 uniformly on B. Therefore PV,,(¢;) — 0 and PV,, is 
a distribution. 
To find OPV,,, fix a test function @ with support contained in B = 
B(0; R) and write ¢ = p+g as in Taylor’s Formula. Using the definition of 
the derivative of a distribution 


OPV,(¢) = —lim [.. ote) dA(z) 
= — tim 2) + O(62-)| dale 
|zl2e 


gntl 


= —nPVn4a(6) — lim | Bde) dale) 


188 18. Fundamental Concepts 


So we must show this last limit is 0. To do this it suffices to show that 
the complex conjugate goes to 0 as e — 0. This permits the application of 
Green’s Theorem and so 


/  00Ge I" dale) 


| 
= 
IV 
XN 
IV 
10) 
i) 
= 
™™ 
“| 
3 
Qu 
> 
XN 
A 


Lf 8a 


24 |z|=e rAd 


. 27 0 
a plee”) 9 
5 . anew ing (EE dé 


1 27 i@ 
—- ——__ Glee) dé 
Qen-1 0 e-t(n+1)0 


1 a ; 
a -sa | g(ce® et" +1) gg, 
0 


But there is a constant C' such that |g(z)| < C{z|" for |z| < R. Therefore 


lA 


T 1) 
caai Max lg(ee*”)| 


i _ eI ale 
< Cre, 


which converges to 0 as € — 0. 

Now to find OPV,. Let ¢,p,g, and B(0;.R) be as above. Once again an 
application of the definition of the derivative of a distribution and Green’s 
Theorem show that 


OPV,(¢) = tin 5 | — dz 


. 27 10 

_ 4 Eee). 

— lim — Hee) ice!#ad 
e—0 2 0 erem 


I 


1 an 0\_.—i(n—1)6 
: 4 —i(n— 
lim danni / p(ee”” Je dé. 
Now substitute p+g for ¢ in this integral. It is left to the reader to show that 
the limit of the integral for g is 0. For the integral involving the polynomial 
p, note that the integral of all the terms involved are 0 save possibly for 


the term with z”—!. Here we have that 


1 27 ; ; 
| (ce)? le Un—1)9 dg = 7. 
0 


Now the coefficient of z”~! in the expression for p is 0"~'¢(0)/(n — 1)!. 
Assembling these pieces produces 
~ 1 
OPV, = ——— 9""'4(0 
@) = gre) 
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(n — 1)! 


= (-1)""? (a"~"6o)(¢). 


O 


Two special cases of this are worth underlining. Note that in the preced- 
ing proposition when n = 1 the functions z~! and z—! are locally integrable 
and thus define a distribution. Combining this with Exercise 3 we get the 
following. 


4.6 Corollary. For any point w in C, 
Ol(z — w)—1] = 16, Ol(z — w)—'] = —PV2 
O[(Z — w)~*] = —(PVa)*  O[(Z —W)—"] = 265, 
where by is the unit point mass at w. 


4.7 Proposition. [fw € G, then, in the sense of distributions on G: 
(a) Olog|z — w| = [2(z — w)]~! and Olog |z — w| = [2(2 — B)]-}; 


(b) Alog|z— w| = 276,, where 6, is the unit point mass at w. 


Proof. (a) If ¢ € D(G), let [ be a smooth positive Jordan system in G 
such that support @ C U = ins T[ C G and w € U. Let € be a positive 
number such that B, = B(w;e) C U and let U. = U \ B,. So using Green’s 
Theorem 


Blog |z— wi}(6) = ~ f d)log|z ~ wl dae) 
= ~lim [ 8) log |z — w| dC) 
= Im [) {5{6(2)1og|2— u) 
— $(z)Blog |z — wl} dA(2) 
= lim {55 [ (Pe) 0g [2 — wld 


e—0 
+ ah oe) date). 


But 


| o(z)log|z—wldz = -| o(z) log |z — w| dz 
aU. OB. 


20 
= -—eéloge o(w + ce’ jie de 
0 
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and this converges to 0 as « — 0. This proves the second half of (a). To get 
the first half, just apply Exercise 3. 

(b) This is a consequence of (a), the preceding corollary, and the fact 
that A = 400. O 


Note that it is not possible to define the product of two distributions, but 
if L is a distribution on G and ¢ is a test function, then @L(w) = L(¢dy) 
defines another distribution on G. This produces a product rule. 


4.8 Proposition. Jf L is a distribution on G and ¢ is a test function, then 


O(bL) = (9)L + (OL) and A(GL) = (04)L + GOL). 


The proof is left as an exercise. 

Say that a distribution L on G is positive if L(¢) > 0 whenever ¢ is 
a non-negative test function. An example of a positive distribution is one 
defined by a positive measure. The next proposition provides a converse. 


4.9 Proposition. The distribution L on G is positive if and only if there 
is a positive measure p on G such that L(¢) = f{ ddp. 


Proof. To prove this proposition it must be shown that for any compact 
subset K of G there is a constant C' = Cx such that |L(¢)| < C||@||.. for 
every real-valued test function ¢@ with support contained in K. Indeed, if 
this is done, then the fact that the infinitely differentiable functions with 
support contained in K are dense in Co(int K) allows us to extend L to a 
bounded linear functional on Co(int A’). From here we produce the measure 
on G (details?). 

Let w be a test function with compact support in G such thatO< y~ <1 
and yw = 1 on K. (See Exercise 1.) If ¢ is a real-valued test function with 
support included in K and ||¢||~ < 1, then —~ < @ < w. Because L is 
positive, this implies that —L(w) < L(¢) < L(w). That is, |Z(@)| < C, 
where C = L(w). Thus |£(¢)| < C||@||.. for any real-valued test function 
with support included in K. O 


4.10 Weyl’s Lemma. /f u € L1_(G) and 00u = 0 as a distribution, then 


loc 


there is a harmonic function f on G such that u= f a.e. [Area/. 

Proof. Let {¢-} be a mollifier. Fix 6 with 0 < e < 6 and put Gs = {z € 
G : dist(z,0G) > 6}. Note that Z(be(w —~z))= —~2 (b-(w — z)). Hence if 
w € D(Gs), then 


/ pOO(be *u) dA / Av (w) (be * u)(w) LA(w) 


[wo [ Bp wbelw = 2) iA(w) A(2) 
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[uey| foe & loelw - 2)] aA(w)] ale) 


[wer | [oo ZF loelw- 2] datw)] ale 


[uagz | [vmecw-s dA(w)] aA(2 


| u(z)00(be * b)(z) dA(z) 


00Ly, (d¢ * W) 


= 0. 


That is, 00(¢, *u) = 0 on Gs. Since ¢,*u € C™, ¢, *u is harmonic on Gs 
when 0 < « < 6. By part (d) of Proposition 3.6, [,, |¢- *u—ul|dA — 0 as 
€ — 0 for any compact subset K of Gs. Since Bergman spaces are complete, 
u € L}(U) for any open set U with cl U C G5. Since 6 was arbitrary, the 
result follows. O 


4.11 Corollary. If u is a locally integrable function on G and du = 0 in 
the sense of distributions, then there is an analytic function f on G such 
that u = f a.e. [Area]. 


Proof. Since du = 0, 00u = 0. But Weyl’s Lemma implies that wu is 
harmonic on G. In particular, u is infinitely differentiable. It now follows 
that u is analytic (13.2.1). O 


This corollary is also referred to as Weyl’s Lemma. Indeed there is the 
mother of all Weyl Lemmas, which states that if D is a distribution on G 
and D is an elliptic differential operator such that D(L) = 0, then L is 
given by an infinitely differential function u that satisfies Du = 0. Both 0 
and 00 are examples of elliptic differential operators. 


Exercises 


1. If K is a compact subset of the open set U in C, this exercise shows 
how to construct an infinitely differentiable function that is 1 on K 
and has compact support inside U. (a) Define g; on R by gi(z) = 
exp(—x~?) for x > 0 and g,(x) = 0 for x < 0. Show that g; is a 
C@ function. (b) Put g(x) = gi(x)gi(1 — x) for all z in R and show 
that g is a C© function, g > 0, and g(x) = 0 for x ¢ (0,1). (c) If 
M = f g(x) dz and h(x) = M~ fy g(t) dt, then h is a C™ function, 
0<h< 1, h(x) = 0 for x < 0, and A(x) = 1 for x > 1. (d) Define 
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k(x) = 1— h(2x — 1) for x > O and extend k to the negative real 
axis by letting k(x) = k(—x) for x < 0. Show k is a C©™ function, 
O<k <1, k(x) =1 for |z| < 1/2, and k(x) = 0 for |z| > 1. (e) Now 
define f : C > R by f(z) = k(|z|) and show that f is a C@ function, 
O0<f<1, f(z) =1 for |z| < 1/2, and f(z) =0 for |z| > 1. Ife > 0, 
define f.(z) = f(z/e) and put C = f f(z)dA(z). Check by using 
the change of variables formula that [ f.(z) dA(z) = Ce?. If @-(z) = 
[Ce?]~*f-(z), then ¢- is a C™ function, ¢ > 0, [¢-(z)dA(z) = 1, 
and $-(z) = 0 for |z| > e. So {¢-} is a mollifier as in (3.6). (f) Let 
kK be a compact set, let U be open, and suppose that kK C U. Let 
w be any continuous function with 0 < w < 1, w(z) = 1 for z in K, 
and w~(z) = 0 for z ¢ U. Show that for an appropriate choice of «, 
o=%-*Y isa C®@™ function with compact support contained in U, 
0<¢<1, and ¢(z) = 1 for all z in K. 


2. Show that if u is locally integrable such that Ou exists a.e. [Area] on 
G and Ou is locally integrable, then 0L,, = Loy. 


3. Show that for any distribution L, L*(¢) = L(¢) defines a distribution 
and (OL)* = OL*, (OL)* = OL*. 


85 The Cauchy Transform 


In this section we introduce and give the elementary properties of the 
Cauchy transform of a compactly supported measure on the plane. This 
is a basic tool in the study of rational approximation, a fact we will illus- 
trate by using it to give an independent proof of Runge’s Theorem. 

If is any compactly supported measure on C, let 


ji(w) = / pag dale 


when the integral converges, and let j4(w) = co when the integral diverges. 
It follows from Proposition 3.2 that jz is locally integrable with respect to 
area measure. Thus / is finite a.e. [Area]. (Also see Lemma 13.2.6.) Since 
T= Lioe the following definition makes sense. 


5.1 Definition. If 4 is a compactly supported measure on the plane, the 
Cauchy transform of yu is the function “i defined a.e. [Area] by the equation 


Aw) = | ~~ due) 


In fact the Cauchy transform is the convolution of the locally integrable 
function z~+ and the compactly supported measure p. 
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5.2 Proposition. If is a compactly supported measure, the following 
statements hold. 


(a) p is locally integrable. 
(b) f is analytic on Cy \ support(p). 
(c) For w in C \ support(y) and n > 0, 


a" ji(w) = (-1)" a! / (2 — w)-"“dy(z). 


(d) f(co) =0 and the power series of {4 near oo is given by 


aw) = ( f 2" autz)) es 


n=0 


Proof. The proof of (a) follows the lines of the discussion preceding the 
definition. Part (c), and hence the proof that fi is analytic on C\support(w), 
follows by differentiating under the integral sign. Note that as w — oo, (z— 
w)-' =w!(z/w—1)~! — 0 uniformly for z in any compact set. Hence fi 
has a removable singularity at oo and ji(oo) = 0. 
It remains to establish (d). This is done by choosing R so that support(j) C 

B(0; R), expanding (z— w)~! = —w7!(1—2z/w)7! in a geometric series for 
|w| > AR, and integrating term-by-term. O 


A particular Cauchy transform deserves special consideration. 


5.3 Proposition. If K is a compact set having positive area and 
fle) = f (C= 2) 1a) 


for all z in C and f(co) = 0, then f : Ca — C is a continuous function 
that is analytic on C.. \ K with f'(oo) = —Area kK. In addition, 


|f(z)| < [w Area(K)}!/?. 


Proof. The fact that f is analytic on C\ K and f(oo) = 0 follows from 
the preceding proposition. That f is a continuous function on Cy is left as 
an exercise for the reader (see Exercise 1). Since f is continuous at 00, 00 
is a removable singularity; because f(co) = 0, f’(0co) is the limit of zf(z) 
as z — oo. But zf(z) = J, (¢/z —1)7'dA(¢) — —Area K as z — oo since 
¢€/z — 0 uniformly for ¢ in K. 

It remains to prove the inequality for |f(z)|. This inequality is due to 
Ahlfors and Beurling [1950], though the proof here is from Gamelin and 
Khavinson [1989]. From the properties we have already established and the 
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Maximum Modulus Theorem, f attains its maximum value at some point 
of K. By translating the set K, we may assume that 0 € K and f attains 
its maximun at 0. In addition, if K is replaced by a suitable unimodular 
multiple of itself, we may assume that f(0) > 0. Thus 


FI < £(0) = I Re = aA(¢). 


1/2 
—_ 1 T _— : 
Let c = 5 at and let a = 1/2c. It is elementary to see that 


the closed disk D = B(a;a) is {z : Re(1/z) > c} and that D and K 
have the same area. Thus A(DN K) + A(D\ K) = A(D) = A(K) = 
A(DN K)+ A(K \ D); hence A(D \ Kk) = A(K \ D). On the other hand, 
Re(1/¢) < c for ¢ in K \ D and Re(1/C) > c for ¢ in D \ K. Therefore 


f(0) < [Re Fad + cA(K \ D) 


| Re -dA+cA(D\ K) 
KND ¢ 


| Re =aA+ | Re 1 
KND ¢ D\K ¢ 
1 
Re — dA. 
I “¢ 


We leave it to the reader to show that for 0 < r <a, 


27 
1 2 
/ —-_qg= 
0 a+ re? a 


by converting this to an integral around the circle z = a + re*®. Hence 
converting to polar coordinates, we get that 


1 2n 
| Re saa [ [ ——,, dé r dr 
p ¢ 
20 
= [R Lf ——, dé r dr 
= pee 


[assent 1/2 
a) 


as 


lA 


— [nr Area K]}/2. 
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Note that if 4 = 6,, then f(z) = (a — z)~?. So in general the Cauchy 
transform of a compactly supported measure is not continuous. 

Since ji is locally integrable, it defines a distribution on C and so it can 
be differentiated. 


5.4 Theorem. If ps is a compactly supported measure on C, then 
Op = —T py. 


Moreover, ji is the unique solution to this differential equation in the sense 
that if hh € Live such that Oh = —p, h is analytic in a neighborhood of oo, 
and h(oo) = 0, then h = ji a.e. [Areal]. 


Proof. If 6€ CS, then 
auld) =— [ wbaA = — [B042)| [w- 2)*du(w)| dle) 
= [| [deee-uy> dA(2)] du(w) 


By Corollary 13.2.9 this becomes 0/:(¢) = —m f @du, whence the first part 
of the theorem. 

For the uniqueness statement, suppose / is such a function. It follows 
that O(j — h) = 0. By Weyl’s Lemma (4.11),  — h is almost everywhere 
equal to an entire function f. But f = ~ —h has a removable singularity 
at co and is 0 there. Hence f =0. O 


5.5 Corollary. If G is an open set, 1 is a compactly supported measure 
on the plane, and ji = 0 a.e. [Area] on G, then |u|(G) = 0. 

Proof. If¢€ C%°(G), then f ddu = —7~! Oji(¢) = 0. It follows by Propo- 
sition 3.7 that |u|(G) =0. O 

5.6 Corollary. If G is an open set, u is a compactly supported measure 
on the plane, and ji is analytic on G, then |u|(G) = 0. 


The Cauchy transform is the premier tool in uniform rational approxi- 
mation and in the next section this statement will be borne out. 


Exercises 


1. If f is a function that is integrable with respect to Lebesque measure 
and has compact support, show that the Cauchy transform of u = fA 
is a continuous function on Cy. 


2. When does equality occur in the inequality in Proposition 5.3? 
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3. Using the method used in proving Proposition 5.3, show that for any 
compact set K, f,,|z— w|~'dA(w) < 2[Area(K)]}/*. When does 
equality occur? 


4. Let yw be a measure with compact support and suppose g is a con- 
tinuously differentiable function with compact support. If v = gp — 
nm 1(Og)jfi- A, then 0 = gf. 


5. (a) If w and v are measures with compact support such that / and 
py are continuous functions, show that fv is the Cauchy transform of 
D+ piv. 

(b) Show that if K is a compact set, then {h : h is a bounded}. 
Borel function with compact support and h = 0 a.e. on K} is adense 
subalgebra of R(K). 


(c) If K is compact and E is a Borel subset of K, define R(K, E) to 
be the closure in C(K) of {h: h is a bounded Borel}. function with 
compact support and h = 0 a.e. on E}. Show that R(K, E) is a sub- 
algebra of C(K) with the following properties: (i) R(K) C R(K, E); 
(ii) a measure ps supported on K is orthogonal to R(K, EF) if and only 
if fj = 0 ae. on C \ F£;; (iii) if Area(E) = 0, R(K, FE) = C(K); and if 
Area(Kk \ FF) =0, R(K, FE) = R(K). 


$6 An Application: Rational Approximation 


In this section the Cauchy transform will be applied to prove two theorems 
in rational approximation: the Hartogs-Rosenthal Theorem and Runge’s 
Theorem. But first a detour into some general material is required. The 
next result shows that by means of the Hahn-Banach Theorem questions of 
rational approximation in the supremun norm can be reduced to questions 
of weak approximation. 


6.1 Definition. If K is a compact set in the plane, R(K) is the uniform 
closure in C(K) of Rat(K). 


Note that R(K) is a Banach algebra. 


6.2 Theorem. If K is a compact subset of C and p is a measure on K, 
then piR(K) if and only if (w) = 0 a.e. [Area] on C\ K. 


Proof. Assume piR(K) and note that for w ¢ K, (z—w)7' € R(K). 
Hence ji(w) = 0 off K. Conversely, assume that j = 0 a.e. [Area] off K; 
since fi is analytic off K, fi is identically 0 off K. This implies that all the 
derivatives of fi vanish on C,, \ K. From (5.2.c) and (5.2.d) we get that 
yt annihilates all polynomials and all rational functions with poles off K. 
Hence pi R(K). O 
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Here is a classical theorem on rational approximation obtained before the 
introduction of the Cauchy transform. Note that it extends the Weierstrass 
Approximation Theorem. 


6.3 Hartogs-Rosenthal Theorem. /f Area(K) = 0, then R(K) = C(K). 


Proof. Let up € M(K) such that pL R(K); so i = 0 off K. Since Area(K’) = 
0, this implies that ~ = 0 a.e. [Area] on C. By Corollary 5.5, y = 0. By the 
Hahn-Banach Theorem R(K) = C(k). O 


One of the main ways in which Cauchy transforms are used is the fol- 
lowing device. Assume yp is supported on the compact set K and let f 
be analytic on an open set G with K C G. Let IT be a positively ori- 
ented smooth Jordan system in G such that K C insI’. Thus for every 
zin K, f(z) = (2mi)~* f, f(w)(w — z)~*dw. An application of Fubini’s 
Theorem now implies that 


6.4 / f(2) du(z) = ~~ / f(w) p(w) dw. 


6.5 Runge’s Theorem. Let K be a compact subset of C and let E be a 
subset of C,. \ K that meets each component of C,. \ K. If f is analytic 
in a neighborhood of K, then there are rational functions {f,} whose only 
poles are in the set E such that f, — f uniformly on K. 


Proof. Let yu be a measure on K such that { gdu = 0 for every rational 
function g with poles contained in E. It suffices to show that [ f dy = 0 
for every function f that is analytic in a neighborhood of K. 

Fix a component U of C,, \K and let w € UNE; assume for the moment 
that w # oo. Using (5.2.c) we get that every derivative of fi at w is 0. Thus 
ji(z) = 0 on U. If w = oo, then the assumption on yp implies that f pd = 0 
for all polynomials. Thus using (5.2.d) we get that f(z) = 0 on U. Hence fi 
vanishes on the complement of K (and so »1R(K)). If G and I are chosen 
as in the discussion prior to the statement of the theorem, (6.4) shows that 


ffdz=0. O 


Uniform rational approximation is a subject unto itself; Conway [1991], 
Gamelin [1969], Stout [1971] are a few references. 


Exercises 


1. Let K be a compact subset of C and let up € M(K). If ¢ is any smooth 
function with compact support, put ws = du—7 tf O¢ A. Prove the 
following. (a) ig = op. (b) wiR(K) if and only if ug1R(K) for all 
smooth function ¢ with compact support. (c) R(K) = C(K) if and 
only if for every closed disk D, R(KND)=C(K ND). 
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2. If K is a closed disk or an annulus, show that R(K) = A(K), the 
algebra of continuous functions on K that are analytic on its interior. 


3. Show that there are open disks {A,} of radius 7; having the following 
properties: (i) cl A; C D and cl A; Ncl A; = O@ for i F J; (ii) 
»5 75 < 0; (iii) A = cl D\U, A; has no interior. The set K is called 
a Swiss cheese. For j > 1, let y; be the boundary of A; with positive 
orientation and let v; be the measure on K such that /{ fdv; = 
— J, f for every f in C(K). Note that ||v;|| = r;. Let yo be the 
positively oriented boundary of D and let vp be the measure on K 
such that [ fdvp = Jno f for every f in C(K). Let w= + D0, y;, 
a measure in M(K’). Show that ptR(K) and, since p 4 0, R(K) # 
C'(K) even though K has no interior. 


$7 Fourier Series and Cesaro Sums 


Throughout this section, normalized Lebesgue measure on OD will be de- 
noted by m, and the Lebesgue spaces of this measure will be denoted by 
E?(OD) or simply L”. Note that since m is a finite measure, L?(OD) C 
L1(8D) for 1 < p < oo. So results obtained for functions that belong to 
L} are valid for functions in L?. We also will be concerned with the space 
of continuous functions on OD, C = C(OD), and its dual, the space of 
complex-valued regular Borel measures on OD, M = M(OD). 


7.1 Definition. If 1 € M(OD), then the Fourier transform of p is the 
function fj: Z — C defined by 


a(n) = | zd. 
oD 


(First our apologies for using the same notation for the Fourier transform 
of » as for the Cauchy transform, but here is an instance where tradition 
is best followed.) Now if f € L’, then du = f dm is a measure and so its 
Fourier transform can also be defined. Here the notation used is f = ji. 

For any measure p we call {ji(n) : n € Z} the Fourier coefficients of w. 
The series )>° | fi(n)z” is called the Fourier series for the measure yp. 

The idea here is that we would like to know if the measure or function 
can be recaptured from its Fourier series. That we should have any right 
to have such a hope stems from the density of a certain set of functions. A 
trigonometric polynomial is a function in C(O D) of the form }>;__,, an2*. 
7.2 Proposition. The trigonometric polynomials are uniformly dense in 
C(@D) and hence dense in L?(OD) for 1 < p < ow; they are weak* dense 
in L©(OD). Thus {z” : n € Z} is an orthonormal basis for L?(AD). 
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Proof. The first part is an easy consequence of the Stone- Weierstrass The- 
orem. The last statement only needs the calculation necessary to show that 
the functions z” are orthonormal. O 


7.3 Corollary. If u € M and fi(n) = 0 for all n in Z, then p is the zero 
measure. 


The preceding corollary says that a measure is completely determined 
by its Fourier coefficients. Thus we have the hope that the measure can be 
recaptured from its Fourier series. At least in the case of functions in the 
space L? this hope is borne out. 


7.4 Theorem. If f € L?(0D), then f € @(Z). If V : L?(8Z) — @(Z) is 
defined by Vf = f, then V is an isomorphism of the Hilbert spaces. 


Proof. The first part, that f € ¢ (Z), as well as the statement that V is 
an isometry, is a direct consequence of Parseval’s Identity and the fact that 
{z"} is a basis for L?(0D). If f = z™, then it is straightforward to check 
that f (n) =0 ifn #mand f (m) = 1. Thus the range of V is dense and 
so V must be an isomorphism. O 


Theorem 7.4 says that, at least in the case of an L? function, the Fourier 
series converges to the function in the ZL? norm. This is not the case for 
other functions and measures, but the intricacies of this theory are more 
appropriately handled by themselves. Instead we will concentrate on what 
is true and will have value for later in this book. 

The reader interested in pursuing convergence of Fourier series can see 
Chapter II of Katznelson [1976]. In particular it is proved there that the 
Fourier series of a function in L?, 1 < p < oo, converges to the function in 
norm and that this is false for L1. He also gives an example of a continuous 
function whose Fourier series diverges at a point and thus cannot converge 
uniformly to the function. The story for pointwise convergence is much 
more complicated. It was proved in Carleson [1966] that the Fourier series 
of a function in L? converges a.e. This was extended in Hunt [1967] to 
L?, p> 1. An exposition of the Carleson and Hunt work can be found in 
Mozzochi [1971]. In Katznelson [1976] is the proof of a result of Kolmogorov 
that there is a function in L1 whose Fourier series diverges everywhere. 


For any formal Fourier series )-~ Cnz", z in OD, let s,(z) be the n- 


n=—oo “TN 
th partial sum of the series, s,(z) = }-;__,, chz*. The n-th Cesdro means 


of the series is defined for z in 0D by 


It is worth noting that a Cesaro mean is a trigonometric polynomial. By 
the n-th partial sum and the n-th Cesaro mean for the measure p, we 
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mean the corresponding quantity for the associated series. To indicate the 
dependence on yp, these sums are denoted by sy(p, z) and on(p, z); if f € 
L?, s,(f,z) and o,(f,z) are the corresponding sums. 

Recall that M = C*, and hence M has a natural weak* topology. 

Here is the main result of this section. 


7.5 Theorem. 


(a) If fe L?, 1<p<o, theno,(f,z) —- f in the L? norm. 
(b) If f €C, on(f,z) — f uniformly on OD. 
(c) Iff €L™, on(f,z) — f in the weak* topology of L™. 


(d) IfweM, on(u,z) — p in the weak* topology of M. (Here we think 
of the Cesaro mean On(p, 2) as the measure on(p,z)-m.) 


The proof will be obtained by a recourse to operator theory on a Banach 
space. If ¥ is one of the Banach spaces under consideration (that is, ¥ = 
LP, C, or M), define o, : ¥ — & by letting o,(x) = the n-th Cesaro 
sum of x. (If 4 = M and pu € M, then o,,(y) is the measure that is 
absolutely continuous with respect to m whose Radon-Nikodym derivative 
is the trigonometric polynomial o,,(j4).) To prove the theorem, it must be 
shown that if ¥ = L?, 1 < p < o, or C, then ||o,(z) — z|| — 0, and if 
X = L™ or M, then o,,(x) — x weak* for every x in VY. Actually we will 
see that the last part follows from the first part and a duality argument. 
But first we will see that o, is actually an integral operator. 

If f € L+ with Fourier series 5~>~ z”, then 


n=—o0o &n 


sald2) = 2 | [ s0u)arFdm(u] 2 


k=—n 
= [ ps a) dm(w). 
k=—-n 
Therefore 
7.6 an(f,2) = | f(w)Kn (wz) dw), 


where K,, is the n-th Cesaro mean of the formal series aan oo $+ This 
kernel K,, is called Fejer’s kernel. The same type of formula holds for a 
measure [: 


7.7 On(p, z) = | owe) du(w). 


To properly study o,,, we need to get a better hold on the kernel K,,. To 
do this, let’s first look at the n-th partial sum of the series > 5. ¢”. So 
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if ¢ = e®?, 


sn(C) = SO 


k=-—n 
= Dok+ yc 
k=0 k=1 


1— cnt 1 — cnt 


+ 
1-¢ 1—¢ 
Rec” — Re¢"t} 


1—Re¢ 
- cosné — cos(n + 1)0 
7 1 — cos6 


From here it follows that 


_1 | 1 | 


78 Kn(6) n|1—Recé ~ 1 — cos 


on 
7.9 Lemma. For eachn >1, K, >0, Kn(¢) = Kn(), and f Kyndm = 1. 


Proof. Applying the half angle formulas from trigonometry to (7.8), it 
follows that K,(C) = n~'[(sin(n6/2))/sin(@/2)|? > 0. It is also clear from 
(7.8) that the second part is valid. For the last part, use (7.6) with f = 1. 
OC) 


7.10 Lemma. 


(a) If 1 < p < o and q is the index dual to p, then the adjoint of the 
operator 0, : L? — L? is the operator o, : L4 — L4. 


(b) The adjoint of the operator o,,: C' — C is the operator 0, : M — M. 
Proof. Only part (a) will be proved. Let f € L? and g € L’. By inter- 


changing the order of integration and using the preceding lemma, it follows 
that 


(On(f), 9) 


I 


[a2)| f #(e)Ra(ae) dm(w)) ame) 


[ 100) | f ater aao2) din(2)) arm) 


I 


[ 100) | [ o(erRa(eu) am(2)| din (w) 
(f,on(g))- 


| 
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We can now state a general Banach space result that, when combined 
with the preceding lemma, will show how parts (c) and (d) of Theorem 7.5 
follow from parts (a) and (b). 


7.11 Proposition. Let X be a Banach space and let {T,,} be a sequence 
of bounded operators from X into %. 


(a) If supn||Tn|| < oo, D is a dense subset of X, and ||T,x — x|| - 0 for 
all x in D, then ||T,2 —2x|| 0 for all x in X. 

(b) If ||T,(2)-—2|| — 0 for all x in X, then for every x* in X*, T*x* — x* 
weak* in X*. 


Proof. (a) If x € &# and é is a positive number, let y € D such that 
lla —y|| < min(e/2c, ¢/2), where c = sup,,||T,,||. Then ||T,,2—<2|| < ||T,(a2— 
y)|| + ||Tny —yl|+|ly—2l| < 26/34 ||T,y — y||. This can be made less than 
€ for all sufficiently large n. 

(b) This is easy: |(x, T*x* — x*)| = |(T, 2 — 2, x*)| < ||T,2 — 2] ||x*|| 0. 
CO 


We can now prove the main theorem. 


Proof of Theorem 7.5. (a) Let f € L? and let g € L4, where q is dual to p. 
First note that, by a change of variables, o,(f,z) = [ f( f (w)K,(wz)dm(w) = 


f f(Cz) Ky(C) dm(C). Hence 


on(f), 9)| 


| [a2)| f $00) n (2) am(w)| ame) 
[a2 | fo@erKn0 dim(6)] ame) 


 [ He) | f o(2)4G2) am(e)] ame) 
[ Kole) | \a(e)#G)| am(e) am(e), 


IA 


Applying Holder’s inequality and using the fact that f f(¢z)dm(z) = 
J f dm, we get 


x 


on(f),9)| < / Kn(O)llgllallflleam(Q) 
lallall lle 


lA 


since { K,dm = 1. 

Hence ||o,|| < 1 for all n. It is easy to check that for any integer k, 
on(z*) + z® uniformly as n — oo. Thus for a trigonometric polynomial 
f, On(f) — f uniformly as n — oo. Since the trigonometric polynomials 
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are dense in L? for all finite p, part (a) follows from part (a) of the preceding 
proposition. 

(b) This is easier than part (a). If f € C, then |on(f, z)| < [|f(w)| Kn (wz) 
dm(w) < ||f|l«. and so ||o,|| < 1. Since convergence holds for the trigono- 
metric polynomials, part (b) follows. 

As mentioned before, parts (c) and (d) follow from parts (a) and (b) via 
the second part of the preceding proposition. O 


Exercises 
1. Compute the Cesaro means of 6,, the unit point mass at 1. 
2. If uw and v € M, show that *v(n) = fi(n)P(n) for all n in Z. 


3. In this and succeeding exercises a concept is presented that can be 
used to give some of the results of this section a unifying treatment. 
For details see Katznelson [1976], p. 14. For any function f on OD 
and z in OD, define f,(w) = f(wz). A linear manifold ¥ in L! is 
a homogeneous space if: (i) 4 has a norm |] - || such that ||f|| > 
[|f|l1 for all f in Y and with this norm 4 is a Banach space; (ii) 
fe € & whenever f € 4%; (iii) ||f|| = ||f-|| for all f in ¥ and all 
z in OD; (iv) for each f in ¥Y, the map z — f, is a continuous 
function from OD into ¥. (a) Show that C(OD) and L?, 1 < p< ~, 
are homogeneous spaces. (b) Show that L° satisfies properties (i) 
through (iii) in the definition, but is not a homogeneous space. (c) If 
& is a linear manifold in L’ that satisfies conditions (i) through (iii) 
in the definition of a homogeneous space and % is defined as the set 
of all f in ¥ such that the function z — f, is a continuous function 
from OD into ¥, show that %, is a closed subspace of ¥ (and hence 
a homogeneous space). If 7 = L™, show that % = C. 


4. This exercise continues the preceding one; 1 denotes a homogeneous 
space. (a) If f € ¥ and g € L', show that f *g € X. (b) If on(f) is 
as in (7.6), show that ||o,(f) — f|| — 0 for every f in ¥. (c) Show 
that the trigonometric polynomials are dense in . 


5. If & and &% are as in part (c) of Exercise 3, show that on(f) € % 
for all f in ¥. Prove that %, is the closure in ¥ of the trigonometric 
polynomials. 


6. This exercise continues Exercise 4 and maintains its notation. If x* € 
xX* and z € OD, define x3(f) = x*(f-) for all f in ¥. (a) Show that 
[|zz|| = ||x*|| and z — 2% is a continuous function from 0D into 
(v*, wk*). (b) If o, is as in (7.6) and o% : X* — X* is its dual map, 
show that o%(x*) — x*(wk*) in X* for all 2* in A*. 


Chapter 19 


Harmonic Functions Redux 


In this chapter a treatment of the Dirichlet problem for sets in the plane is 
presented. This topic will be continued in Chapter 21 when harmonic mea- 
sure and logarithmic capacity are introduced and applied. Some material 
from Chapter 10 must be restated in the more general setting needed for 
the more extensive study of harmonic functions. In Chapter 10 all functions 
considered were continuous; here measure theory will be used to broaden 
the class of functions. The attitude taken will be that usually results from 
Chapter 10 will be restated in the more inclusive context, but proofs will be 
furnished only if there is a significant difference between the proof needed 
at present and the one given for continuous functions. 

The chapter begins by returning to a closer examination of functions 
defined on the unit disk, D. 


81 Harmonic Functions on the Disk 


The notation from §18.7 remains in force. Recall the definition of the Pois- 
son kernel: for w in OD and |z| < 1, 


Re (E**) 
~ re (775) 
- Yc" + ew 


The reader should review the properties of the Poisson kernel from Propo- 
sition 10.2.3. 
If u € M and |z| < 1, define f(z) = { P.(w) du(w). Similarly, if f € L’, 


define f (z) = f f P, dm. These definitions are consistent since fm = f. It 
is not difficult to prove the following. 


P.(w) 


1.1 Proposition. [f 1 <¢ M(OD), then fi is a harmonic function in D. 


Note that we are dealing with complex valued harmonic functions here. 
If f € C(OD), then we know that f is the solution of the Dirichlet problem 
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with boundary values f (see Theorem 10.2.4). Indeed, this is given another 
proof in Theorem 1.4.a below. 

Ifu:D—Cand0<r <1, define u, : 0D — C by u,(w) = u(rw) for w 
in OD. We will sometimes want to consider the function u, as defined on 
D or cl D by the same formula, but no separate notation will be employed. 

If uw € M and0 <r <1, then ji, is an element of C(O D) by the preceding 
proposition. Thus if 1 < p < oo and f € L?, f, € L? and so we can define 
the operator T, : L? + L? by T, f = f,; similarly, we can define T;, : C > C 
by Tf = f, and T,u:M — M by T,p = pi, -m. 


1.2 Proposition. 


(a) For X = L?, C, or M, T,: X — & 1s a bounded linear operator with 
7-|| <1 for all r. 


(b) If 1 <p< oo and q is conjugate to p, the dual of the map T, : L? > 
LP is the map T,. : L? — L4. 


(c) The dual of the map T,:C — C is the map T,: M — M. 


Proof. (a) This will only be proved for ¥ = L?. Let f € L? and leth € L?, 
where gq is the index that is conjugate to p. Thus 


[ Flo) AG) amg 
/ / Flew) Pre(w) dm(u) h(¢) dm(¢). 


Substitute w¢ for w in this equation and use the following two facts: this 
change of variables does not change the value of the integral and P,¢(w¢) = 
P,(w). This gives 


(T, fh) 


1.3 


UT. f.h)| = | [| [ swe Petw) dm(w)] WO am(0) 
cf Pxcu| f \swonine) dm(6)] amu) 
< |Ifllp Alle 


since [ P,(w) dm(w) = 1. This shows that ||T;|| < 1 for all r. It is easy to 
see that 7; is linear. 

(b) If f € L? and h € L4, then use the fact that P,c(w) = Prao(C) = 
Pry(C) for |w| = |¢| = 1 to obtain 


(Tf, h) 


[I [se Prw(G) dm(w)| h(C) dm(C) 


/ J MG) Pra(6) din(¢ ) f(w) dm(w) 
(f, Th). 
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The proof of (c) is similar. 0 


1.4 Theorem. 

(a) If f €C(AD), then ||f — f-llan + 0 as r > 1-. 

(b) If1<p<oo and f € L?(OD), then ||f — f,||p 2 0. 

(c) If uw € M(OD) and if u, is the element of M(OD) defined by pu, = 
(it), -m, then p, > p weak* in M(OD). 

(d) If f © L~(AD), then f, > f weak" in L~(AD). 


Proof. It is easy to check that Tz" = r"z™ for all n in Z. Hence for a 
trigonometric polynomial f, 7;.f — f uniformly on OD as r — 1. Since 
\|Z;-|| < 1 for all r, Proposition 18.7.2 implies that (a) and (b) hold. Parts 
(c) and (d) follow by applying Proposition 18.7.11.b and Proposition 1.2.c. 
CO 


As was said before, part (a) of the preceding theorem shows that, for f 
in C(OD), f has a continuous extension to cl D, thus solving the Dirich- 
let problem with boundary values f. For f in L?(0D) we can legitimately 
consider f as the solution of the Dirichlet problem with the non-continuous 
boundary values f. Indeed, such a perspective is justified by the last the- 
orem. Further justification is furnished in the next section when we show 
that f can be recaptured as the radial limit of f. 

Now suppose that u : D — C is a harmonic function. What are necessary 
and sufficient conditions that u = j~ for some measure yp? Before providing 
an answer to this question, it is helpful to observe the consequences of a few 
elementary manipulations with the basic properties of a harmonic function. 

If wu is harmonic and real valued, there is an analytic function f : D — C 
with u = Re f. Let f(z) = >), anz” be the power series expansion of 
f in D. So for w in 0D and 0 < r < 1 the series )) anr™w” converges 
absolutely and thus 


s[f(rw) + Flrw)" 
— ; > Anr ww” + > Gnr w™ 
n=0 n=0 


(o.@) 
; cnr wy”, 


m= — CO 


u,(w) 


where co = Re ao, cn = sn for n positive, and c, = sn for n < 0. For 
a complex valued harmonic function u : D — C, a consideration of its real 
and imaginary parts shows that for |w| = 1 and r < 1, 

[e.@) 
1.5 Ur(w) = > Cyr! w” 


N=— CO 
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for some choice of constants c,. Moreover the series (1.5) converges uni- 
formly and absolutely for w in OD. It follows that (1.5) is the Fourier 
series of the function u,. The next lemma formally states this and gives 
the analogous fact for measures. 


1.6 Lemma. 


(a) Jfw: D— C is a harmonic function and 0 < r < 1, the Fourier 
series for uy is given by the formula (1.5). 


(b) Ifue M(OD), then the Fourier series of the function ji, is given by 


CO 


S- r!™| A(n)w" 


T*™= — CO 


and the convergence is uniform and absolute for w on OD. 


The next theorem is the principal result of this section and characterizes 
the harmonic functions that can arise as the Poisson transform of a measure 
or a function from one of the various classes. 


1.7 Theorem. Suppose u: D — C is a harmonic function. 


(a) There isap in M(OD) with u = p if and only if sup,. ||ur||1 < oo. 


(b) If1<p<oo, there is a function f in L?(OD) with u = f if and only 
if sup, ||Ur||p < 00. 


(c) There is a function f in Li(D) with u = f if and only if {u,} is L 
convergent. 


(d) There is a function f in C(OD) with u = f if and only if {u,} is 


uniformly convergent. 


Proof. (a) Ifu = ji, then ||u,||1 = f |ur|dm < ff P2(w) du(w)| dm(z) < 
SJ Prz(w) dlu|(w) dm(z) = Jl f Prz(w) dm(z)|d|u|(w) = |lull. 

Now assume that u is a harmonic function on D and L is a constant such 
that ||u,||1 < Z for all r < 1. Put v, = the measure u, -m in M(O0D). So 
{v,} is a uniformly bounded net of measures on 0D. By Alaoglu’s Theorem 
there exists a measure pw in M(OD) that is a weak* cluster point of this 
net. Hence 


D,(n) = [we = [worm >) fn). 


But Lemma 1.6 implies that 2,(n) = fi-(n) = rie, > cn asr — 1. 
Hence ji(n) = cy. This implies that the weak* cluster point of {v,} is 
unique. Hencev, — yz weak* in M(OD). An examination of the series in 
Lemma 1.6 shows that u = pL. 
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(b) This proof is like that of part (a). For 1 < p < oo, the weak com- 
pactness of bounded sets in L?(0D) is used instead of weak* compactness. 
The weak* topology on L®(0@D) is used when p = oo. 

The proofs of (c) and (d) are left as exercises. O 


Part of the proof of this theorem needs to be made explicit. 
1.8 Corollary. Suppose u: D — C is a harmonic function. 


(a) Jf sup, ||u-||1 < 00, then the measures u,-m— p weak* in M(OD), 
where pt is the measure such that u = pL. 


(b) If1<p< oo and sup, ||ur||p < co, then u, > f weakly in L? (weak* 
in L® if p = oo), where f is the function in L?(OD) with u = f. 


If the proof of Theorem 10.2.4 is examined closely, a “point” theorem 
results. This next result not only improves (10.2.4) but provides a means 
of obtaining various estimates for harmonic functions as the subsequent 
corollary illustrates. 


1.9 Theorem. Jf f € Li and f 1s continuous at the point a, then the 
function that is defined to be f on D and f on OD is continuous at a. 


1.10 Corollary. If f € L' anda € OD, then 


lim sup f(z) < limsup f(¢). 
z—a ¢—a 


¢eEdD 


Proof. Let a@ be the right hand side of this inequality. If a = ov, there 
is nothing to prove; thus it may be assumed that a@ < oo. By definition, 
for every € > O there is a 6 > O such that for ¢ in OD and |¢ —a| < 
6, f(¢) < a+e. Define f; on OD by letting f,(¢) = f(¢) for |z — a] > 6 
and f:(C) = a+e for |C —al| < 6. So fy € Li and f < fy; thus f < fy. 
Using the preceding theorem, 


lim sup f(z) < limsup f(z) = a+te. 


27a za 


Since € was arbitrary, the proof is complete. 0 


The final result can be taken as a corollary of Theorem 1.7. 


1.11 Herglotz’s Theorem. /fu is a harmonic function on D, then u = jt 
for a positive measure pp on OD if and only ifu>0 on D. 


Proof. It is easy to see that since the Poisson kernel is positive, for any 
positive measure p, u = jt > 0 on D. Conversely, assume that u(z) > 0 for 
|z| <1. Then ||u,-|]1 = f u,-(w) dm(w) = u(0) by the Mean Value Theorem. 
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By Corollary 1.8, there is a » in M(OD) such that u = fj and u,-m —> pu 
weak*. Since u, > 0, it must be that u>0. O 


Exercises 


1. Let p(z,Z) be a polynomial in z and Z and find a formula for the 
function u that is harmonic on D, continuous on cl D, and equal to 
p(z,Z) on OD. 


2. If 4 € M(OD) has Fourier coefficients {(n)}, show that for |z| < 
1, B(z) = Or B(n) 2” + SO, A(—n)z™. Examine Exercise 1 in 
light of this. 


3. Let u be a real-valued harmonic function on D and show that there 
is a real-valued measure on OD such that u = £ if and only if u is 
the difference of two positive harmonic functions. 


4. Prove the following equivalent formulation of Herglotz’s Theorem. If 
f is an analytic function on D, then f takes its values in the right half 
plane and satisfies f(0) > 0 if and only if there is a positive measure 
pon OD such that 


f)= f P** au(w), 


W— 2 


5. Let C be the set of analytic functions on D such that Re f > 0 
and f(0) = 1. Show that C is a compact convex subset of H(D) and 
characterize its extreme points. (Hint: Use Exercise 4.) 


82 Fatou’s Theorem 


We have seen in the preceding section that for a measure p in M = M(@D), 
the measure p can be recaptured from ji, the solution of the Dirichlet 
problem with boundary values yp, by examining the weak* limit of the 
measures (ji), -m (1.4). In this section we will look at the radial limit of 
the function j(z). For an arbitrary measure we recapture yp if and only if py 
is absolutely continuous with respect to m. This will essentially prove the 
results stated in §13.5. 

There is a standard temptation for all who first see Fatou’s Theorem. 
If f € L', then we know that f, — f in the L’ norm. Thus there is a 
sequence {r,} that converges to 1 such that f,,(¢) — f(¢) ae. on OD. 
That is,f(rn¢) — f(¢) ae. This is sufficiently close to the existence of 
radial limits a.e. on OD that it seems that a proof of their existence is 


19.2. Fatou’s Theorem 211 


just ahead of us. Unfortunately no one has ever been able to parlay this 
into a proof. It remains only an intuitive argument that makes the result 
believable. 

Recall some measure theory, or rather a part of measure theory that is 
not universally exposed in courses on measure theory. If 1 € M(0D), there 
is a corresponding measure on [0,27], which will also be denoted by yp, 
such that [ fdu = [ f(e)du(t) for every f in C(OD). The corresponding 
measure on [0,27] is not unique. For example, if up = 6, in M(O0D), then 
either 69 or 62, can be chosen as the corresponding measure on [0, 27]. This 
is, however, essentially the only way in which uniqueness fails. (What does 
this mean?) 

For a measure pz on [0,27] there is a function of bounded variation u 
on [0,27] such that { fdu = f f(t) du(t) for every continuous function 
f, where this second integral is a Lebesgue-Stieltjes integral. It might be 
worthwhile to recall how this correspondence is established, though no 
proofs will be given here. The proofs can be found in many of the treat- 
ments of integration theory. 

If « is a positive measure on [0,27], define a function u : [0,27] — R 
by letting u(0) = O and u(t) = p([0,t)) for ¢ > 0. The function u is 
left continuous, increasing, and f fdyw = f f(t)du(t) for all continuous 
functions f on (0, 27]. If is an arbitrary complex-valued Borel measure on 
(0, 27], let w = pi — 2 +i(p3 — pa) be the Jordan decomposition and let u = 
Uj —U2+i(u3—Uu4), where u; is the increasing function corresponding to the 
positive measure p;. This establishes a bijective correspondence between 
complex-valued measures yz on [0,27] and left continuous functions u of 
bounded variation that are normalized by requiring that u(0) = 0. 

The next proposition gives the basic properties of this correspondence 
between measures and functions of bounded variation. 


2.1 Proposition. Let u € M[0,27] and let u be the corresponding normal- 
ized function of bounded variation. 


(a) The function u is continuous at to if and only if w({to}) = 0. 


(b) The measure p is absolutely continuous with respect to Lebesgue mea- 
sure if and only if u is an absolutely continuous function, in which 
case {f fdu= f f(t) u'(t) dt for every continuous function f. 


(c) IfE = {t: u(t) exists and is not 0}, then E is measurable, y|E is ab- 
solutely continuous with respect to Lebesgue measure, and p|({0, 27] \ 
E) is singular with respect to Lebesgue measure. 


In §13.5 the concept of non-tangential limit was introduced; namely for 
wo in OD, z — wo (n.t.) if z approaches wo through a Stolz angle with 
vertex Wo and opening a, 0 <a < 7/2. 


2.2 Lemma. Given a Stolz angle with verter wo = e*®° and opening a, 
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Figure 19.1. 


there is a constant C and a 6 > 0 such that if z = re®® belongs to the Stolz 
angle and |z — wo| < 6, then |@—09| < C(1—1r). 


Proof. It suffices to assume that 4) = 0 so that wo = 1. If L is the straight 
line that forms an edge of the Stolz angle, then a reference to Figure 19.1 
will show that for z = re’ on L, sin(a + 6) = =~. Hence as 8 — 0+ 


l-r 1 sin(a + 6) — sina 
6 —_ sin(a + 6) 


9 | — cota. 


Thus 7 — tana as 0 — 0+. Since the tangent function is increasing, the 
lemma now follows. O 


2.3 Fatou’s Theorem. Let  € M[0,27] and let u be the corresponding 
function of bounded variation; extend u to be defined on R by making u 
periodic with period 2x. If u is differentiable at 69, then ji(z) — 27 u’(O) 
as z — e*% (n.t.). 


(Note: We are identifying M(OD) and M/(0, 27]. Also the only reason for 
extending u to be defined on R is to facilitate the discussion at 0 and 27.) 


Proof. It suffices to only consider the case where 69 = 0, so we are as- 
suming that u’/(0) exists. We may also assume that u’(0) = 0. In fact, if 
u'(0) # 0, let vy = pw — 27 u'(0)m. The function of bounded variation cor- 
responding to v is v(@) = u(@) — u’(0)@, since m is normalized Lebesgue 
measure. So v’(0) exists and v’(0) = 0. If we know that v(z) -0asz—- 1 
(n.t.), then f(z) = o(z) + u/(0) — u’(0) as z > 1 (nt.). 

So assume that u’(0) = 0. We want to show that 


* 1—r? 
2.4 | ret ye mH > 


as z= re’? —+ 1 (n.t.). Using the preceding lemma, it suffices to show that 
(2.4) holds if, for some fixed positive constant C', @ — 0 and r — 1 while 
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Figure 19.2. 


satisfying 
2.5 Ja]}< CQ —r). 


Let I be the set of z = re” satisfying (2.5). 

Recall that if the Poisson kernel is considered as a function of 6 with r 
fixed, then P,(0) = (1 — r?)/(1 — 2rcos6 +r?) and so differentiation with 
respect to @ gives that 


2r(1 —r?) sind 


P!(0) = ——-_—_——,. 
8) (1 — 2r cos 6 + r?)? 


Fix ¢ > 0. Since u’/(0) exists and equals 0, there is a 6 > O such that 
|u(t)| < elt| for |t| < 6. Thus if z= re” ET, 


wT re) 
je) = | P.(t- 8) du(t) = | / + / uss 


Examining Figure 19.2 we see that if 0 < 6, < 6, there is a neighborhood U, 
of 1 such that if z € [NU and |t| > 6, then |t — 6| > 6,. Thus Proposition 
10.2.3.d implies 6; and U, can be chosen so that P,(t — 6) < « for |t| > 6 
and z € [MU,. Therefore 


2.6 [(z)] < ella] + 


| " P.(t— 8) dult) 
_§ 


Using integration by parts, for z = re in TN U4, 


& 
< |u(t) P.(t—0)|o¢ + / u(t) P!(t — 0) dt 
~§ 
|u(d)P,(6 — 0) — u(—6)P,(—6 — 8)| 


[ u(t) P.(t — 0) dt 


—6 


/ " P(t — 6) dult) 
~6§ 


+ 
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6 
< 2662 +| f u(t) P!(t — 6) dt}. 
—§ 


From (2.6) we infer that 


6 
2.7 a(z)| < el|yel| + 2662 + / u(t) P/(t— 0) dt]. 
6 


Now fix z and assume that 0 > 0. The case where 6 < 0 is treated 
similarly and will be left to the reader. Also assume that Uj is sufficiently 
small that 6 < 6/2 for z = re®® in U,. Hence 


[ wo pea = (fi [+ [) me-omea 


2.8 = X+Y+2Z. 


Now since |u(t)| < e|t| for |t| < 6, 


y|) = [ 2r(1 — r?) sin(t — 6)u(t) i 


(1 — 2rcos(t — 6) + r?)? 


26 ae 
< 2r(1—r?) | __|sin(t = 6)let__ — dt 
0 (1—2rcos(t — 6) +1?) 


But (1—2rcos(t—0)+r?) > 1—-2r+r? = (1—r)? and | sin(t—6)| < |t-6| < 6 
for 0 < t < 20. Hence 


2er(1 — 1) 26 
aoe 8 feat 
er(1 +r) 6(407) 
(1—r)3 
8663 
(l—r)> 


Y| 


By (2.5) we get 
lY| < 8eC°. 


Now for the term Z in (2.8). If 20 <t < 6, then 0 < t— 26 = 2(t-— 6) -t 
and so t < 2(t — @). Hence |u(t)| < 2e(¢ — 0). Thus 


Z| = [ ”(t — 0) u(t) dt 


lA 


2 f (—P/(t — 0)) (t — 0) dt 
20 
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- 2 (—Pr(oyeat 
7] 
< 2e | (Pit) tae 


= 2¢€(—tP,(t))|% + 2€ / " P(t) dt 
(ase) + 


provided U; is chosen sufficiently small. (That is, we force r to be very 
close to 1.) 
For the term X in (2.8), observe that 


IA 
bo 
ra) 
> 


< Ane, 


0 6+6 
/ P(t — 6) u(t) dt = | P’(t) u(@ — t) dt. 
—6 0 


Now for @<t<6+6,0<t—8@<6 and so 


6+6 
IX| <e / (—Pl(t)) (t — 6) dt. 


Using the preceding methods we obtain the fact that for some constant M, 
|X| < Me. 

Referring to (2.7) and (2.8), we get that there is a constant C”’ that 
is independent of € such that for all z in I and in a sufficiently small 
neighborhood U, of 1, |jfi(z)| < C’e. O 


2.9 Corollary. If 1 € M(OD), then jt has non-tangential limits a.e. |m] 
on OD. 


Proof. Functions of bounded variation have finite derivatives a.e. O 


The reader might wonder if it could be concluded that jf can have a 
limit at points of the circle. In other words, is it really necessary to impose 
the restriction in the preceding corollary and its ancestors that the limits 
be non-tangential? The answer is emphatically no; only the non-tangential 
limits are guaranteed. This is sketched in Exercise 1. 


2.10 Corollary. Jf u is a non-negative harmonic function on D, then 
lim,_,1— u(re’’) exists and is finite a.e. on (0, 27]. 

Proof. According to Herglotz’s Theorem, u = pf for some positive measure. 
CJ 


2.11 Corollary. If is a measure on OD that is singular with respect to 
Lebesgue measure, then the non-tangential limits of jj are 0 a.e. on OD. 
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Why doesn’t this contradict the Maximum Principle for harmonic func- 
tions? 

The next result is also a corollary of Fatou’s Theorem but it is sufficiently 
important to merit a more proclamatory label. 


2.12 Theorem. Jf 1< p< oo andu: D — C is a harmonic function such 
that sup, <, ||Ur||p < 00, then 


fw) = lim u(rw) 


exists and is finite a.e. [m] on OD. If 1 < p < w, then f € L?(m) and 
u=f.Ifp=1, then u = pi for some measure yu in M[0, 27] and f is the 
Radon-Nikodym derivative of the absolutely continuous part of L. 


Proof. This proof is actually a collage of several preceding results. First 
assume that 1 < p < oo. By Theorem 1.7 there is a function g in L? such 
that u = g. By Fatou’s Theorem, g = f a.e. [m]. Now suppose p = 1. Again 
Theorem 3.8 implies that u = fi for some p in M([0, 27]. Let up = ug+ ps, be 
the Lebesgue decomposition of : with respect to m. Let g be the Radon- 
Nikodym derivative of g with respect to m. Thus if w is the function of 
bounded variation on [0,27] corresponding to yp, then w’ = g a.e. It follows 
by Fatou’s Theorem that g = f ae. O 


Note that the preceding theorem contains Theorem 13.5.2 as a special 
case. 


2.13 Example. If 1 = 6), the unit point mass at 1 on OD, ji(z) = f P.du = 


P,(1) = Re (442), Here the conclusion of Fatou’s Theorem can be directly 


verified. 


Exercises 


1. Let f € L and put g(z) = f(z) for |z| < land g(e*’) = lim,_,1_ f(re*’) 
when this limit exists; so g and f agree a.e. on OD. Let E be the set 
of points on 0D where g is defined. (a) Show that if f(z) — g(e*®) 
as z — e’® with z in D (tangential approach allowed), then g, as a 
function defined on DU E£, is continuous at e*”. Let FE. be the set of 
points in OD where g is continuous. (b) Show that E, has measure 
zero if and only if f is not equivalent to any function whose points 
of continuity have positive measure. (Two functions are equivalent if 
they agree on a set of full measure and thus define the same element 
of L1.) The rest of this exercise produces a function f in L’ that is not 
equivalent to any function whose points of continuity have positive 
measure. (Note that the characteristic function of the irrational num- 
bers is equivalent to the constantly 1 function.) Once this is done, the 
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harmonic function f will fail to have a limit a.e. on OD even though 
it has a non-tangential limit a.e. (c) Let K be a Cantor subset of 0D 
with positive measure and show that the set of points of continuity of 
xx is OD \ K. (d) Construct a sequence {K,,} of Cantor sets in 0D 
that are pairwise disjoint and such that 0D\U,K,, has zero measure. 
Show that U,K, contains no interval. (e) Define f on 0D by letting 
f(z) = 1/2” for z in K, and f(z) = 0 for z in OD \ U, Ky. Show 
that if g is any function equivalent to f, then the set of points of 
continuity of g has measure zero. 


2. Give an example of an analytic function on D that fails to have a 
non-tangential limit at almost every point of 0D. 


3. Suppose f € L and f is real-valued. Show that if a € OD and 
lim, a f(z) = +00, then lim,_,; f(ra) = +00. 


83 Semicontinuous Functions 


In this section we will prove some basic facts about semicontinuous func- 
tions (lower and upper). Most readers will have learned at least some of this 
material, but we will see here a rather complete development as it seems 
to be a topic that most modern topology books judge too specialized for 
inclusion and most analysis books take for granted as known by the reader. 
We will, of course, assume that the reader has mathematical maturity and 
omit many details from the proofs. 


3.1 Definition. If X is a metric space and u: X — [—o0, +00), then u is 
upper semicontinuous (usc) if, for every c in [—0co, +00), the set {x € X : 
u(x) < c} is an open subset of X. Similarly, wu: X — (—oo, +00] is lower 
semicontinuous (Isc) if, for every c in (—oo, +00], the set {2 € X : u(x) > c} 
is open. 


Note that the constantly —oo and +oo0 functions are upper and lower 
semicontinuous, respectively. This is not standard in the literature. Also a 
function u is upper semicontinuous if and only if —u is lower semicontinu- 
ous. In the sequel, results will be stated and proved for upper semicontinu- 
ous functions. The correct statements and proofs for lower semicontinuous 
functions are left to the reader. Throughout the section (X,d) will be a 
metric space. 

The reason for using the words “upper” and “lower” here comes from 
considerations on the real line. If X = R and wu is a continuous function 
except for jump discontinuities, u will be upper semicontinuous if and only 
if at each discontinuity zo, u(xo) is the upper value. 


3.2 Proposition. If X is a metric space and u: X — |—00, 00), then the 
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following statements are equivalent. 


(a) u is use. 
(b) For every c in [—o0, co) the set {x € X : u(x) > c} is closed. 


(c) If zo € X and u(zo) > —co, then for every ¢ > 0 there is a 6 > 0 
such that u(x) < u(ao) +e whenever d(x, x9) < 6; if u(ao) = —oo and 
M <0, then there is a6 > 0 such that u(x) < M for d(z,209) < 6. 


(d) Ifz) € X, then u(zo) > limsup,_,,,, u(z). 


3.3 Proposition. [f K is a compact subset of X, u is an usc function 
on X, and u(x) < oo for all x in K, then there is an ro in K such that 
u(xo) > u(x) for all x in K. 


Proof. First let U, = {x € X : u(x) < n}. Then K C U,U, and each U,, 
is open. By the compactness of K, there is an n such that K C U,,. Thus 
a = sup{u(xz) : 2 € K} < oo. Now put K, ={xe€ K: u(x) >a-—n““}. 
Each K, is a compact and non-empty subset of K and Ky41 C Kn. So 
there is an Zo that belongs to each K, and it must be that u(zo) > u(x) 
for allzin kK. O 


3.4 Proposition. 


(a) If uy and uz are usc functions, then u;+u2 and uyVu2 = max{uj, u2} 
are usc functions. 


(b) If {u;} is a collection of usc functions, then Au, = inf; u; ts usc. 


Proof. (a) Let u = u; +g, fix cin [—00, 00), and let U = {x : u(x) < c}. If 
xo € U, then ui (x0) < c and ue(xo) < c—ui(Xo). Hence U1 = {x : uy(x) < 
c} and U2 = {x : ue(x) < c— ui(Xo)} are both open neighborhoods of zo 
and U,; NU2 CU. Since Zo was arbitrary, U must be open. 

Now if u = uy V ug and c € [—oo, oo), then {x : u(x) < c} = {x : uy(z) < 
c} {x : ug(x) < c}, and so uw is usc. 

(b) If wu = Au; and c € [—00, co), then {x : u(x) < c} = U{x : u;(x) < c}. 
O 


3.5 Corollary. If {u,} is a sequence of usc functions on X such that for 
every 2, {Un(x)} is decreasing, then u(x) = limu,y(Zz) is usc. 


A sequence of functions satisfying the hypothesis of this corollary is called 


a decreasing sequence of functions. 


3.6 Theorem. [fu : X — [—00,0o) is usc and u < M < +00 on X, then 
there is a decreasing sequence of uniformly continuous functions {f,} on 
X such that fy, <M and for every x in X, fn(x) | u(z). 
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Proof. If wis constantly equal to —oo, then the result is trivial. So assume 
that this is not the case. If d is the metric on X, define f, : X — R by 


fn(x) = sup{u(y) — nd(z,y):y € X}. 


For any x and y in X, fr(x) > u(y) — nd(z,y) > u(y) — (n+ 1)d(z, y); so 
fn(x) > fn4i(x) > u(x) for all x in X. Also f, < M for all n. 

Let € be a positive number, let x € X, and fix n > 1. By definition, 
there is a y in X such that f,(xz) < u(y) —nd(z, y) +e. If d(z, xz) < e, then 
d(z,y) < d(z,y)+e. Thus f,(z) > u(y) —nd(z,y) > uly) —nd(a, y) — ne > 
fn(x) — (n+ 1)e whenever d(z,x) < ¢. That is, f,(z) > fn(x) — (n+ le 
whenever d(z, x) < e. Now interchange the roles of x and z in the preceding 
argument to get that f,(x) > fn(z) —(n+1)e when d(z, z) < ¢. Therefore 
\fn(xz) — fn(z)| < (n+ le when d(z,z) < e. That is, f, is uniformly 
continuous. 

It remains to show that f,(z) — u(x) for all x in X. So fix xp in X and 
let € be a positive number. Assume that u(xg) > —oo. (The case in which 
u(xo) = —oo is left as an exercise.) Since u is usc, there is a 6 > 0 such that 
u(y) < u(xzo)+e for d(y, xo) < 6. Thus u(y)—nd(y, x0) < u(2o)+e whenever 
d(y,2o0) < 6. Now suppose that d(y,xzo) > 6; here u(y) — nd(y,2o0) < 
u(y) —né < M —né. Choose no such that M — né < u(2o) + for n > no. 
Thus for n > no and for all y in X, u(y) —nd(y, x9) < u(xo) +e. Therefore 
u(xo) < fn(xo) < u(xo) +¢ forn > no. O 


Exercises 


1. Give an example of a family U of usc functions such that sup U is 
not usc. 


2. If w is a monotone function on an interval (a,b) in R, show that wu is 
usc if and only if for each discontinuity x of u, u(x) = limz_,,4 u(t). 


3. Show that the uniform limit of a sequence of usc functions is usc. 


4. If X is a metric space, E is a subset of X, and wu is the characteristic 
function of the set £, show that u is upper semicontinuous if and 
only if EF is closed. 


5. Let X be a metric space. Show that u is an upper semicontinuous 
function on X if and only if A = {(7,t)e X xR: t < u(z)h isa 
closed subset of X x R. 


6. Suppose A is any closed subset of X x R such that for each zx in 
X the set A, = {t € R: (a,t) € A} is either empty or bounded 
above. Define u : X — [—o0,00) by u(x) = —oo if A, = @ and 
u(x) = sup A, otherwise, and show that u is upper semicontinuous. 
Show that A = {(z,t)e X x R: t < u(z)}. 
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7. Let f : X — [—00, 00) be any function and let T = {(z, f(x)): 2 € 
X and f(x) > —oo} C X xR. If A = clT, show that if u(x) is defined 
as in the preceding exercise, then u(x) = limsup,_,, f(y) for all x in 
Xx. 


8. Suppose G is an open subset of a metric space X and f : G — 
[—co, 00) is any function such that for each ¢ in 0G, u(¢) = limsup{ f(z) : 
xz €G and z — ¢} < oo. Show that u is upper semicontinuous. 


84 Subharmonic Functions 


Subharmonic and superharmonic functions were already defined in 10.3.1, 
but it was assumed there that these functions were continuous. This was 
done to avoid assuming that the reader’s background included anything 
other than basic analysis. In particular, it was assumed that the reader 
did not know the Lebesgue integral and thus could not discuss the integral 
of a semicontinuous function. It is desirable to go beyond this and extend 
the definition to semicontinuous functions. Propositions for semicontinu- 
ous subharmonic functions that were stated for the continuous version in 
Chapter 10 will sometimes be restated here. If the proof given in Chapter 
10 extends naturally to the present situation, it will not be repeated and 
the reader will be referred to the appropriate result from the first volume 
of this work. 


4.1 Definition. If G is an open subset of C, a function u : G — |—o0, 00) is 
subharmonic if u is upper semicontinuous and, for every closed disk B(a;r) 
contained in G, we have the inequality 


20 
4.2 u(a) < = | u(a + re’’)dé. 
20 0 


A function u: G — RU {+00} is superharmonic if —u is subharmonic. 


Some remarks are in order here. Since u is upper semicontinuous, the 
fact that u(a+re*’) < oo for all @ implies u is uniformly bounded above on 
this circle. Thus it is not being assumed that the integral in the definition 
is finite, but the integral is defined with the possibility that it is —oo. 
In fact it may be that the function is constantly equal to —co on some 
or all of the components of G. We will see below (Proposition 4.11) that 
this is the only way that a subharmonic function can fail to be integrable 
on such circles. There is a slight difference between this definition of a 
subharmonic function and that given by many authors in that the function 
that is identically equal to —oo is allowed to be subharmonic. In fact, since 
G is not assumed to be connected, u may be constantly equal to —oo on 
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some components and finite valued on others. This is also usually excluded 
as a possibility in the definition of a subharmonic function. 

Results will usually be stated and proved only for subharmonic functions. 
The statements and proofs for superharmonic functions will be left to the 
reader. 


4.3 Example. If f : G — C is an analytic function, then log|f| is a 
subharmonic function on G. In fact this is an immediate consequence of 
Jensen’s Formula (11.1.2). 


For a compact subset K of C, let C;,() denote the continuous functions 
on K that are harmonic on int K. 


4.4 Definition. Say that a function u: G — [—00, 00) satisfies the Mazi- 
mum Principle if, for every compact set K contained in G and every h in 
C,(K), u<hon K whenever u<hondk. 


4.5 Theorem. If u:G — |—o0, 00) is an upper semicontinuous function, 
then the following statements are equivalent. 


(a) wu is subharmonic. 
(b) wu satisfies the Maximum Principle. 


(c) Jf D is a closed disk contained in G and h € Cy(D) with u < h on 
OD, thenu <h on D. 


(d) If D=B(a;r) CG, then 


1 


Proof. (a) implies (b). (This part of the proof is like the proof of Theorem 
10.3.3.) Let K be a compact subset of G and assume that h € C,(K) 
with u < h on OK. By replacing u with u — h, it is seen that it must be 
shown that u < 0 on K whenever wu is subharmonic and satisfies u < 0 
on 0K. Suppose there is a point zp in int K such that u(z) > 0 and 
let 0 < € < u(zo). Put A = {z € K : u(z) > e}. Because uw is usc, A is 
compact. Also, if b€ 0K, 0 > u(b). By standard compactness arguments, 
this implies there is a neighborhood V of 0K with V C G and u(z) < « for 
all z in V. Hence, A C intK. Again the fact that u is usc implies that there 
is a point a in A with u(a) > u(z) for all z in A. It follows that u(a) > u(z) 
for all z in K. Let H be the component of intK that contains a and put 
B={z€H:u(z)=u(a)}. 

Clearly B is a relatively closed non-empty subset of H. If w € B, let 
B(w;r) C G. So B(w;r) C H and, for 0 < p < r, 2nu(w) < i" u(w + 
pe’’)d0 < 2ru(w) since u(w + pe*®) < u(a) = u(w) for all 6. That is, 
the integral of the non-negative function u(a) — u(w + pe’) is 0 and so 
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B(w,r) C B. Thus B is open and so B = H. But this implies that if 
b<¢ OH COK, then 0 > u(b) > limsup{u(z) : z € H,z — b} = u(a) > 0, 
a contradiction. 

(b) implies (c). Clear. 

(c) implies (d). Suppose B(a;r) C G and let {f,} be a sequence of 
continuous functions on 0 B(a;r) such that f,(z) | u(z) (Theorem 3.6). 
Let D = B(a;r) and let h, € Cy(D) such that h, = fp on OD. By (c), 
u<h, on D. By Exercise 10.1.6, 


u(a) <  hn(a) 
1 


But {, frdA— fudA by monotone convergence. 

(d) implies (b). This is like the proof that (a) implies (b) and is left to 
the reader. 

(b) implies (a). This is like the proof that (c) implies (d) and is left to 
the reader. O 


An examination of the appropriate results in Chapter 10 shows that the 
newly defined versions of subharmonic and superharmonic functions also 
satisfy the various versions of the Maximum Principle given there. These 
will not be stated explicitly. 


4.6 Proposition. 


(a) Ifu, and ug are subharmonic functions on G, then uy +ue2 and uy Vue 
are subharmonic. 


(b) Let U be a family of subharmonic functions on G that is locally 
bounded above and let v = supU. If u(z) = limsup,,_,, v(w), then 
u is subharmonic. If v is upper semicontinuous, then v = u. 


(c) IfU is a family of subharmonic functions such that for all u, and ue 
inU there is augz inl with uz < uy Aug, then infU is subharmonic. 
In particular, if {un} is a sequence of subharmonic functions such 
that Un > Un+1 for all n, then limu, ts subharmonic. 


(d) If {un} is a sequence of positive subharmonic functions such that 
u = )),,Un is upper semicontinuous, then on each component of G 
either u is subharmonic or u = oo. 


(e) If {u,} is a sequence of negative subharmonic functions, then u = 
yon Un ts subharmonic. 


Proof. (a) It is clear that u;+ 2 is a subharmonic function. Since uj V ug is 
upper semicontinuous, the proof that this function is subharmonic is given 
in the proof of part (b). 
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(b) First note that u(z) < oo for all z in G because U/ is locally bounded 
above. It follows from Exercise 3.8 that u is upper semicontinuous. To show 
that u is subharmonic, we will show that u satisfies the Maximum Principle. 
So let K be a compact subset of G and let h € C;,(K) such that u < h on 
OK. Fix uw’ inUu; now u>v>wu’' onG. Hence h > uw’ on OK and soh > wu’ 
on K since u’ is subharmonic. Since u’ was arbitrary, h > v on K, whence 
we have that h > u. By Theorem 4.5, u is subharmonic. 

If v is upper semicontinuous, then the same proof shows that v is sub- 
harmonic. The fact that v = u is a consequence of Proposition 4.8 below, 
which is worth separating out. 

(c) By Proposition 3.4, u = infU is usc and clearly u(z) < oo for all 
z. Suppose D = B(a;r) C G. By Theorem 3.6 there is a sequence of 
continuous functions {f,} on OD such that f,(z) | u(z) for z in OD. It 
may be assumed that u(z) < f,(z) for all n and all z in OD. Fix n for the 
moment. So for every 2; in OD there is a u; inU such that ui (21) < fn(21). 
But {z : ui(z) — fn(z) < 0} is an open neighborhood of z;. A compactness 
argument shows that there are functions u1,...,Um inU such that for every 
z in OD there is a uz, 1 < k < m, with uz(z) < fn(z). By hypothesis, 
there is one function v in U with v(z) < f,(z) for all z on OD. Thus 
2m u(a) < 2m v(a) < i" v(a+ re?)d6 < i" fn(a + re’’) d0. By monotone 
convergence of the integrals, it follows that u is subharmonic. 

(d) This proof is like the proof of part (b). 

(e) This is immediate from part (c). O 


4.7 Example. If f : G — C is an analytic function, then log™ |f| is a 
subharmonic function on G. In fact, log*t |f| = 0 V log |f|. 


Following are two results that will prove useful as we progress. 


4.8 Proposition. If G is any open set and u ts a subharmonic function 
on G, then for any a in G, u(a) = limsup,_,, u(z). 


Proof. Since u is usc, u(a) > limsup,_,, u(z). On the other hand, if r > 0 
such that B, = B(a;r) C G, 


u(a) < — I u(z) dA(z) 
sup{u(z): z € B,,z # a}. 


By definition this says that u(a) < limsup, _,, u(z). O 


lA 


4.9 Proposition. If u is a subharmonic function on G and B(a;r) C G, 
then (27)~1 f" u(a + pe’’) dé | u(a) as p | 0. Similarly, (xp?) JB (ap) u 
dA | u(a) as p | 0. 


Proof. Let I, = (27)7! f" u(a + pe’) dé. Ifo < p <r, let {fr} bea 
sequence of continuous functions on 0 B(a;p) such that f, | u. Let hyn € 
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Cr(B(a; p)) such that h, = f, on 0 B(a;p). Thus u < hy, on Bla; p) and 
so, by monotone convergence, 


Qn 
Ig < = ; hn(a + ce’”) dé 
= hnp(a) 
a h(a + pe’) do 
27 Jo 
L I, 


as n — oo. Therefore I, decreases as p decreases. But u(a) < I, for all p 
and so, by Fatou’s Lemma, u(a) < limp .ol, < Se i" lim sup,_,9 ula + 
pe?) d9< u(a). O 


After the next lemma, it will be shown that a subharmonic function on a 
region G belongs to Li _(G) and 6 — u(a+re’’) is integrable if B(a;r) C G. 


loc 


4.10 Lemma. /[f G is connected, u is a subharmonic function on G, and 
{z € G: u(z) = —oo} has non-empty interior, then u(z) = —oo. 


Proof. Let B = {z: u(z) = —oo} and let A = int B. So, by hypothesis, A 
is a non-empty open subset of G. It will be shown that A is also relatively 
closed in G and hence A = G. 

Let a € GNcl A and let r be a positive number such that B(a;r) C G. If b 
is any element of B(a;r/4), then B(b;r/2) C G and, because a € B(b;r/2), 
B(b;r) NA # @. Thus there is a p, 0 < p < r/2, such that OB(b; p)N AF @. 
Since u is subharmonic, u(b) < 5= 7 u(b + pe’) dé. But the fact that 
0B(b; p) meets the open set A implies that b+ pe*® € A for some interval 
of 6’s. Therefore i" u(b + pe*®) d8 = —oo and so u(b) = —oo whenever 
la—b| <r/4. That is, B(a;r/4) C Band soacintB=A. O 


4.11 Proposition. Jf G is connected and u is a subharmonic function on 
G that is not identically —oo, then: 


(a) we L(G); 


loc 

(b) i" u(a + re’) d@ > —oo whenever B(a;r) C G. That is, @ > 
u(a + re’) is integrable with respect to Lebesgue measure on [0, 27] 
whenever B(a;r) CG. 


Proof. Let A= {z€G: u(z) = —oco}. By Lemma 4.10, int A = 9. 

(a) Let K be a compact subset of G. Since u is usc, and consequently 
bounded above on K, to show that u € L1(K,.A) it suffices to show that 
fudA > —oo. But since int A = 9, there is a finite number of disks 
B(ag;r) with B(ag;r) C G, u(axg) > —oo, and K C U,B(ax;r). Thus 
—oo < mr?u(az) < SB (ay:r) udA. Hence f,,udA > —oo. 
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(b) Suppose that D = B(a;r) C Gand put J, = + 7 u(a+pe’”) dé. By 
Proposition 4.9, I, is decreasing as p decreases. So if there is an 0 < r such 
that I, = —oo, then I, = —oo for all p < o. Hence Ip udA = fo I,pdp = 
—oo, contradicting part (a). O 


Recall the definition of a convex function (6.3.1). We extend the definition 
a little. 


4.12 Definition. If —co < a < b < +00, a function ¢: [a,b] — [—o0, 00) 
is convex if: 


(a) ¢ is continuous on |a, ); 
(b) d(x) € Rif x € (a,b); 
(c) d(ax+(1—a)y) < ad(x)+(1—a)¢(y) for z,y in (a,b) andO<a< 1. 


It is not hard to show that a twice differentiable ¢ function is convex if 
and only if ¢” > 0. In particular the exponential function is convex while 
the logarithm is not. 


4.13 Proposition. (Jensen’s Inequality) Jf (X,Q, 4) is a probability mea- 
sure space, f € Li(w), —oo<a< f(x) <b<ow ae. [yp], and¢: [a,b] > 
[—00, 00) is a convex function, then o(f f du) < [do fdp. 


Proof. It may be assumed that f is not constant. Thusa <I = f[ fdu <b. 
Put S = sup{[d(J) — d(t)|/[7 —t]: a <t< I}. By Exercise 4, S < co. So 
fora<t< TI, 


4.14 p(T) + S(t — 1) < dt). 


If I <t <b, then Exercise 4 implies that S < [O(t) — d(J)|/|t — I]; equiva- 
lently, (4.14) holds for I < t < 6 and hence for all ¢ in (a,b). In particular, 
letting ¢ = f(x) implies that 0 < ¢(f(z)) — eZ) — S(f(x) — I) ae. [yl]. 
Since yz is a probability measure, 0 < f do fdu—o1)-S Lf fdp— | = 
foofdu— I). 0 


The reader should be warned that in the literature there is more than 
one inequality that is called “Jensen’s Inequality.” 


4.15 Theorem. Jf u is a subharmonic function on G with —co <a< 
u(z) <b < 09 for all z in G and ¢: [a,b] — [—co, 00) is an increasing 
conver function, then dou is subharmonic. 

Proof. It is immediate that ¢ou is upper semicontinuous. On the other 


hand, if B(a;r) C G, then Proposition 4.13 and the fact that ¢ is increasing 
imply that 


o(u(a)) < i | “(¢ ou)(a+ re”) dé. 


— Qa 
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Hence ¢o u is subharmonic. O 


4.16 Example. If f : G — C is an analytic function, then |f|? is a 
subharmonic function on G for 0 < p < oo. From Example 4.3 we know 
that log |f| is subharmonic. If ¢(¢) = e?*, then ¢ is increasing and convex. 
By the preceding proposition, | f(z)|? = ¢(log |f(z)|) is subharmonic. 


4.17 Proposition. Let H be an open subset of the open set G and let 
ube a subharmonic function on G. If v is an usc function on G that is 
subharmonic on H and satisfies v > u on H andv =u onG \ H, then v 
is subharmonic on G. 


Proof. Ifb € 0HNG and B(b; p) C G, then i" v(b+ pe’) dé > i" u(b+ 
pe’) dO > 2m u(b) = 2r v(b). The details of the rest of the proof are left to 
the reader. O 


Recall that for a function u defined on the boundary of a disk B, & 
denotes the solution of the Dirichlet problem on B with boundary values u 
(§1). The next corollary is an extension of Corollary 10.3.7 to the present 
definition of a subharmonic function. 


4.18 Corollary. Let u be a subharmonic function on G and B(a;r) C G. 
Ifu:G— R is defined by letting v = u on G \ B(a;r) and v = & on 
B(a;r), then v is subharmonic. 


Proof. Let B = B(a;r). First note that Proposition 4.11 implies that u 
is integrable on OB and so w& is well defined on B. To apply the preceding 
proposition it must be shown that v is upper semicontinuous and v > u. 
To show that v > u, first use Theorem 3.6 to get a decreasing sequence of 
continuous functions {¢,} on OB that converges to u|OB pointwise. Thus 
én > u on B by the Maximum Principle. But ¢,(z) > u(z) for each z in 
B by the Monotone Convergence Theorem for integrals. Hence u > u on 
B. Also for z in cl B, v(z) = lim, ¢n(z). Since dp is continuous on cl B, v 
is usc on cl B (3.5). It follows that v is usc on G and thus is subharmonic. 
C] 


With the notation of the preceding corollary, the subharmonic function 
v is called the harmonic modification of u on B(a;r). 
In the next result we will use the fact that the mollifier {¢,} has the 


property that ¢.(z) = ¢e(|2\). 


4.19 Proposition. Let u be a subharmonic function on the open set G 
and for a mollifier {@.} let ue = ux d-. Then: 


(a) uz is a C™ function on C; 
(b) if K is a compact subset of G, then J, |u—u.e|dA — 0; 
(c) ue, is subharmonic on {z € G: d(z, OG) > ¢}; 
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(d) for each z in G, ue(z) | u(z) ase | 0. 
Proof. Parts (a) and (b) follow from Proposition 3.6. 


(c) IfzeG, = {w €G: d(w,0G) > ¢e}, then a change of variables in 
the definition of u, gives that 


4.20 uz(z) = [ue — ew) d(w) dA(w). 


So if B(a;r) C Ge, 
6 _ ff ula + re? — ew) d(w w 
/ u-(at+re”)d@6 = | [ (a+ ) b(w) dA(w) dé 
= [ow | u(a + re”? — ew) db dA(w) 
D 0 
> On [ $(w) u(a — ew) dA(w) 


= 27ru,(a). 


Therefore u, is subharmonic on G,. 

(d) Let € < 6; we will show that uz < us on Gs and u,(z) — u(z) for all 
z in G. So fix 6 and fix a point z in Gs. Using (4.20) and Proposition 4.9, 
we have that for r < ¢€ 


ue(z) = [ue — ew) d(w) dA(w) 


[ r b(r) { [" u(z — ere”) ao} dr 
/ relr) { / 2 — bre’) ao} dr 


= us(Z). 


IA 


To show convergence, again according to (4.9), i" u(z—ere’’) dd — 2n u(z) 
as € — Q. Thus using the just concluded display of equations and the 
Monotone Convergence Theorem, we get that as « > 0, ue(z) = f u(z — 


ew) d(w) dA(w) > f u(z) d(w) dA(w) = u(z). O 


4.21 Corollary. [fu is subharmonic on C, there 1s a decreasing sequence 
{un} of continuous subharmonic functions that converges pointwise to u. 


The next corollary can be interpreted as saying that a locally integrable 
function that is locally subharmonic almost everywhere is globally subhar- 
monic. 

4.22 Corollary. If u ¢ L1_(G) such that whenever B(a;r) C G there is a 
subharmonic function v on B(a;r) that is equal to u a.e. [Area], then there 
is a subharmonic function U on G such that u =U a.e. [Areal]. 
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Proof. Define u, as in the preceding proposition. Fix 6 > 0 and let K bea 
compact subset of {z € G: d(z,0G) > 26}; so K, = {z: d(z, K) < dé} isa 
compact subset of G. It follows from the hypothesis that there is a subhar- 
monic function v on int K, such that u = v a.e. [Area]. Hence u,(z) = v-(z) 
for all z in K and € < 6. This implies several things. First, u,-(z) decreases 
with ¢ and, by the preceding proposition, u,(z) — v(z) as e — 0. Also, 
since K was arbitrary, it follows that U(z) = lim, u,(z) exists for all z 
in G. Moreover, by what has just been proved, U is subharmonic. 

On the other hand, J, |ue —u| dA — 0 for every compact subset K of G. 
So for any compact set K there is a sequence {¢;} such that ¢; — 0 and 
Ue, (z)  u(z) a.e. [Area] on K. Thus u =U ae. [Area] on G. O 


Subharmonic functions have been found to be quite useful in a variety 
of roles in analysis. This will be seen in this book. The discussion of sub- 
harmonic functions will continue in the next section, where the logarithmic 
potential is introduced and used to give another characterization of these 
functions, amongst other things. The work Hayman and Kennedy [1976] 
gives a full account of these functions. 


Exercises 


1. Show that if u is a subharmonic function on G, B(a;r) C G, and p 
is a probability measure on [0,7] that is not the unit point mass at 


0, then u(a) < + Sion} 7 u(a + te”) dO dy(t). 


2. Show that for any complex number 20, the function u(z) = |z — zo| 
is subharmonic. 


3. Show that Definition 4.12 extends Definition 6.3.1. 


4. A function ¢ : [a,b] — [—o0, 00) is convex if and only if conditions 
(a) and (b) from Definition 4.12 hold as well as 


o(u) — O(2) < o(y) — Pu) 


Uu—x y—u 


4.23 


fora<xr<u<y<ob. 


5. A function ¢ : [a,b] — [—0o, 00) is convex if and only if conditions 
(a) and (b) from Definition 4.12 hold as well as the condition that 
{x+iy:a<ax< band ¢(z) > y} is a convex subset of C. 


6. Show that if u is subharmonic on C and wp is a positive measure with 
compact support, then wu * yz is subharmonic. 


7. Let G be an open set and let a € G. If u is a subharmonic function 
on G \ {a} that is bounded above on a punctured neighborhood of 
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a, show that u can be defined at the point a in such a way that the 
resulting function is subharmonic on G. 


8. If u is a subharmonic function on 2“. and 7 : G — YQ is an analytic 
function, then uot is subharmonic on G. (Hint: Use the Chain Rule 
to show that 00u > 0 as a distribution. ) 


9. Let G; and G2 be open sets with 0G; C G2 and put G = G; UGzo. If 
u; is a subharmonic function on G;, 7 = 1,2, and u; < ug on G1NGo, 
show that the function u defined on G by u = u, on Gy and u = u2 
on G2 \ G, is subharmonic. 


85 The Logarithmic Potential 


Recall from Lemma 13.2.10 that the logarithm is locally integrable on the 
plane. Thus it is possible to form the convolution of the logarithm and any 
compactly supported measure. 


5.1 Definition. For a compactly supported measure p on C, the logarith- 
mic potential of ps is the function 


L,(z) = [roe lz — w|~2 du(w). 


So for any compactly supported measure yp, the function L,, is defined 
at every point of the plane. The elementary properties of the logarithmic 
potential are in the next proposition, where it is shown, in particular, that 
L,, is a locally integrable function. Recall that f~ is the Cauchy transform 
of a compactly supported measure (18.5.1) 


5.2 Proposition. For a compactly supported measure 1, the following hold. 


(a) DL, is a locally integrable function. 
(b) L, ts harmonic on the complement of the support of wu. 
(c) Jf u is positive, L,, is a superharmonic function on C. 


(d) OL, = —271f and OL, = —2712 , the Cauchy transform of the 
conjugate of pL. 


Proof. Part (a) is a consequence of Proposition 18.3.2 and the fact that a 
measure is finite on compact sets. Part (b) follows by differentiating under 
the integral sign. Part (c) is a consequence of Exercise 4.6. Part (d) follows 
by an application of Proposition 18.4.7; the details are left to the reader. 
O 
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Let’s fix the measure yp and let K = support yp. Note that 
W _ 
Ly(2) + w(K) log 2| = flog t ~ 2I-*du(w) 


and hence L,,(z) + u(K) log |z| — 0 as z — oo. This proves part of the next 
theorem. 


5.3 Theorem. [f p: is a compactly supported measure, then 
AL, = —27 pu 


and L,,(z)+p(K) log |z| + 0 as z > 00. Moreover L,, is the unique solution 
of this equation in the sense that if h is a locally integrable function such 
that Ah = —2r pw and h(z) + p(K) log|z| — 0 as z > cw, thenh=L, a.e. 
[Area]. 


Proof. The fact that AL, = —27 p is just a combination of (5.2.d) and 
Theorem 18.5.4. It only remains to demonstrate uniqueness. So let h be a 
locally integrable function as in the statement of the theorem. Thus A(L,,— 
h) = 0as adistribution. By Weyl’s Lemma, L,, —h is equal a.e. to a function 
v that is harmonic on C. But we also have that v(z) — 0 as z > oo. Thus 
uv must be a bounded harmonic function on the plane and hence constant. 
Thus v= 0, orh=L,. O 


5.4 Corollary. If is a compactly supported measure, G is an open set, 
and L,,(z) = 0 a.e. [Area] on G, then |p|(G) = 0. 


Proof. If ¢€ D(G), then f @édu = —(27)~' fAddA=0. O 


5.5 Corollary. If u is a compactly supported measure and G is an open 
set such that L,, is harmonic on G, then |u|(G) = 0. 


Why define the logarithmic potential? From the preceding theorem we 
have that for a fixed w, A(log|z — w|) = —276,, where 6, is the unit 
point mass at w. Thus the logarithmic potential is the convolution of the 
measure 4 with this fundamental solution of the Laplacian and L,, solves 
the differential equation AT = —2z7 p. 

The reader may have noticed several analogies between the Cauchy trans- 
form and the logarithmic potential. Indeed Proposition 5.2 shows that there 
is a specific relation between the two. Recall that a function u is harmonic 
if and only if Ou is analytic. This will perhaps bring (5.2) a little more into 
focus. Also as we progress it will become apparent that the logarithmic 
potential plays a role in the study of approximation by harmonic functions 
like the role played by the Cauchy transform in rational approximation. 
For example, see Theorem 18.6.2. But for now we will concentrate on an 
application to the characterization of subharmonic functions. 
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5.6 Theorem. If u is a locally integrable function on the open set G, then 
the following statements are equivalent. 


(a) The function u is equal to a subharmonic function a.e. [Area] in G. 
(b) The Laplacian of u in the sense of distributions is positive. 


(c) There is a positive extended real-valued measure v on G such that if 
G, is a bounded open set with cl Gi C G and p = v|Gj, then there 
is a harmonic function h on Gy with 


ulG; =h— 27 L, a.e.[Areal]. 


Proof. (a) implies (b). Assume that u is a subharmonic function on G; it 
must be shown that, for every ¢ in D(G) such that 6 >0, [uAgddA > 0. 
So fix such a ¢ and let 0 < ro < 27'dist(supp¢,0G). Let K = {z: 
dist(z, supp ¢) < ro}. Let r be arbitrary with 0 < r < ro. So if z € K, then 


B(z;r) CG and 2ru(z) < i" u(z + re’) dO. Therefore 


x 


an f u(z) d(z)dA(z) < I o(z) [ u(z + re’) d0dA(z) 


| u(z) , o(z — re’’) d0dA(z). 
K 0 
Hence 
— re?) dO — 2x o(z z 
5.7 0< [ «| , o(z ) dO — 2x o( ] dA(z). 


Now look at the Taylor expansion of ¢@ about any point z in supp ¢ to 
get 


2a 
o(z — re’’) dO 


i “[62) + [Ga)(eHll-re-™] + (8) (e}re™ 


+5 [(688)(2)]|re#? + 5((74)(2)]re"*? 


0 


+5(0°d)(2)]fre“#? + W(2 — re')] do 
Qn b(z) + 2x r?[(00G)(z)] + Vi(z,r). 


Now the nature of the remainder term Wj (z,r) is such that there is a 
constant M with |W,(z,r)| < Mr® for all z in K. Substituting into (5.7) 
and dividing by r’, we get 


0 


IA 


[wo [5 A9(2) + rW,(z,7)] dA(z) 


Tv 


5 I u(z) Ad(z) dA(z) + I u(z) r~7W1(z,r) dA(z). 
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Since |W1(z,r)| < Mr? for all z in K, this second integral can be made as 
small as desired for a suitably small choice of r. So letting r — 0, we get 
that 


0< [uacaa. 


(b) implies (c). Since Au is a positive distribution on G, there is a positive 
regular Borel measure v on G such that Au = v (18.4.9). (It may be that v 
is unbounded.) That is, for every ¢ in D(G), fuAgdA = f ¢dv. Let Gy 
be any bounded open set with cl G; C G and put u; = u|G, and p = v |G. 
So 2 has compact support and L,, is well defined. Also, as distributions on 
G1, A(u; + 27 L,,) = 0. By Weyl’s Lemma, there is a harmonic function h 
on G, such that u; + 27 Ly, =h. That is, uy = h — 27 Ly. 

(c) implies (a). Since L, is superharmonic, (c) implies that, for every 
closed disk B contained in G, u equals a subharmonic function a.e. [Area] 
on the interior of B. Part (a) now follows by Corollary 4.22. O 


Part (c) of the preceding theorem is called the Riesz Decomposition 
Theorem for subharmonic functions. Another version of this will be seen 
in Theorem 21.4.10 below. 


5.8 Corollary. [fu € C*(G), then u is subharmonic if and only if Au > 0. 


The reader can now proceed, if desired, to the next section. A few es- 
sential properties of the logarithmic potential are appropriately obtained 
here, however. We will see these used in Chapter 21. The key to the proof 
of each of these results is the following lemma. 


5.9 Lemma. If ps is a positive measure with support contained in the com- 
pact set K anda € K such that L,(a) < oo, then for any € > 0 there is 
a6 > 0 with the property that for |z —a| < 6 and k any point in K with 
dist(z, K) = |z — k| we have 


Ly(z) <e+ Ly(k). 


Proof. Notice that the fact that L,,(a) < co implies that y does not have 
an atom at a. So if « > 0, there is a p > O such that for D = B(a;p), 
p(D) < €. Look at the two logarithmic potentials 


ui(z) = / log |w — z\"!du(w), ua(z) = [ _ oslo — 21 daw). 


So u2 is harmonic on int D (5.3). For each z in C let «(z) be any point 
in K such that |z — «(z)| = dist(z, K). (So «(z) is not a function.) Now if 
z— a, K(z) — a. Therefore 6 > 0 can be chosen so that 6 < p and for 
jz — a| < 6 we have |K(z) — a] < p and |ue(z) — ue(K(z))| < «©. 
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For all w in K, |w — K(z)| < |w — z| + |z — K(z)| < 2|w — z|. Hence 


ui(z) < I log aa ; dyi(w) 
= log 2u(D) + u1(K(z)) 
< elog2+ui(K(z)). 
Thus for |z — a| < 6, 
Lulz) = wuy1(z) + ue(z) 
< elog2+u(K(z)) + ua(a(z)) +e 
< e(1+log2) + L,(x(z)). 


O 


The next result is often referred to as the Maximum Principle for the 
logarithmic potential. 


5.10 Proposition. Jf p is a positive measure with support contained in 
the compact set K and if L,(z) < M for all z in K, then L,,(z) < M for 
all z in C. 


Proof. Without loss of generality we may assume that M < oo. By the 
Maximum Principle, L, < M in all the bounded components of the com- 
plement of kK. Let G be the unbounded component of C \ K. 

Fix € > 0. The preceding lemma implies that for any point a in K there 
is a 6 > O with the property that whenever |z — a| < 6 there is a point « in 
B(a;6) NK for which L,(z) << e+ Lp(k) <e+M. That is, Lb, <e+M 
on B(a;6). The collection of all such disks B(a;6) covers K. Extracting a 
finite subcover we get an open neighborhood U of K such that L, <e+M 
on U. But L,,(z) — —oo as z > oo. Therefore L,,(z) <¢+M in G by the 
Maximum Principle. Since € was arbitrary, this completes the proof. O 


Here are two important points about the last proposition. First, the 
upper bound M in this result may be infinite. For example, if K is the 
singleton {a}, then the only positive measures yz supported on K are of the 
form pp = G6, for some @ > 0. In this case L, = co on K. There are non- 
trivial examples of compact sets K for which each measure pz supported on 
K has sup,x Ly(z) = oo. See (21.8.17) below. The other point is that this 
result says nothing about the lower bound of the logarithmic potential. In 
fact, for a compactly supported measure yp, L,, is always bounded below on 
its support (Exercise 1) while, according to Theorem 5.3, L,,(z) — —oo as 
zZ— OOo. 

The next result is called the Continuity Principle for the logarithmic 
potential. 
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5.11 Proposition. I[f 1 is a positive measure with support contained in the 
compact set K,a € K such that L,,(a) < oo, and if L,,|K is continuous at a 
as a function from K into the extended real numbers, then L,, is continuous 
at a as a function defined on C. 


Proof. Fix ¢ > 0 and choose 69 > 0 such that if « € K and |a — k| < 6p, 
then |L,(«) — L,(a)| < ¢. Now apply Lemma 5.9 to get a & with 0 < 
6 < 69 such that whenever |z — a] < 6 there is a point « in B(a;6)N K 
for which L,(z) < e+ L,(«). But this implies L,(z) < ¢ + L,(a) +e. 
What this says is that limsup,_,, L,(z) < L,(a). But L, is lsc and so 
Lu(a) < liminf,_,, D,(z). 0 


Potential theory is a vast subject. If other kernel functions are used be- 
sides log |z — w|~!, other potentials are defined and the theory carries over 
to n-dimensional Euclidean space. Indeed, the logarithmic potential is pe- 
culiar and annoying in that it is not positive; a cause of pain and extra effort 
later in this book. Various properties and uses of these general potentials 
are found in the literature. In particular, most have properties analogous 
to those for the logarithmic potential found in the last two propositions. 
The reader interested in these matters can consult Brelot [1959], Carleson 
[1967], Choquet [1955], Frostman [1935], Hedberg [1972b], Helms [1975], 
Landkof [1972], and Wermer [1974]. 


Exercises 


1. For a positive compactly supported measure pz, show that L,(z) > 
—oo for all z in C, and for any compact set K there is a constant m 
such that m < L,,(z) for all z in K. 


2. If 4, 41, @2,-.. are measures whose supports are contained in the 
compact set K and pn, — pu weak* in M(K), show that L,(z) < 
lim inf, L,,,(z) for all z in C. 


3. Let G be an open set and K be a compact subset of G. Show that if u 
is a real-valued harmonic function on G \ K, then u = up + ui, where 
u, is harmonic on G, uo is harmonic on C\K, and there is a constant a 
such that uo(z)+a log |z| — 0 as z — oo. (Hint: Let ¢ € C2 such that 
0<¢< 1, suppd CG, and ¢=1 on Kg = {z: dist(z, K) < 6} CG. 
Define the function V : G — R by W = (1—¢)uon G\K and VW = Oon 
intKs. Let 4 be the measure (AV)yG@\x and put V = —(27)7' Ly. 
Show that V is a subharmonic function that is locally integrable, 
AV = up, and, if a = —(27)7'p(L), then V(z) + alog|z| — 0 as 
z — oo. Define the function up : C \ K — R by letting up = ud + V 
on G\K and up = V on the complement of supp ¢. Define u; :G — R 
by letting wu. = V—V on G\ K and u, = —V on intKg.) 
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4. Show that the functions up and u, in Exercise 3 are unique. 


5. In Exercise 3, show that if both G and u are bounded, then so is u,. 


§6 An Application: Approximation by Harmonic Functions 


In this section we will see that the logarithmic potential plays a role in 
approximation by harmonic functions similar to the role played by the 
Cauchy transform in approximation by rational functions (see §18.6). 


6.1 Definition. If K is a compact subset of C, let H(K) be the uniform 
closure in C(K) of the functions that are harmonic in a neighborhood of 
K. Hpr(K) denotes the real-valued functions in H(K). 


Note that H(K) is a Banach space but is not a Banach algebra. On the 
other hand, if a function belongs to H(K), then so do its real and imaginary 
parts. This will be helpful below, since a measure annihilates H(K’) if and 
only if its real and imaginary parts also annihilate H(K). This was not the 
case when we studied the algebra R(K). 


6.2 Theorem. Jf K is a compact subset of C, yz is a real-valued measure 
on K, and {a1,@2,...} is chosen so that each bounded component of the 
complement of K contains one element of this sequence, then the following 
are equivalent. 


(a) pL H(K). 
(b) Li(z) =0 for allz inC\ K. 
(c) wt R(K) and L,(a;) =0 for j = 1,2,... 


Proof. (a) implies (b). If z ¢ K, then w — log|z — w| is harmonic in a 
neighborhood of K. Thus (b). 

(b) tmplies (c). Since L, vanishes identically off K, 4 = —20L, =0 on 
C\ K. By Theorem 18.6.2, » 1 R(K). 

(c) implies (a). Since py is real-valued, Theorem 18.6.2 together with 
Proposition 5.2.d imply that OL, and OL, vanish on the complement of 
K. Thus L,, is constant on components of C\ K; the other condition in part 
(c) implies that L,, vanishes on all the bounded components of C\K. On the 
other hand, for |a| sufficiently large there is a branch of log(z — a) defined 
in a neighborhood of K so that this function belongs to R(A) by Runge’s 
Theorem. Thus L, also is identically 0 in the unbounded component of 
C\kK. a 


Note that the only place in the proof of the preceding theorem where 
the fact that yz is real-valued was used was in the proof that (c) implies 
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(a). Conditions (a) and (b) are equivalent for complex measures. In fact, if 
L, =0on C\K, then L, = 0 there, where v is either the real or imaginary 
part of p. 

The next theorem can be taken as the analogue of Runge’s Theorem. To 
set the notation, fix K and let EF be a subset of C \ K that meets each 
bounded component of C \ kK. Let Hp(K, EF) be the uniform closure of all 
the functions of the form Re f + >\/_, cx log|z — ax|, where f is analytic 
in a neighborhood of K, n > 1, the constants cy are real, and ax € FE for 
l<k<n. 


6.3 Theorem. [f K is a compact subset of C and E is a set that meets each 
bounded component of C\ K, then Hr(K, E) = H(K), where Hr(K, E) is 
defined as above. 


Proof. Clearly Hr(K,E) C H(K). It suffices to show that if pz is a real- 
valued measure supported on K and pw 1 ARr(K, F), then p | H(K). But 
since { Re f du = 0 for every function f analytic in a neighborhood of K 
and y is real-valued, » 1 R(K). Also L,(a) = 0 for all a in E. By the 
preceding theorem, p | H(K). O 


The proof of the next corollary is similar to the proof of Corollary 8.1.14. 


6.4 Corollary. If G is an open subset of C and E is a subset of C\G that 
meets every component of C\G, then every real-valued harmonic function u 
on G can be approximated uniformly on compact subsets of G by functions 
of the form 


nr 
Re f(z) + S— by log |z — axl, 
k=1 
where f is analytic on G, n> 1, and aj,...,an are points from E. 


We will return to the logarithmic potential when we take up the study 
of potential theory in the plane in Chapter 21. 


Exercises 


1. Let K be a compact subset of C. For uw in M(K) and ¢ a smooth 
function with compact support, let ug = du+m }(fOG4+ LO o)A — 
(27)-*L, Ag A. Prove the following. (a) Ly, = ¢Ly. (b) uw 1 H(K) 
if and only if wg 1 H(K) for all smooth functions ¢ with com- 
pact support. (c) H(kK) = C(K) if and only if for every closed disk 
D, H(DN K)=C(DnK). (Compare with Exercise 18.6.1.) 


2. If K is either a closed disk or a closed annulus, show that H(K) is 
the space of continuous functions on K that are harmonic on int K. 
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87 The Dirichlet Problem 


This topic was discussed in §10.4 and we will return to examine various 
aspects of the subject in the remainder of this book. We begin by recalling 
the following definition. 


7.1 Definition. A Dirichlet set is an open subset of C,, with the property 
that for each continuous function u : 0,G — C there is a continuous 
function h : cl ~G — C such that h is harmonic on G and h|O.G = u. 
The function h is called the classical solution of the Dirichlet problem with 
boundary values u. A connected Dirichlet set is called a Dirichlet region. 


The sets G in this definition are allowed to contain the point at infinity, 
so let’s be clear about what is meant by being harmonic (or subharmonic) 
at infinity. Suppose K is a compact subset of C and u: C\ K — Ris 
harmonic. Thus u(z~') is harmonic in a deleted neighborhood of 0. We 
say that u is harmonic at infinity if u(z—!) has a harmonic extension to a 
neighborhood of 0. According to Theorem 15.1.3, there is a real constant 
c and an analytic function h defined in this punctured neighborhood such 
that u(z—!) =c log|z| + Reh(z). Thus u(z) = —c log|z| + Reh(z7'). Sou 
is harmonic at oo precisely when this constant c is 0 and h has a removable 
singularity at 0. In most of the proofs we will assume that G is contained 
in the finite plane. Usually the most general case can be reduced to this 
one by an examination of the image of G under an appropriate Muibius 
transformation chosen so that this image is contained in C. 

Some of the results of §10.4 will be used here. It is shown there that if each 
component of 0,,G consists of more that one point, then G is a Dirichlet 
set. It is also shown there that the punctured disk is not a Dirichlet set. 

In this section we will not concentrate on the classical solution of the 
Dirichlet problem. This topic will be encountered in 810 below, when we 
discuss regular points. Even though there are open subsets of C that are 
not Dirichlet sets, each function on 0,,G gives rise to a “candidate” for the 
solution of the Dirichlet problem as we saw in Theorem 10.3.11. We recall 
this result in a somewhat different form to accommodate our new definition 
of a subharmonic function and to extend the functions that are admissible 
as boundary values. Let Rj = RU {+00} with the obvious topology; that 
is, Roo is the “two point” compactification of R. An extended real-valued 
function is one that takes its values in R.. 


7.2 Definition. If u is any extended real-valued function defined on 0G, 
let 


P(u, G) = {¢:¢ is subharmonic on G, ¢ is bounded above, and 


lim sup ¢(z) < u(a) for every a in 2.6} ; 
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P(u,G) = {w:w is superharmonic on G, wy is bounded below, 


and lim inf ~(z) > u(a@) for every a on Bo0G} , 


These collections of functions are sometimes called the lower and upper 
Perron families, respectively, associated with u and G. It is somewhat useful 
to observe that —P(—u, G) = P(u,G). Also define functions & and & on G 
by 


tu(z) sup{@(z): ¢€ P(u, G)}, 
u(z) inf{y(z) : » € P(u, G)}. 


These functions are called the lower and upper Perron functions, respec- 
tively, associated with u and G. They will also be denoted by tg and tig 
if the dependence on G needs to be emphasized, which will be necessary at 
certain times. 

Note that P(u,G) contains the identically —oo function, so that it is a 
non-empty family of functions. Thus & is well defined, though it may be 
the identically —oo function. Of course if u is a bounded function, then 
P(u,G) contains some finite constant functions and so @% is a bounded 
function. Similar comments apply to P(u,G) and wu. Usually results will 
be stated for the lower Perron family or function associated with u and G; 
the corresponding statements and proofs for the upper family and function 
will be left to the reader. The proof of the next proposition is left to the 
reader. (See Corollary 4.18.) 


7.3 Proposition. If and $2 € P(u, G), then so is ¢1V¢o. If 6 € P(u,G) 
and B(a;r) © G, then the harmonic modification of @ on B(a;r) also 
belongs to P(u,G). 


7.4 Lemma. Assume that P is a family of subharmonic functions on G 

with the properties: 

(i) if dy and ¢2 € P, then so is ¢1 V 2; 

(ii) if @ € P and Bla;r) C G, then the harmonic modification of ¢ on 
B(a;r) also belongs to P. 


If h(z) = sup{¢(z) : 6 € P}, then on each component of G either h = oo 
or h is harmonic. 


Proof. The proof of this lemma is like the proof of Theorem 10.3.11, but 
where Corollary 4.18 is used rather than Corollary 10.3.7. The details are 
left to the reader. O 


7.5 Proposition. 


(a) Ifu is any function, & and % are harmonic functions on any compo- 
nent of G on which they are not identically +oo. 
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(b) Ifc is a non-negative real number, then cu = ct and cu = cu. 

(c) Ifc is a non-positive real number, then cu = ct. and cu = ci. 

(d) If v is a finite-valued function On OooG such that 6 and & are finite 
on G, thenti+0< (ut+v) < (ut+v) <4. 


(e) If wu is a bounded function, —||ullo <U<%< |lUllo. 


Proof. Part (a) is immediate from Proposition 7.3 and the preceding 
lemma. The proofs of parts (b) and (c) are routine. The proof of (d) is 
a combination of basic mathematics and an application of the Maximum 
Principle, which implies that if d € P(u, G) and w € P(u,G), then ¢ < vy. 
The proof of (e) follows by observing that certain constant functions belong 
to the appropriate families of subharmonic and superharmonic functions. 
O 


If u € Cr(O..G) and there is a classical solution h of the Dirichlet prob- 
lem with boundary values u, then &@ = &% = h (Exercise 1). So in order to 
solve the Dirichlet problem, it must be that i = %. Suppose that this does 
indeed happen and @ = wu. Define h: cl,G — R by letting h = u = w on 
G and h = u on 0,.G. There are two difficulties here. First, how do we 
know that h is continuous on cl,,G? Indeed, it will not always be so since 
we cannot always solve the Dirichlet problem. Second, how can we decide 
whether &@ = «? The first question was discussed in §10.4 and will receive 
a more complete discussion as we progress. The second question has an 
affirmative answer in most situations and will be addressed shortly. But 
first we show that it is only necessary to consider connected open sets. As 
is customary, results will be stated and proved for lower Perron functions, 
while the analogous results for the upper Perron functions will be left to 
the reader to state and verify. 


7.6 Proposition. [f G is any open set, H is the union of some collection 
of components of G, u: AxoG — |—0o0, oo], and v = ulO..H, then ig = by 
on HI. 


Proof. It is easy to see that if ¢ € P(u,G), then ¢|H € P(v,H); thus 
tig < ty on H. Now suppose ¢@ € Plu, G) and ¢o € Ply, #7) and define ¢, 
on G by $1(z) = ¢(z) V ¢o(z) for z in H and ¢;(z) = $(z) otherwise. The 
reader can check that ¢, € P(u,G) and, of course, ¢o(z) < ¢1(z) for z in 
H. Thus ty(z) < te(z) for all z in H. O 


The previous proposition is generalized in Proposition 21.1.13 below. 


7.7 Corollary. If G is any open set and u : 0..G — [—00, ov], then t = & if 
and only if for each component H of G, 04 = ty on H, where v = ulOH. 


7.8 Proposition. Let G be an arbitrary open set and assume wu is an 
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arbitrary extended real-valued function on OG. 


(a) There is a sequence {bn} in P(u,G) such that for every z in G, 
{gn(z)} is increasing and on(z) — G(z). If a is a real constant such 
that u(z) > a for all z in 0..G, the sequence {¢,} can be chosen such 
that dy, > a for all n. 


(b) There is an increasing sequence {un} of upper semicontinuous func- 
tions on Ox.G such that each uy, is bounded above, un < u, and 
tn(z) — ti(z) for all z in G. Ifa is a real constant such that u(z) > a 
for all z in 0..G, the sequence {un} can be chosen such that un > a 
for all n. 


Proof. (a) This will only be proved under the additional assumption that 
G is connected. The proof of the general case is left to the reader. If P(u, G) 
only contains the constantly —oo function, % = —oo and we can put ¢, = 
—oo for all n. Assume that @ is not identically —oo. Fix a point a in G 
and let {¢,} be a sequence in P(u,G) such that ¢,(a) > &(a); it can be 
assumed that ¢; is not identically —oo. Replacing ¢, by $1 V... V dn, 
we may assume that for each z in G,{¢,(z)} is an increasing sequence. 
Now write G as the union of regions {G,,} such that for every n > 1, a € 
Gn, cl Gn © Gnii, and OG, is a Jordan system. Let ¢, be the function on 
G that agrees with ¢, on G\ G, and on G,, is the solution of the Dirichlet 
problem with boundary values ¢,,. It follows from the Maximum Principle 
that {on} is also an increasing sequence, each ¢, € P(u, G), and dn < dn. 
Thus ¢,,(a) > G(a). - 

Let h(z) = lim, ¢,(z) = sup, ¢n(z). So h < % and by Harnack’s Theo- 
rem either h = o0 or h is harmonic. If h = ov, then so is & and we are done. 
Otherwise, h < & and h(a) = w(a) and so, by the Maximum Principle, 
h= %. 

If u > a, then replace each ¢, by on V a. 

(b) First assume that u is bounded above. Let {¢,,} be as in part (a) and 
define un(¢) = limsup,_,¢¢n(z) for all ¢ in 0..G. According to Exercise 
3.8, Un iS upper semicontinuous and clearly u, < u; since ¢, is bounded 
above, so is u,. Also dn € P(f,G) and so ¢n < tin < &. Thus t,(z) — Gi(z) 
for all z in G. 

If w is not bounded above, consider u A m, obtain a sequence {u?”} of 
usc functions as in the preceding paragraph, and put u, = ur. O 


To facilitate the discussion we make the following definition. 


7.9 Definition. Say that a function u : 0.G — Ro is solvable if a = & 
and this function is finite-valued on G. If u is a solvable function, then « 
will be called the solution of the Dirichlet problem with boundary values w. 
If G is an open set such that every continuous function on O0..G is solvable, 
say that G is a solvable set. 
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Because @ and t are harmonic functions and t% < % on G, in order for u 
to be solvable it suffices, by the Maximum Principle, that the functions are 
equal and finite at one point of each component of G. In Theorem 21.1.12 
below the solvable functions will be characterized for solvable open sets G. 
Solvable sets will be dealt with at length as we progress through this chapter 
and given another characterization in §10. From Chapter 10 we know that 
all regions whose boundary has no trivial components is a solvable set. It 
is also the case that C is solvable; a somewhat unfortunate turn of events 
as most results on solvable sets will have to omit this particular one. 

The tiresome aspect of considering open sets G that are not connected is 
that a function u on 0..G can be solvable on some components while not 
being solvable on others. However in light of Corollary 7.7 we have that the 
function u is solvable on G if and only if it is solvable for each component 
of G. 


7.10 Proposition. If S(G) is the collection of all finite-valued solvable 
functions on G, then S(G) is a real linear space. If u and v € S(G) and 
a, ER, then ou + Bu = atit+ Pd. If S°(G) is the collection of all bounded 
solvable functions on O.G, and S*(G) is endowed with the supremum 
norm, then S*°(G) is a real Banach space. If {un} is a sequence in S*(G) 
and Un — u in the supremum norm, then t, — t uniformly on G. 


Proof. The fact that S = S(G) is a real linear space is a consequence 
of (b), (c), and (d) of Proposition 7.5. If Proposition 7.5 is massaged in 
the appropriate manner, it will produce the fact that, if u and v € S and 
a,? eR, then au+ Sv = ati+ Bd. The massaging is left to the reader. 
To show that S® = S™(G) is complete, let {u,} be a sequence of 
functions in S® and assume u : OG — R is a bounded function such 
that ||u, — ullag — 0. Using parts (d) and (e) of Proposition 7.5, we 


have that @ = (u—tytun) < (u—Un) + tin < |lu — up|] + tp; also 
j= U—Un tun > U—tn ttn > —||u — Un|| + Gn. Since in = tn, 
0<t-—%& < 2||u —u,||. Hence u € S™. 

Using (7.5.e) we have that |i(z) — a,(z)| = Ju— un(z)| < ||u — unlloo. 


Thus @,, — t uniformly on G. O 


We will retain this notation. For any open set G, S® = S™(G) will 
denote the bounded solvable functions defined on 0,,G furnished with the 
supremum norm and S = S(G) will denote the collection of all solvable 
functions. 


7.11 Proposition. Assume G is connected. If for each n > 1, un € S(G) 
with un > 0 and if u =>, Un, then either: 


(a) wu € S(G) and & = Do tin, where the convergence of this series is 
uniform on compact subsets of G; or 
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(b) &@ = &% = o and Do, tn(z) converges to co uniformly on compact 
subsets of G. 


Proof. Let Un = > p—1 Uk} SO Un € S(G) and it, = d°7_, tie. Since uz < 
U, Un <t. Thus 0), tn < &. Similarly, )) tin < @. 

Note that since un, > 0, Proposition 7.8 implies we may restrict our 
attention to the positive functions in P(un, G). Fix a point zo in G and 
an € > Q. For each n > 1, let wy, € P(un, G) such that w=, is positive and 
Wn(Zo) < tin(Zo) + €/2”. According to Proposition 4.6.c, = D>, wn is 
superharmonic. If a € 0,.G, then 


lim inf p(z) > S> lim inf Yn (z) 2 S¢ un(a) = u(a). 
n=1 


n=1 


Thus = € P(u, G). Hence t(z0) < H(z) < >, tin(20) + €. Since zo and € 
were arbitrary, this implies that % < >/., tin. Since the reverse inequality 
was already established, this implies that })) tn < & < &@ = DOL tn = 
yn Un. Thus & = &. 

If u is solvable, then because the harmonic functions in the sum i(z) = 
yon Un(zZ) are all positive, the convergence is uniform on compact sets. Part 
(b) also follows by Harnack’s Theorem. O 


7.12 Corollary. Assume G is connected. If {u,} is an increasing sequence 
of solvable functions on OG and u(C) = limn un(C), then either u is solv- 
able and tin(z) — t(z) uniformly on compact subsets of G or t = 1 = oo 
and tin(z) — co uniformly on compact subsets of G. 


This allows us to prove a useful fact about solvable open sets as defined 
in (7.9). 


7.13 Corollary. If G is a solvable set, then every bounded real-valued Borel 
function on OG is solvable. 


Proof. The hypothesis implies that S® is a collection of bounded func- 
tions on 0,..G that contains the continuous functions and, according to 
Corollary 7.12, contains the bounded pointwise limit of any increasing or 
decreasing sequence in S®. This implies that S°° contains the bounded 
Borel functions. (A result from measure theory says that if we take the 
increasing limits of continuous functions, then take the decreasing limits of 
the resulting functions, and continue to repeat this transfinitely up to the 
first uncountable ordinal, the resulting class of functions is precisely the 
Borel functions.) O 


Now to get a rich supply of examples of solvable sets. The next lemma 
extends Exercise 1. 
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7.14 Lemma. If ¢ is a real-valued function that is continuous on claoG 
and subharmonic on G, then $|0..G is solvable. 


Proof. Let u = ¢|0..G and ¢, = ¢|G; it follows that ¢, € P(u,G) and 
hence that ¢; < &@ on G. Thus lim inf,_,, a(z) > liminf,_,, ¢1(z) = ¢(a) = 
u(a). That is, @ € P(u,G). Therefore i < a. But we always have that 
ti < t% by (7.5.e). Thus wu is solvable. O 


The next theorem is due to Wiener. 


7.15 Theorem. If G is a bounded open set, then G is solvable. 


Proof. Let u be a real-valued continuous function on 0G and let {p,(z, Z)} 
be a sequence of polynomials in z and Z that converges to wu uniformly 
on OG. (The boundedness of G is being used here.) Let c, be a positive 
constant that is sufficiently large that A(pp + cn|z|?) > 0 on cl G (again 
the boundedness of G). By Corollary 5.8, pp + Cn|z|? is subharmonic on 
G. The preceding lemma implies that py + c,|z|? is solvable. Thus both 
Pn + Cn|z|? and c,|z|? are solvable. Therefore p, is solvable by Proposition 
7.10. This same proposition implies that u, the limit of {p,}, is solvable. 
O 


With a little work this collection of solvable sets can be enlarged. This 
requires a preliminary result that has independent interest. 


7.16 Proposition. If G is a solvable set and 7 : cl,G — cl is a 
homeomorphism such that r is analytic on G, then Q is a solvable set. 


Proof. It is not difficult to see that with the assumptions on 7, for any 
function v : 0.2 > R and u= vor, P(u,G) = {¢07: GE Plv,Q)} and 
P(u,G) = {wor: we P(v,Q)}. The rest readily follows from this. O 


7.17 Theorem. If G is not dense in C or if G is a Dirichlet set, then G 
is a solvable set. 


Proof. Suppose G is not dense. So there is a disk B(a;r) that is dis- 
joint from the closure of G. But then the image of G under the Mobius 
transformation (z —a)~+ is contained in B(a;r). By Theorem 7.15 and the 
preceding proposition, G is a solvable set. 

If G is a Dirichlet set, then for every continuous function u on 0,,G there 
is a classical solution h of the Dirichlet problem. According to Lemma 7.14 
(or Exercise 1) this implies that u is solvable. O 


7.18 Corollary. If G is not connected, then G is solvable. 


Proof. According to Corollary 7.7, G is solvable if and only if each com- 
ponent of G is solvable. But if G is not connected, then no component of 
G is dense and hence each component is a solvable set. O 
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An examination of the preceding theorem and its corollary leads one to 
believe that an open subset of a solvable set is also solvable. This is the case 
and will follow after we characterize solvable sets in Theorem 10.7 below. 

This last result leaves the candidates for non-solvable sets to those of 
the form G = C \ F, where F is a closed set without interior in C. If no 
component of F' is a singleton, then G is a Dirichlet set (10.4.17) and so G 
is solvable. So a typical example would be to take G = C,, \ K, where K 
is a Cantor set. Note that such open sets are necessarily connected. 

It is not difficult to get an example of a non-solvable set. In fact the 
punctured plane is such an example. To see this we first prove a lemma 
that will be used in a later section as well. 


7.19 Lemma. If ¢ is a subharmonic function on the punctured plane, Co, 
such that ¢ < 0 and limsup,_,, 6(z) < a for some a, then d < a. 


Proof. Let ¢ > 0; by hypothesis, there is a 6 > 0 such that ¢(z) <a+e 
for |z| < 6. Take b to be any point in Co and let r be an arbitrary number 
with r > |b|. If h,(z) = [log(6/r)]~![a + €] log |z/r|, then h, is harmonic in 
a neighborhood of the closure of the annulus A = ann(0;6,r). For |z| = 6, 
it is easy to see that h,(z) > $(z). For |z| = r,h,(z) =0 > ¢(z). Thus the 
Maximum Principle implies that h, > ¢oncl A; in particular, 6(b) < h,(0). 
Since r was arbitrary, ¢(b) < lim,_,.. h,(b) = a +e. Since € was arbitrary, 
o(b) <a. O 


7.20 Example. The punctured plane Cp is not a solvable set. Define 
u(0) = 0 and u(co) = 1. If ¢ € P(u,Co), then limsup, _,, ¢(z) < 0 and 
lim sup,_,,. ¢(z) < 1. Applying the preceding lemma to the subharmonic 
function ¢@ — 1, we have that ¢ — 1 < —1 so that ¢ < 0; thus @ < 0. If 
w € P(u,Co) and the preceding lemma is applied to —(1/z), we deduce 
that ~ > 1; thus > 1. Therefore Co is not solvable. 


Exercises 


1. Suppose hf is a continuous function on cl,.G that is harmonic on G 
and put u = h|O..G. Show that &@ =i =h. 


2. In Proposition 7.8 show that the sequence {¢,,} converges to @ uni- 
formly on compact subsets of G. 


3. If a is a real constant, ¢ € P(u, G) such that ¢(z) > a for all z in G, 
and zp) € O.G with u(zo) = a, then ¢(z) — a as z > 2, zinG. 


4. Show that if u and v are solvable functions, then so are max(u, v) 
and min(u, v). 


5. Show that if F = {a,}, where a, — oo, then G = C\ F is nota 
solvable set. 
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6. Show that C is a solvable set. 


88 Harmonic Majorants 


This short section presents a result that will be useful to us in this chapter 
as well as when we begin the study of Hardy spaces on arbitrary regions in 
the plane. 


8.1 Theorem. Let G be an arbitrary open set in the plane. If u is a subhar- 
monic function on G that is not identically —oo on any of its components, 
and if there is a harmonic function g on G such that g > u on G, then 
there is a unique harmonic function h on G such that: 


(a) h>u onG; 
(b) if f is any harmonic function on G such that f > u, then f > h. 


Proof. Clearly it suffices to assume that G is connected. Let {[,} be a 
sequence of smooth positively oriented Jordan systems in G such that if 
G, = ins Ty, then cl Gn C Gnii and G = UnG,. Let hy, be the solution 
of the Dirichlet Problem on G, with boundary values u. Note that if yw € 
P(u, Gn), then u < w on G,; hence u < hy, on Gy. For any n, hy4+, is 
continuous on cl G, and dominates u there. Thus hj41 > hyn on Gr. If 
n is fixed, this implies that hn < hnii < hnyo < ... on Gy. This same 
type argument also shows that on Gy,hniz < g for all k > 0, where g is 
the harmonic function hypothesized in the statement of the theorem. Thus 
Harnack’s Theorem, and a little thought, shows that h(z) = lim, hy(z) 
defines a harmonic function on G such that h < g. Also since hniz, > u on 
Gn, h>uonG. 

Now suppose f is as in condition (b). The Maximum Principle shows 
that for eachn >1, f >h, on G,. Thus f > h. 

The uniqueness of the function h is a direct consequence of part (b). O 


8.2 Definition. If G is an open set and wu is a subharmonic function on 
G that is not identically —oo on any of its components and if there is 
a harmonic function h on G that satisfies conditions (a) and (b) of the 
preceding theorem, then h is called the least harmonic majorant of u. In a 
similar way, the greatest harmonic minorant of a superharmonic function 
is defined. 


So Theorem 8.1 can be rephrased as saying that a subharmonic function 
that has a harmonic majorant has a least harmonic majorant. Particular 
information about the form of the least harmonic majorant of a subhar- 
monic function can be gleaned from the proof of Theorem 8.1 and is usefully 
recorded. 
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8.3 Corollary. With the notation of the preceding theorem, if G is con- 
nected and {Gy} is any sequence of Dirichlet regions such that clG, C 
Gn41 and G = UG), and if hy is the solution of the Dirichlet Problem on 
Gp, with boundary values ulG,, then h(z) = lim, hn(z) is the least har- 
monic majorant of u. 


Exercises 


1. If G is a bounded Dirichlet region and u : cl G — [—co, 00) is an 
upper semicontinuous function that is subharmonic on G and not 
identically —oo, then u has a least harmonic majorant. 


2. Fix an open set G in C and let H,(G) denote the real-valued bounded 
harmonic functions on G. For u and v in H,(G), let u V v be the 
least harmonic majorant of max{u,v} and let uA v be the greatest 
harmonic minorant of min{u, v}. Show that, with these definitions of 
join and meet, H,(G) is a Banach lattice. 


$9 The Green Function 


We extend the definition of a Green function that was given in 810.5. 


9.1 Definition. For an open subset G of C,, a Green function is a function 
g:Gx G — (—00, co] having the following properties: 


(a) for each a in G the function gg(z) = g(z,a) is positive and harmonic 


on G \ {a}; 


(b) for each a # o0 in G, z — g(z,a) + log|z — a| is harmonic in a 
neighborhood of a; if oo € G, z > g(z, co) — log |z| is harmonic in a 
neighborhood of 00; 


(c) g is the smallest function from G x G into (—oo, co] that satisfies 
properties (a) and (b). 


Several observations and notes are needed before we proceed. If in part 
(b) oo ¢ G, then the function g(z, a) + log|z — a| is harmonic throughout 
G; the restriction to a neighborhood of a is only needed when G contains 
the point at infinity. Also the reason for the statement that if oo € G, 
z — g(z,co) — log|z| is harmonic in a neighborhood of oo rather than 
throughout G is due to the possibility that 0 € G. After all if 0 € G, then 
g(z, co) is harmonic near 0 and log [z| is not. See Exercise 1. 

Why the minus sign in g(z,0o) — log|z|? Don’t forget that to say that 
g(z, 00) — log |z| is harmonic near oo is to say that g(z~+, 00) — log |z~*| = 
g(z—+, 00) + log |z| is harmonic near 0. 
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The next point to be made is that this definition extends Definition 
10.5.1. So let G be a region in C (we need not consider the case that 
oo ¢ G) and let g(z,a) = ga(z) be as in Definition 10.5.1. Note that 
Ga(z) — oo as z — a while g,(z) — O as z approaches any point on 
the extended boundary of G. Thus g is a positive harmonic function on 
G \ {a}. Clearly condition (b) above is also satisfied. It remains to show 
that g is the smallest such function. So let f : G x G — (—oo, co] be a 
function having properties (a) and (b) in Definition 9.1. If fa(z) = f(z, a), 
then fa(z) — ga(z) = (fa(z) + log |z — al] — [ga(z) + log |z — a|| is harmonic 
on G. Since f, is positive and for any w in 0..G, ga(z) ~ 0 as z > wu, 
lim inf,_.[fa(z) — ga(z)] > 0. Therefore the Maximum Principle implies 
that fa(z) > ga(z) for all z in G. 

The essence of the generality that the above definition has over Defini- 
tion 10.5.1 lies in its applicability to arbitrary open sets, not just Dirichlet 
regions. The fact that G is not assumed to be connected does not truly rep- 
resent a gain in generality. The Green function for an open set is obtained 
by piecing together Green functions for each of the components of G. In 
most of the proofs only regions will be considered as this obviates the need 
for certain awkward phrasings. 


9.2 Proposition. Let G be a region in the extended plane. 


(a) If there is a Green function for G, then it is unique. In fact if a is 
a fized point in G and f is a positive harmonic function on G \ {a} 
such that f(z) + log|z — a] is harmonic near a and f is the smallest 
such function, then f(z) = g(z,a) for all z inG. 


(b) If g is the Green function for G anda € G, then ga(z) = g(z, a) for 
z#a and g,(a) = o defines a superharmonic function on G. 


(c) If Q is another region in Cy, T:2— G is a conformal equivalence, 
and g is the Green function for G, then h(¢, a) = g(7(C), T(a@)) ts the 
Green function for Q. 


(d) IfG is a simply connected region in the extended plane and for each a 
in G, T,:G— D is the Riemann map with Ta(a) = 0 and 7/,(0) > 0, 
then g(z,a) = —log|ta(z)| is the Green function for G. 


(e) The greatest harmonic minorant of the superharmonic function ga 
defined in (b) is the zero function. 


Proof. The point here is that to get uniqueness it is only necessary to 
verify that the properties hold for one fixed choice of the singularity a. 
If f is as described, then, as in the argument that Definition 9.1 extends 
Definition 10.5.1, we have that f > g, on G. Since f is the smallest such 
function, f = ga. 

Part (b) is an easy exercise. To prove part (c) it suffices to assume that 
neither G nor (2 contains oo. If h is as in (c), then clearly h is positive 
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and for each a in 2, ¢ — h(¢,a) is harmonic on 2 \ {a}. If r(a) = 
a, h(C,a) + log|¢ — a| is the composition of g, + log|z — a| with 7 and 
therefore must be harmonic on 22. It remains to verify condition (c) of the 
definition. But if f is another function on 2 x (2 satisfying conditions (a) 
and (b), fo (77! x 77!) is such a function on G x G. The fact that g is 
the smallest such function on G x G implies that h is the smallest such 
function on 2 x (2. 

We note that — log[|z — a|/|1 — @z\] is the Green function for D. If we 
fix a point a in G, then for any point b in G, 7(z) = c[ta(z) — Ta(b)]/[1 - 
Ta(b)Ta(z)| for some constant c (dependent on b) with |c| = 1. With these 
observations, part (d) follows from part (c). 

To prove (e) first note that 0 is a harmonic minorant of g,. Let hg be 
the greatest harmonic minorant of gg; so 0 < ha < gg. Thus gg — hg is 
a positive superharmonic function on G that is harmonic on G \ {a} and 
such that (g, — ha) + log|z — a| is harmonic on G. From the definition of 
the Green function we have that gg — he > ga, so that hg < 0. O 


Part (d) of the preceding proposition can be used to compute the Green 
function for a simply connected region provided we know the conformal 
equivalence. See Exercise 2. 

Of course the Green function may not exist for a specific region G. This 
question of existence is crucial and is, as we shall see, intricately connected 
to other questions about harmonic functions. Note that if there is a Green 
function g for G, then there are non-constant negative subharmonic func- 
tions on G; viz, —gq for each a in G. This leads us to the following classi- 
fication of regions. 


9.3 Definition. An open set G in C,, is hyperbolic if there is a subharmonic 
function on G that is bounded above and not constant on any component 
of G. Otherwise G is called parabolic. 


The comments preceding the definition show that if G has a Green func- 
tion, then G is hyperbolic. By subtracting a constant function, we see that 
to say that G is hyperbolic is equivalent to the statement that there is 
a negative subharmonic function on G that is not constant on any com- 
ponent of G. Every bounded region is hyperbolic since Rez is a bounded 
subharmonic function. Since any region that is conformally equivalent to 
a hyperbolic region is clearly hyperbolic, this says that any region that is 
not dense in the extended plane is hyperbolic. Thus the only candidates for 
a parabolic region are those of the form C,. \ F’, where F is some closed 
subset of C.. 


9.4 Proposition. If G is an open set that is not connected, then G 1s 
hyperbolic. An open subset of a hyperbolic set 1s hyperbolic. 


Proof. If G is not connected, then no component of G is dense. Hence on 


19.9. The Green Function 249 


each component we can find a non-constant negative subharmonic function. 
The proof of the second statement is trivial. O 


9.5 Proposition. 


(a) If G is a solvable region and OG is not a singleton, then G is hyper- 


bolic. 
(b) If G is parabolic, then K = Cx \G is totally disconnected and K = 
OK=K. 


(c) C is a parabolic region. 


Proof. (a) Assume that oo ¢ G. Since G is not the whole plane, 0..G 
has at least 2 points (7.20). Let u: 0..G — [0,1] be a continuous function 
that assumes both the values 0 and 1. If ¢ € P(u,G), then ?—1 is a 
negative subharmonic function. If G were parabolic, then it would follow 
that each function in P(u, G) is a constant and that & = 0. Similarly, if G 
were parabolic, it would follow that i = 1 and so G is not solvable. 

(b) Assume that oo ¢ G. If K 4 0K, then G is not dense and therefore 
solvable; by (a) G cannot be parabolic. Similarly, if kK + K, G is not 
connected and is thus hyperbolic (9.4). If K is not totally disconnected, it 
contains a component X that has infinitely many points. Put H = C,,\X. 
Let + : H — D be the Riemann map with 7(0o) = 0 and put ¢ = log |r|. So 
@ is a subharmonic function on H with ¢ < 0 and H must be hyperbolic. 
Therefore G is hyperbolic, a contradiction. 

(c) Let ¢ be a negative finite-valued subharmonic function on C and fix 
two points a and b. Since limsup,_,, ¢(z) < ¢(a), Lemma 7.19 implies that 
g(a) > (z) for all z in C; in particular, (a) > o(b). Reversing the roles 
of a and b, we get that ¢(a) = ¢(b). Therefore ¢ is constant. O 


In Theorem 10.7 in the next section it will be shown that a hyperbolic 
region is solvable, thus establishing the converse to part (a) of the preced- 
ing proposition. But now we concentrate on the connection of hyperbolic 
regions to the existence of the Green function. 


9.6 Proposition. Let G be a region in C, and let y be a Jordan curve 
in G such that H = insy C G. Let u denote the characteristic function 
of y defined on O0..(G \clH) with & the corresponding Perron function on 
G\clH. 


(a) ta(z) <1 for all z inG\clH if and only if G is hyperbolic. 
(b) az) =1 on G\clF if and only if G is parabolic. 


Proof. By the Maximum Principle u(z) < 1 onQ =G\cl H. Also 2 is 
connected (why?) and so if @(z) = 1 for any point in Q, it is identically 
1. Thus the statements (a) and (b) are equivalent. So assume that G is 
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hyperbolic and let us show that u(z) < 1 on 2. Let @ be a negative sub- 
harmonic function on G that is not constant. Without loss of generality we 
may assume that sup{d(z) : z € G} = 0. Put M = max{¢(z) : z € y}; so 
M <0. By the Maximum Principle M < 0. By normalization, it may be 
assumed that M = —1. 

By Theorems 10.4.3 and 10.4.9, i(z) — 1 as z approaches any point on 
+. Since u is positive and ¢(z) < —1 on y, —¢ € P(u,Q); thus & < —¢ 
on 2. Since supg ¢(z) = 0, there is a point a in G with ¢(a) > —1. But 
o(z) < —1 for all z in cl H (why?) and so a € 2. Thus t(a) < 1 and so 
a(z) <1 for all z in 2. 

Now assume that ti(z) < 1 for all z in 2 and define ¢: G — R by letting 
o(z) = —t(z) for z in Q and ¢(z) = —1 for z in cl H. It is left to the 
reader to verify that ¢ is subharmonic on G. Clearly it is negative and, by 
assumption, it is not constant. O 


Let us underscore the fact used in the preceding proof that the function 
a has a continuous extension to y where it is constantly 1. 


9.7 Theorem. The region G in C,, has a Green function if and only if G 
is hyperbolic. 


Proof. We have already observed that a necessary condition for G to have 
a Green function is that G be hyperbolic; so assume that G is hyperbolic. 
Fix a in G, a 4 ov; we will produce the Green function with singularity at 
a. (The case where a = oo is left to the reader.) 

Define u on 0,,.[G \ {a}] = 0.G U {a} by u(a) = 00 and u(¢) = 0 for ¢ 
in 0..G. Let g be the upper Perron function % on G \ {a} corresponding to 
the boundary function u. Clearly g is a non-negative harmonic function on 
G \ {a}. To see that g satisfies condition (b) of Definition 9.1 takes a bit of 
cleverness. 

Choose r > 0 such that B = B(a;r) C G and let R > r such that 
B(a; R) C G. Observe that G'\ B is a solvable set, let x be the characteristic 
function of the circle 0 B, and put h = x, the Perron function of x on G\ B. 
So 0 < h < 1; according to the preceding proposition, h(z) < 1 for all z in 
G \ B. Thus m = max{h(z) : |z — a| = R} < 1. Choose a positive constant 
M with mM < M + log(r/R) and define a function ~ on G by 


M h(z) z¢€G\B 
M + log Aq z€ B. 


Wo(z) = 


Claim. 79 is a superharmonic function on G. 


It is clear that w% is lower semicontinuous; in fact it is a continuous 
function from G into R,. The only place we have to check the integral 
condition is when |z — a| = r. To check this we first verify that M h(w) < 
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M +log|r/|w—al] for r < |w—a| < R. Indeed, if |w—a] =r, h(w) = 1 and 
so Mh(w) = M = M + log{r/|w — al]; if |}w —a| = R, Mh(w) < Mm < 
M + log[r/|w — al]. The desired inequality now holds by the Maximum 
Principle. Now if |z — a| =r and 6 < R—r, this implies that 


27 
= ; wo(z + be**) dd < M + log aoa = Y(z). 
This proves the claim. 

Note that the function % belongs to the Perron family P(u,G \ {a}) 
and so the harmonic function g satisfies g(z) < wWo(z) for all z in G \ {a}. 
If z€ Band z #a, g(z) + log|z — a] < Yo(z) + log|z — a] = M + logr, 
a constant. Therefore g(z) + log|z — a| admits a harmonic extension to 
B(a;r). This says that g satisfies conditions (a) and (b) of Definition 9.1. 

Now to verify condition (c) of the definition. Assume that k is another 
function having properties (a) and (b). So k is a superharmonic function 
on G. Now lim,_,g k(z) = oo = u(a). Since k is positive, lim inf,_.¢ k(z) > 
0 = u(C) for ¢ in 0..G. Therefore k € P(u, G \ {a}) and so k > g. Hence g 
is the Green function for G with singularity at a. O 


The next result can be viewed as a computational device, but in reality 
it is only a theoretical aid. 


9.8 Proposition. Let {G,,} be a sequence of open sets such that Gy C 
Gn41 and G = UnG,, is hyperbolic. If gn is the Green function for Gy 
and g is the Green function for G, then for each a in G, gn(z,a) T g(z,a) 
uniformly on compact subsets of G \ {a}. 


Proof. Fix the point a in G; we will only consider those n for which 
a € G,,. Note that the restriction of g,41 to G, satisfies conditions (a) 
and (b) of Definition 9.1. Hence g,41(z,a) > gn(z,a) for all z in G,. Thus 
k(z,a) = lim, g,(z, a) exists uniformly on compact subsets of G \ {a} and 
either k, is harmonic or kg = oo. But the same type of argument shows that 
9(Z, a) > gn(z, a) for all n and all z in G,,. Thus g(z,a) > k(z,a) and so k, 
is a harmonic function on G \ {a}. Clearly k > 0 and k(z, a) + log |z — a| is 
harmonic near a. That is, k satisfies properties (a) and (b) in the definition 
of a Green function. Therefore, k(z,a) > g(z,a). Since we have already 
shown that g > k, we get that g = k, proving the proposition. O 


Recall the information obtained about the Green function for an analytic 
Jordan region in §15.2. In particular, Theorem 15.2.5 gives a formula for the 
solution of the Dirichlet problem for such regions involving the conjugate 
differential of the Green function. We can use this material together with 
the preceding proposition to obtain information about the Green function 
for any hyperbolic region. 


9.9 Theorem. If G is a hyperbolic region, a and b are points in G, and g 
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is the Green function for G, then g(a, b) = g(b, a). 


Proof. First assume that G is an analytic Jordan region with positively 
oriented boundary T = {7,..-,Yn}, with yo as the outer boundary. Let 
a, = a and a2 = b. For j = 1,2, put g;(z) = g(z,a;) and n; = 0 B(a;;r) 
with positive orientation. (Here r is chosen so that B(a,;;r) C G and 7M 
n2 = 0.) So A = {,.---;%n;—M, —N2} is a positively oriented Jordan 
system and both g, and gz are harmonic on the inside of A. By Corollary 
15.2.3, 0 = {,(gidge — g3dgi). Since g; and gz vanish on I’, Lemma 15.2.4 
implies that 


0 = -| (gi dg2 — 93491) 
ni+n2 
= —27 g2(a1) + 27 gi(a2) + B(r), 


where f(r) ~ 0Oasr — 0. 

This proves the theorem for the case of an analytic Jordan region. The 
proof of the general case follows by taking a sequence {G,,} of analytic Jor- 
dan regions such that G, C G,y41 and G = U,G,, and applying Proposition 
9.8. O 


We finish with a result that will prove useful in further developments. 


9.10 Proposition. If G is a hyperbolic region in C, a € G, and g is the 
Green function for G, then 


g(z,a) = inf{w(z): wp is a positive superharmonic function on G such 


that w(z) + log |z — a| is superharmonic near a}. 


Proof. Let w be a positive superharmonic function on G such that v(z) = 
w(z) + log|z — a| is superharmonic on G. Since z — g(z,a) is a super- 
harmonic function having these properties, it suffices to show that w(z) > 
Ga(z) = g(z, a) for all z in G. To this end, first note that v(a) < liminf,, 
[(z) + log |z — al] and so %(z) — oo as z — a. Thus liminf,_,, 4(z) = 
oo = lim, 44 ga(z). 

Now let {G,} be a sequence of bounded Dirichlet regions, each of which 
contains the point a and such that G, C Gyn4+1 and G = UnGn. Let gn be 
the Green function for G,, with pole at a. According to Proposition 9.8, 
9n(z) — ga(z) uniformly on compact subsets of G \ {a}. If dn = w|Gn, 
then for any ¢ in OGp, liminf,.¢ yp(z) = 0 = limsup,_,- gn(z). By the 
Maximum Principle, yn > gn on Gy and the proposition follows. O 


Additional results on the Green function can be found in Theorem 21.1.19 
and through the remainder of Chapter 21. 
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Exercises 


1. If co € G and a ¢ G, then g(z, co) — log |z — a] is harmonic in G. 


2. Use Proposition 9.2 to find the Green function for D as well as the 
upper half plane. 


3. If G is a hyperbolic region in C,, and oo € G, show that g(z,0o) = 
inf {~(z) : w is a positive superharmonic function on G such that 
w(z) — log |z| is superharmonic near oo}. 


4. Let p(z) = 2" +a ,z"" !4+...+a, and put G=C,,\{z€C: |p(z)| < 
R}. Show that G is connected and g(z, co) = n~1[log |p(z)| — log R]. 


810 Regular Points for the Dirichlet Problem 


Here we return to some of the ideas connected with the solution of the 
Dirichlet problem in the classical sense. Specifically, we will study the 
boundary behavior of the solution of the Dirichlet problem and how this 
behavior collates with the actual values of the boundary function. In §10.4 
the concept of a barrier was introduced and it was shown that each point 
of 0..G has a barrier if and only if G is a Dirichlet region. We begin by 
examining more closely the idea of a barrier; in the process some of the 
results from §10.4 will be reproved. 

Recall the notation that for a in 0..G and r > 0, G(a;r) = B(a;r) NG. 


10.1 Theorem. If G is an open subset of C,. and a € OG, then the 
following are equivalent. 


(a) There is a barrier for G at a. 


(b) There is a negative subharmonic function ¢ on G such that $(z) — 0 
as z — a and for every open neighborhood U of a, sup{¢(z) : z € 
G\U} <0. 

(c) For everyr > 0 there is a negative non-constant subharmonic function 
gd on G(a;r) such that ¢(z) - 0 as z > a in G(a;r). 

(d) For everyr > 0, ifu is the solution of the Dirichlet problem on G(a;r) 
with boundary values ¢ — d(a,C) (d is the metric), then u(z) — 0 as 
z—a in G(a;r). 

(e) There is anr > 0 and a negative non-constant subharmonic function 
@ on G(a;r) such that ¢(z) - 0 as z — a in G(a;r). 

(f) There is anr > 0 such that if u is the solution of the Dirichlet problem 


on G(a;r) with boundary values ¢ — d(a,¢) (d is the metric), then 
u(z) > 0 as z > a in G(a;r). 


254 19. Harmonic Functions Redux 


Note: if a # oo, then the metric in (d) and (f) can be taken to be the 
usual absolute value; otherwise it is the metric of the extended plane. 


Proof. In this proof it will be assumed that a is a finite boundary point 
of G; the proof of the case where a = ov is left to the reader. 

(a) implies (b). Let {w~,} be a barrier for G at a and let {r,} be any 
sequence of radii converging to 0. Extend w, to G by letting it be identically 
1 on G\ G(a;r). Put Yn = ¥,, and ¢ = >>, (—27")un. By (4.6.e) ¢ is 
subharmonic and clearly 0 > ¢ > —1. Since ~,(z) — 0 as z — a for each 
n, it is easy to check that ¢(z) — 0 as z — a. Finally, ifr > 0 and n is chosen 
so that r, <r, then for z in G\ B(a;r), o(z) < (—27")vn(z) = -27. 

(b) implies (c). This is trivial. 

(c) implies (d). Let 0 < € < r*; put B, = B(a;e). If GN OB, F£ 9, 
write GM OB, as the disjoint union of a non-empty compact set K, and a 
relatively open set U whose arc length as a subset of the circle is less than 
2xe/r. Let g be the solution of the Dirichlet problem on the disk B, with 
boundary values ryy. Observe that 0 < g < r and g is continuous at the 
points of U with g(¢) = r there. Writing g as the Poisson integral on the 
disk B, it is easy to see that g(a) < «. If GN OB, = 9, let g = 0. 

Let ¢ be as in the statement of (c) and define 0 : G(a;e) — R by 
6 = r(¢/a)+g+e, where a = max{¢(z) : z € K,-}. Since ¢ is negative and 
usc, a < 0. Note that @ is superharmonic on G(a;¢€) and 6 > € there. Now 
let 7 be any function in P(|¢ — al, G(a;r)). 


Claim. For any ¢ in 0G(a;¢), limsup,_,¢ 7(z) < liminf,_,¢ 0(z). 


In fact, OG(a;e) = (Bz NOG) U(GNOB,). If ¢ € Be NOG, then 
limsup,_.¢7(z) < |¢ —a| < € < liminf,_,, 0(z). If ¢ © GN OB,, then 
lim sup,_,¢ 7(z) < r and lim inf, ,¢ 0(z) > r liminf,_,¢(¢(z)/a)+lim inf,_,¢ 
g(z)+e. lf ¢ € K-, then this gives that lim inf,_,¢ 0(z) > r+liminf,_,¢ g(z)+ 
e>r.If¢ € U, then we get that liminf,_,¢ 0(z) > 0+liminf,.¢ g(z) +e = 
r+eée2>vr. This proves the claim. 

The Maximum Principle implies 7 < @ on G(a;¢); so if u is as in (d), then 
u < @ there. Since ¢(z) — 0 as z — a, limsup,_,, 0(z) = lim... A(z) = 
g(a) te < 2e. Thus 0 < limsup,_,,u(z) < 2e. Since € was arbitrary, 
u(z) > 0 as z— a. 

(d) implies (f). This is trivial. 

(f) implies (a). Let r and wu be as in the statement of (f). Note that 
u(z) = r when z € GNOB,, so that if Y, = r~tu on G(a;r) and y, = 1 
on G \ B(a;r), then y, is superharmonic on G, 0 < y, <1, ¥,(z) — 0 as 
z— a, and y,(z) ~ las z—¢€ on GNOB,. 

Now let 0 < s < r and let v be the solution of the Dirichlet problem 
on G(a;s) with boundary values |¢ — a]. Since |z — a| is a subharmonic 
function, |z — a| € P(|¢ — al, G(a;r)); therefore |z — a] < u(z) on G(a;r). 
Thus u € P(|C—a|, G(a;s)) and so v(z) < u(z) for all z in G(a; s). But this 
implies that v(z) — 0 as z — a. But s was arbitrary, so if the argument 
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of the preceding paragraph is applied to the function v, we get a barrier 
{w,:0<s<r}. 

It is trivial that (c) implies (e) and the proof that (c) implies (d) given 
above shows that (e) implies (f). O 


Note that the existence of a barrier for G at any of its boundary points 
implies the existence of a non-constant negative subharmonic function on 
G. Thus a region is hyperbolic if there is a barrier at one of its boundary 
points. 

In the next lemma it is important to emphasize that the set G is not 
assumed to be solvable. 


10.2 Lemma. Assume there is a barrier for G ata and f is a real-valued 
function defined on OoG. 


(a) If f is bounded below, then 


lim inf f(z) > min lim inf f(¢), f(a) 
(€0..6 


(b) If f is bounded above, then 


lim sup f(z) < max { limsup f(¢), f(a) 
ceonc 


(The reason for taking the minimum and maximum in parts (a) and (b), 
respectively, is that the definition of the limits inferior and superior of f as 
z approaches a does not use the value of f at a.) 


Proof. It suffices to prove only part (a). Let p be the right hand side of the 
inequality in (a) and let m be a constant such that inf{f(¢) :¢ € 0.G} > 
m. We will only consider the case that a # oo. If p > @ > m, let r > 0 such 
that f(¢) > 8 for € in OGNB,, B, = B(a;r). Put u = the solution of 
the Dirichlet problem on G(a;r) with boundary values |¢ — al; so u(z) — 0 
as z — a by the preceding theorem. If u is extended to all of G by setting 
u = ronG\B,, then u is superharmonic (verify!). It is easy to check 
that G — r—!(@ — m)u belongs to the lower Perron family for (f,G). Thus 
f >@—r—'(B—m)u and so 


B—-—m 


lim inf f(z) > lim inf 8 — 


u| = 6. 


Since @ was an arbitrary number smaller than p, we have proved the lemma. 
CJ 
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10.3 Definition. Say that a point a on the extended boundary of an 
open set G is a regular boundary point for G if for every bounded function 
f : OoG — R that is continuous at a, 


lim f(z) = f(a) = lim f(z). 


za 


So the open set G is a Dirichlet set if and only if every extended boundary 
point of G is a regular boundary point. The next proposition was essentially 
proved in Theorem 10.4.3. Half the proof was given there; the other half 
comes from the preceding lemma. 


10.4 Proposition. There is a barrier for G at the point a in 0..G if and 
only if a is a regular boundary point of G. 


The next small result is an emphasis of the fact that the condition that 
a point a is a regular point for G is a local property. That is, this condition 
is only affected by the disposition of G near a. This is clear from Theorem 
10.1. 


10.5 Proposition. If a is a regular point for the open set G and H is an 
open subset of G such that a € OH, then a is a regular point for H. 


10.6 Lemma. /f G is a region and there is a negative subharmonic function 
@ onG whose least harmonic majorant is 0, then there is a negative subhar- 
monic function ¢p on G that is not identically —co such that if €C € O4G 
and limsup,_,¢ $(z) < 0, then @o(z) — —oo as z — ¢. 


Proof. Let {G,} be a sequence of smooth Jordan regions with cl G, C 
Gn+1 and G = U,G*,. For each n define the function ¢, on G by ¢, = ¢ 
on G\ G, and ¢, = the solution of the Dirichlet problem on G, with 
boundary values ¢|0G,. According to Corollary 8.3 and the hypothesis, 
gn(z) — 0 as n — oo. Fix a point a in G; passing to a subsequence if 
necessary, it can be assumed that 5°, |én(a)| < oo. By Proposition 4.6.e, 
do(z) = >_,, on(z) is a negative subharmonic function; by construction it 
is not identically —oo. 

Now fix a point ¢ in 0..G and assume that limsup,_,. d(z) < 0. Let 
r > 0 such that ¢(z) < —6 <0 for z in G(¢;r). Let n be an arbitrary but 
fixed positive integer. There is an r, < r such that B(C;r,) cl Gy = 9. 
If z € G(¢;rn), then for 1 < m < n, dm(z) = o(z) < —6. Thus ¢o(z) < 
>> <1 Om(z) < —né for z in G(¢; rn). Since n was arbitrary, ¢o(z) > —oo 
asz—¢. O 


Now for the promised converse to Proposition 9.5. 


10.7 Theorem. If G is a region in C., such that 0,,G has at least two 
points, then G is solvable if and only if it is hyperbolic. 
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Proof. It suffices to assume that G is hyperbolic and prove that it is solv- 
able. Since G is hyperbolic, it has a Green function g; let (z) = —g(z, a) 
for some a in G. So ¢ is a negative subharmonic function with 0 as its least 
harmonic majorant (9.2). Let ¢9 be the negative subharmonic function as 
in the preceding lemma. 

To show that G is solvable, let f : 0..G — R be a continuous function 
and fix an arbitrary positive e. 


Claim. If ¢ € 0. G, lim,_.¢ sup[ f(z) + edo(z)] < f(C). 


If é(z) — 0 as z — ¢, then ¢ is a regular boundary point (10.1) and 
so f(z) — f(¢) as z > C¢. Since ¢g < 0, this proves the claim in this 
case. In the other case, limsup,_,- ¢(z) < 0 and so the lemma implies that 
oo(z) — —oo as z > ¢. This proves the claim in this case also. 

But the claim implies that f + EPo E P( f,G) and so we have that f+ 
Edo < f< < f. Since € was arbitrary, f = f and so G is solvable. O 


From this point on the term “solvable set” will be dropped in favor of 
“hyperbolic set” since this is standard in the literature. __ 

Now let’s turn our attention to a consideration of the irregular points of 
an open set. Recall that at the end of 810.3 it was shown that the origin is 
not a regular point of the punctured disk. That same proof can be used to 
prove the following. 


10.8 Proposition. If G is an open set and a is an isolated point of 0, G, 
then a is an irregular point of G. 


10.9 Proposition. If G is an open set and a € 04, G, then a is a regular 
point if and only if for every component H of G either a is a regular point 
of H ora€ claH. 


Proof. Assume a is a regular point of G; let r > 0 and let ¢ be a negative 
non-constant subharmonic function on G(a;7r) such that ¢(z) — 0 as z — a. 
If H isa component such that a € cl, H, then a € 0..H and ¢; = ¢|H(a;r) 
is a non-constant negative subharmonic function such that ¢,(z) — 0 as 
zZ— a. 

For the converse, it only makes sense to assume that G is not connected. 
So each component of G is a hyperbolic region. Let {H,} be the com- 
ponents of G and for each n let h, be defined on O0.Hn by An(C) = 
min{d(¢,a),1/n}. Let u, be the solution of the Dirichlet problem on H,, 
with boundary values h,,. Note that if a € 0,,H,, then a is a regular point 
of H,, by assumption and so un(z) — 0 as z — a. Define u on G by letting 
u = —u, on H,,. So u is a non-constant negative harmonic function. 


Claim.  lim,_., u(z) = 0. 
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To see this, let ¢ > 0 and choose ng > €~!. For 1 < n < ng, let r, > 0 
such that either B(a;rn)Ncle.Hn = 0 or Un(z) < € for z in H,(a;r,). Thus 
|u(z)| < € for z in G(a;r), where r = min{r, : 1 <n < no}. By Theorem 
10.1, a is a regular point of G. O 


10.10 Corollary. If {H,,} are the components of G, then every point in 
OooG \ UnOcoHn is a regular point. 


So in a search for irregular points it suffices to examine the boundary 
points of the components of G. The next proposition says that in such a 
search we can ignore those points that belong to the boundary of more 
than one component. 


10.11 Proposition. If a € 0..G and a is an irregular point, then there is 
a unique component H of G such that a € OH. 


Proof. Assume a is an irregular point and let {H;,} be the collection of 
those components of G such that a belongs to their boundary. The pre- 
ceding corollary says that this is a non-empty collection. Suppose there 
is more than one such component. If k is arbitrary and 7 # k, then 
a € CloH; C Co \ Hy and cl..H; is connected. By Theorem 10.4.9 this 
implies a is a regular point of H; for each k > 1. By Proposition 10.9, a is 
a regular point of G, a contradiction. O 


10.12 Corollary. If a € 0,,.G and there is a component H of G such that 
a is a regular point of H, then a is a regular point of G. 


Proof. If a were an irregular point of G, then the preceding proposition 
would imply that H is the unique component of G that has a as a bound- 
ary point. Thus the assumption that a is regular for H contradicts the 
assumption that it is irregular for G. O 


Later (821.6) we will return to an examination of irregular points. 


Exercises 


1. Let G = D\ [{0O}UUS%, D,], where D, = Blanjrn) with 0 <a, <1 
and the radii r,, chosen so that r, < a, and the disks {D,} are 
pairwise disjoint. Show that G is a Dirichlet region. 


2. Let G=D\U;_, Dn, where {D,,} is a sequence of pairwise disjoint 
closed disks such that the accumulation points of their centers is 
precisely the unit circle, 0D. Show that G is a Dirichlet region. 
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§11 The Dirichlet Principle and Sobolev Spaces 


In this section a classical approach to the Dirichlet problem is explored. The 
idea is that if G is a region and if f is a function on OG, then the solution 
of the Dirichlet problem with boundary values f is the function u on G 
that “equals” f on the boundary and minimizes the integral [ |Vu|? dA. 
This will be made precise and proven as the section develops. 

We begin by defining a Sobolev space that is suitable for our needs. We 
will only scratch the surface of the theory of Sobolev spaces; indeed, we 
will use little of this subject other than some of the elementary language. 
A fuller introduction can be found in Adams [1975] and Evans and Gariepy 
[1992]. 

Recall that C'S° is the collection of infinitely differentiable functions on 
C that have compact support. 


11.1 Definition. If ¢, w € Co’, define 
(b, w) = | obaA+ | ogobaA+ | doabaA 


and let W? = W?(C) be the completion of CS with respect to the norm 
defined by this inner product. 


Of course it must be shown that (-,-) defines an inner product on C?°, but 
this is a routine exercise for the reader to execute. (Recall that 07 = Ow 


and Oy = Oy). To record the notation, note that 
4I? = Niel, = [oP + |ae? + Bo!) 44 


The space W? is an example of a Sobolev space. The superscript 2 in 
W? is there because we have used an L* type norm. The subscript 1 refers 
to the fact that only one derivative of the functions is used in defining the 
norm. The first task is to get an internal characterization of the functions 
that belong to W?. The term weak derivative of a function u will mean the 
derivative of u in the sense of distributions. 


11.2 Theorem. A function u belongs to W? if and only if u € L? and 
each of the weak derivatives Ou and Ou is a function in L?. 


Proof. First assume that u € W? and let {¢,} be a sequence in C& 
such that ||u — ¢,|| — 0 as n — oo. This implies that ¢, — u in L? and 
that {0¢,} and {0¢,} are Cauchy sequences in L?. Let u, and ug € L? 
such that 0¢, — u, and 0¢, — ug in the L? norm. If ~ € C®, then 
furpdA = lim, [(O¢n) pdA = —lim, f dndO~dA = — fudwpdA. Hence 


u, = Ou, the weak derivative of u. Similarly ug = Ou. 
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Conversely, suppose that u, Ou, and Ou belong to L?. For each n > 1, 
let fr € CS° such that 0 < f, <1, fn(z) = 1 for |z| <n, f,(z) = 0 for 
jz) >n+1, and |Ofn|, |Ofn| < 2 throughout C. Let uz = u fn; SO Un has 
compact support, u, € L*, and u, — u in L?. Also the weak derivative 
Oun = (Ofn) ut fn(Ou) and f,(Ou) — Ou in L*. On the other hand 


/ \(Ofa)utdA = / cpenay Ofna 


< 4 / lul@dA 
n<|z|<nt+1 


— 0 


as n — oo. Hence du, — Ou in L?. Similarly Ou, — Ou in L?. This 
argument shows that it suffices to show that u € W? under the additional 
assumption that u has compact support. 

Now let {¢,} be a mollifier. Since wu has compact support, ¢, *u — u 
in L* and ¢, *u € C& (18.3.6). Since Ou € L? and has compact support, 
O(o. * u) = o- * Ou — Ou in L?. Similarly 0(¢, * u) — Ou in L?. Hence 
de*u—>uinW?. O 


Now to give W? another inner product that is equivalent to the original 
when we restrict the supports to lie in a fixed bounded set. This is done 
in the next proposition, though the definition of this new inner product 
comes after this result. 


11.3 Proposition. If G is a bounded open set in C, then there 1s a constant 
M > 0 such that for all ¢ in CX°(G) 


lollig <P | [ool aas [ (Bora). 
Proof. Clearly it suffices to show that there is a constant M such that 
[irarsm?| [jaeraas | (Bora). 
To this end, let Q be an open square, Q = {z: |Re z| < R, |Im z| < R}, 


that contains the closure of G. If ¢ € C2°(G) and 0)¢ is its derivative with 
respect to the first variable, then for z = x + ty 


a) = | f doles iat 
< fe 1? i ue fe |0,0(t + iy)|? i a 
< V2R [ oroterayat? | 
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Thus 
R 


R 
/ 6a + ty) Pde < 4B? / oa + iy)[? de, 
R 


from which we get that 


[ieaa = [ 2A 


4? [ lad? + |2Gl?] dA 


lA 


SR? / [lag l? + 6/2] aA. 


C) 
The preceding inequality is called the Poincaré Inequality. 


11.4 Definition. For a bounded open set G, let W? (G) = the closure of 
C°(G) in W?. The inner product on W? (G) is defined by 


11.5 (u,v)¢ = [audoda+ | duava. 


ce) 
The norm on W? (G) is denoted by ||u||2; = (u, u)a. 
By the preceding proposition, the inner product defined in (11.5) is equiv- 
oO 


alent to the one inherited from W?. When discussing W? (G) we will almost 
always use the inner product (11.5). 


co) 
Now to prove a few facts about the functions in W? and W? (G). Most 
of these results are intuitively clear, but they do require proofs since their 
truth is not obvious. 


11.6 Lemma. If u € W? with weak derivative 0,u, then there is a function 
u* in W? such that: 

(i) u* =u a.e. [Area]; 

(ii) Oyu* = O,u ae. [Areal]; 


(iii) w* is absolutely continuous when restricted to a.e. line parallel to the 
real axis. 


Proof. As in the proof of Theorem 11.2, it can be assumed that u has 
compact support. Since 0,u € L? and has compact support, 0,u € L’. This 
implies that for a.e. y in R, the function x — 0,u(z + iy) is an integrable 
function on R. Define u* on C by 


u"(x+ iy) = / O,u(t + iy) dt 
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when this integral exists. Thus u* is absolutely continuous on almost every 
line parallel to the real axis and 0,u* = O,u a.e. [Area]. It remains to show 
that u* = u a.e. [Areal]. 

Let f and g be functions in CS°(R) with f(z) = 1 in a neighborhood of 
Re(supp u) and g arbitrary. Let d(a+iy) = f(x)g(y); so d € CS°(C). Thus 
J d(O:u) = — {(01¢)u = 0 since 0,¢ = f’(x)g(y) = 0 in a neighborhood of 
Re(suppu). Therefore 


0 = / (Oyu) dA 
= [- g(y) if O,u(zx + ty) as| dy. 
But g was arbitrary so we get that 
11.7 i O,u(x2 + iy) dz = 0 


for almost all y in R. 
Now if ¢ is any function in C&°(C), then using integration by parts with 


0,8 = ¢, 
[owas [- if p(x + ty) [. O,u(t + ty) dt as| dy 


_ / { [pean / : rvult + ty) ie) 


_ [- O(x + iy)Ou(ax + ty) ac} dy. 


—OoO 


Now apply (11.7) to get 


[owas = - [ eauda 


If w is a function in CS°(C’) such that ~ = 1 in a neighborhood of supp u, 
then 


[owas = - [ evo. dA 
/ Ay (Bb)u dA 


/ ou dA. 


Since ¢ was arbitrary, u* = u a.e. [Area]. O 
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11.8 Lemma. If u € W? and u is real-valued, then for every constant 
s > 0 the function us = min(u,s) € W? and ||us|| < |lul|. In particular 
ut = max(u,0) = —min(—u,0), u- = —min(u,0), and |u| = ut + u7 
belong to W?. 


Proof. Let u* be the function obtained in Lemma 11.6. Thus u% = min(u*, 
s) is absolutely continuous on the same lines as u*. Also 0,u* = O,u a.e. 
[Area] for ut < s and 0,u* = 0 ae. [Area] for ux > s. On the set where 
u* = s it is not difficult to show that 0,u* = 0 a.e. [Area]. Thus 0,u* € L?. 
But u* = u ae. [Area] so u* = u, ae. [Area]. Thus 0,u, € L?; similarly 
Ozu, € L*. Since u, clearly belongs to L?, we have that u, € W? by 
Theorem 11.2. 
The proof of the remainder of the lemma is left as an exercise. O 


11.9 Proposition. Let G be a bounded open set. If u EW? (G), thenu =0 
a.e. [Area] on C\G. If u € W? and u is zero off some compact subset of 


G, then u EW? (G). 


Proof. First assume that u €W? (G) and let {¢,} be a sequence in C9°(G) 
such that ||¢, — u|| > 0. So in particular, [ |¢, — ul|*dA — 0. By passing 
to a subsequence if necessary, it can be assumed that ¢, — wu a.e. [Area]. 
Since each ¢,, vanishes off G, u = 0 a.e. [Area] off G. 

Now assume that u € W? and u = 0 off K, a compact subset of G. 
It suffices to assume that u is real-valued. By Lemma 11.8 it also can be 
assumed that u > 0 and u is bounded. If {¢,} is a mollifier, then ¢, * u € 
CS (G) for all sufficiently small ¢. It is left to the reader to use Proposition 
18.3.6 and the fact that 0(¢. *u) = ¢- * Ou and 0(¢, *u) = ¢- * Ou to show 


that ||¢. * u — u|| — 0. Hence u EW? (G). O 


The preceding result can be improved siginificantly to give a character- 
ie) 
ization of those functions in W? that belong to W? (G). Using the notion 
1@) 


of capacity (§21.7) it can be shown that if u € W?, then u EW? (G) if 
and only if u is zero off G except for a set having capacity zero. This result 
exceeds the purpose of this book and will be avoided except for its role in 
justifying a certain point of view, which we now examine. The interested 
reader can see Bagby [1972] or Aleman, Richter, and Ross [preprint] for 
another description. 

Now we return to the study of the Dirichlet problem. The idea here 
is to use the preceding proposition to replace or weaken the idea of two 
functions having the same boundary values. Specifically we will say that 


two functions u and v in W? agree on OG if u—v EW? (G). (Of course the 
functions will be restricted in some further way.) Since Proposition 11.9 
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says that u—v is 0 a.e. on C\G, this is safe. In light of the referred result 
that u—v must vanish on the complement of G except for a set of capacity 
0, the stability of the ground on which this statement is based is increased. 

Another essential ingredient in this mathematical stew is the next propo- 
sition. A small abuse of the language will be employed here; for a function 
u in W? we will say that u is harmonic (or analytic) on the open set G if u 
is equal a.e. [Area] on G to a function that is harmonic (or analytic) on G. 


11.10 Proposition. If u € W? and G is a bounded open set, then u is 
harmonic on G if and only if for every v in W? (G) 


(u,v)G = [louse + Oudv|dA = 0. 


Proof. First notice that in the above integral the fact that the function 


v belongs to W? (G) implies that it is 0 off G and so the integral can be 
taken over G. Consider u as a distribution on G. For any ¢ in CS°(G) 


(u, )g = —200u(¢). 

_Thus the condition in the proposition is equivalent to the condition that 
O0u = 0 as a distribution on G. According to Weyl’s Lemma (18.4.10) this 
is equivalent to the condition that u is harmonic on G. O 
11. 11 Corollary. If G and Q) are bounded open sets with cl G CQ) and 
u ew? (Q), then u is harmonic on G if and only if u LW? (G). 

11.12 Dirichlet Principle. Let G and (2) be bounded open sets with cl 
G COQ and let f EW? (Q). 


(a) If u CW? (Q) such that u is harmonic on G and u— f EW? (G), then 
[ lou? + uPlaa < [ov + (uP Ia4 
G G 


for all v in W2 (Q) such that v — f EW? (G). 


(b) Ifu is the orthogonal projection of f onto W? (G)+, then u is harmonic 
on G andu— f €W? (G). 


Proof. Let P denote the orthogonal projection of W? (Q) onto W? (G)+. 
Note that for functions w in W? (G), ||w||¢ = ||w||p. We therefore drop 
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the subscripts G and 2) from the notation for the norm and inner product 


while in this proof. 
re) 


(a) Since u is harmonic on G, the preceding corollary implies u |W? 
(G). Thus Pf = P(f —u) + Pu = u. Hence if v is as described in (a), 
Hull = [P£ll = ||P(f — v) + Pol] = ||Pul] < |lv]], proving (a). 


(b) Now assume that u = Pf EW? (G)+. By Corollary 11.11, u is 
harmonic on G. Also P(u— f) =0, so u— f EW? (G). 


Can the Dirichlet Principle be used to solve the Dirichlet problem? The 
answer is yes if the region G and the boundary values are suitably restricted. 
Indeed this was the classical way in which the Dirichlet problem was solved. 
Let’s look more closely at this. First, as we mentioned before, the condition 

e) 


that u— f €W? (G) says that u and f agree on OG. So if we are given a 
continuous function g on OG, we would like to get a region {2 containing cl 


G and a function f in W? (Q) that agrees with g on OG. This is not always 
possible if g is only assumed continuous. 
Let g € C(OD); we want to get a region 2 that contains cl D and a 


oO 

function f in W? (Q) with f|OD = g. Clearly we can take 2 to be an open 
disk about 0 with radius > 1. Thus i" \O f(re?”)|2d0 < 00 for almost all r, 
O0<r< _1+ée. It is left as an exercise for the reader to show that this implies 
(is equivalent to?) the statement that g(e’’) has a Fourier series )~ c,e”? 
with S~ |n||e,|? < oo. Clearly there are functions in C(O D) that do not have 
such a Fourier series, so without a restriction on the boundary functions 
the Dirichlet Principle cannot be used to solve the Dirichlet problem. Once 
the boundary function is restricted, however, the Dirichlet Principle does 
give the corresponding solution of the Dirichlet problem. Before seeing this, 
the stage must be set. 


11.13 Lemma. [f G is a Jordan region and 6 < 69 = min{diam y¥ : 


y is a boundary curve of G}, then for every a in OG and all ¢ in W? (G), 


/ \p\7dA < 8276? / [|Od|? + |Od|7]dA. 
B(a:6) B(a:6) 


Proof. Without loss of generality we may prove the lemma for functions 
@ that belong to CS°(G). Fix a in OG and let 7 be the component of 0G 
that contains a. If 0 < 6 < 69, OB(a;5)N 7 ¥ GO. For ¢@ in CS°(G), since 
support ¢ C G for each r, 0 < r < 6, there is a 6, with ¢d(a + re’’r) = 0. 


Hence 9 


d(a+ re’) = “F(a + re'*)dt. 
6, 
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Applying the Cauchy-Schwarz Inequality and extending the interval of in- 
tegration gives 


2 
dt. 


27 
|o(a + re*’) |? < an | oo (at re 
0 


Thus 
2 


dt. 


27 


27 . ad | 
[ \d(a + re”) |7d0 < 417 | — (q+ re") 
0 9 | 00 


Observe that 2[|0¢|? + |0¢|?] = r~2[|0¢/06|? + |0¢/Or|?]. Now for r < 6, 


20 
| |p(a + re??)|7d0 < ang? | 
0 0 


Now integrate with respect to rdr with 0 < r < 6 and we get 


| \p|\*7dA An§? | 
B(a:6) B(a:6) 


8262 / (lael? + |96210A. 2 
B(a:6) 


2 
dt. 


21 


1 O¢ it 
“2 og (at Te ) 


IA 


dA 


r2 00 


IA 


The reader will note similarities between the proof of the next lemma 
and that of Theorem 7.15. 


11.14 Lemma. Let G be a bounded region, let {G,,} be a sequence of Jordan 
regions such that cl Gn C Gnii for alln and G = UnGn, and let f be a 
continuous function on cl G. If u is the solution of the Dirichlet problem 
for G with boundary values f|OG and, for each n, Un is the solution of the 
Dirichlet problem for Gy, with boundary values f|OGn, then un(z) > u(z) 
for all z inG. 


Proof. Fix ao in G;; it will be shown that un(ao) — u(ag). The proof is 
obtained by considering several special classes of functions f. In each such 
case u and u,, are as in the statement of the lemma. 

First assume that f = p, a polynomial in z and Z that is subharmonic in 
a neighborhood of cl G. For each n > 1 define v, : C > C by letting v, = p 
on C \ Gy, and letting v;, = un on G,,. So v, is subharmonic on C; since 
G,, is a Dirichlet region, v, is also continuous. By the Maximum Principle, 
Un > pon Gn. 

Because cl Gy C Gy4i, another application of the Maximum Principle 
implies that v,z, < Un+1 on C. Moreover, each v, belongs to the Perron 
family P(p, G) and so, on G, Un < p, the solution of the Dirichlet problem 
on G with boundary values p. Thus v(z) = lim, vp(z) = limy uUn(z) is 
a harmonic function on G and v < p = u. On the other hand, we have 
that uv, > pon Gy, so that v > pon G and, hence, v € P(p, G). Thus 
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v >uso that, in fact, v = u. This proves the lemma whenever f is such a 
polynomial. 

Now let f be any polynomial in z and Z and choose a constant c > 0 
such that f + c|z|? is subharmonic in a neighborhood of cl G (see the proof 
of Theorem 7.15). Let uv, (respectively, v) be the solution of the Dirichlet 
problem on G,, (respectively, G) with boundary values c|z|*. According 
to the preceding paragraph, un(z) + Un(z) — u(z) + v(z) for all z in G. 
But c|z|? is also subharmonic, so again the preceding paragraph implies 
Un(z) — v(z) for all z in G. Thus the lemma holds for all polynomials. 

Now let f be arbitrary and let € > 0; pick a polynomial p such that 
| f(z) — p(z)| < e for all z in cl G. Let v, (respectively, v) be the solution 
of the Dirichlet problem on G,, (respectively, G) with boundary values p. 
Now on 0G,, p—eée < f < p+e; hence vz — € < Un < Un +E ON Gy. 
Similarly, v -e <u<vu+eonG. It follows that |u —u,| < |v — up| + 2 
on G,, and so the lemma holds. O 


The preceding lemma will be generalized in Theorem 21.10.9 below. 


11.15 Theorem. Let G be a bounded region, let 2 be an open set with cl 
G CQ, and assume that f EW? (Q) such that f is continuous on cl G. If 


u is the orthogonal projection of f onto W? (Q)N W?2 (G)-, then u is the 
solution of the Dirichlet problem on G with boundary values f. 


Proof. We already know from the Dirichlet Principle that u is harmonic 
on G. We first prove this theorem for the case that G is a Jordan region. 
Then Lemma 11.14 can be used to prove it for arbitrary bounded regions. 

The assumption that G is a Jordan region guarantees that every point 
of OG is a regular point; so we need to show that, for each a in OG, u(z)— 
f(z) — 0 as z > a with z in G. So fix a in OG and let 69 be as in Lemma 
11.13; let ¢ > 0 be arbitrary. Since f is uniformly continuous on cl G, there 
is a 6; > 0 such that |f(z) — f(w)| < € for z,w in cl G with |z — w| < 64. 
Now let 6 be less than both 6; and 69/2; 6 will be further restricted later in 
such a way that it only depends on the point a. Fix z in G with |z—a| < 6. 
Letting 62 = dist(z,0G) < |z — al, the Mean Value Property of harmonic 
functions implies 


1 
ua)-f) = sel udd-s0 
1 1 
11.16 62 Docat-? iA- af Fe) dA. 


Now |f(w) — f(z)| < é for all w in B(z; 62) so the absolute value of the last 
of these two summands is less than e. Also the Cauchy-Schwarz Inequality 
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gives that 


2 


< 162 | lu — fl2dA. 
B(z:62) 


[  w-paa 
B(z:62) 


Now B(z; 62) C B(a; 26) and 26 < 69. Using Lemma 11.13, this transforms 
the preceding inequality into 


| (u— f)dA 
B(z:62) 


2 


< 762 / lu — f|*dA 
B(a:26) 


327° 64 / 
B(a;2 


’ 


lA 


lo ~ f)|? + |O(u— f)|P]dA. 


Using (11.16) this gives 


1 
2 


ju(z) — f(z)| < V82m if. a) (Olu — fF +|Ou— f)P|dA} +e. 


Because O(u — f) and O(u — f) are square integrable, 6 can be chosen 
sufficiently small, depending on a, that |u(z) — f(z)| < 2e when |z—a] < 6. 
This proves the theorem for the case that G is a Jordan region. The 


details in applying Lemma 11.14 to obtain the arbitrary case are left to the 
reader. O 


Exercises 


1. Show that 0¢0y + 0¢0y = 3(Vo - Vw) for ¢ and y in C&. 
2. Show that if ue W? and ¢ € C%(G), then gu EW? (G). 


3. Prove a version of Lemma 11.8 for functions in W? (G). 


Chapter 20 


Hardy Spaces on the Disk 


In this chapter the classical theory of the Hardy spaces on the open unit 
disk will be explored. The structure of the functions belonging to the spaces 
HP? will be determined, and this will be applied to characterize the invariant 
subspaces of multiplication by the independent variable on a Hardy space. 


§1 Definitions and Elementary Properties 


Here we introduce the Hardy spaces H” of analytic functions on the open 
unit disk. 


1.1 Definition. If f : D — C is a measurable function and 1 < p < oo, 
define 


Qn 1/p 
Myr.) = |5— f° stre'Pa] 


also define 
M.o(r, f) = sup{|f(re’’)| : 0 < 8 < 2r}. 


For any value of p, 1 < p < ov, let H” denote the space of all analytic 
functions on D for which ||f||, = sup,<; M,(r, f) < oo. 

If f:D—Cand0<r < 1, denote by f, the function defined on 0D by 
f,(z) = f(rz) (as in §19.1). Thus for any such r, M,(r, f) is the L? norm 
of f,. From this observation it follows that ||-||, is a norm on H?. In fact, 
we will see that H? is a Banach space (1.5). 

Also from standard L? space theory, H? C H" C H! if1l <r < p. 
In particular H@™ is the space of bounded analytic functions on D and 
H°@ C H? for all p. 

The same definition applies for 0 < p < 1, though the “norm” for this 
range of values of p must be redefined (without taking the p-th root). This 
will not be pursued here. The interested reader can consult Duren [1970], 
Hoffman [1962], or Koosis [1980] for this topic. 


1.2 Proposition. Jf f : D — C is an analytic function and 1 < p < o, 
then ||f||p = lim,_i1_ M,(r, f). 


Proof. Assume that p is finite. From Example 19.4.16 we know that z — 
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|f(z)|? is a continuous subharmonic function and so (19.4.9) M,(r, f) is an 
increasing function of r. Therefore the supremum must equal the limit. 

By the Maximum Modulus Theorem M,,(r, f) is also an increasing func- 
tion of r. Thus the proposition also holds for p = oo. O 


Note that if f € H', then, by Theorem 19.2.12, there is a measure ps on 
OD such that f = pg. Also if 1 < p< oo and f € H?, then f = g for some 
g in L?(OD). Moreover in the case that p > 1, f, > g ae. [m] as r — 1. 
In particular, each function in H?, 1 < p < ov, has non-tangential limits 
at almost every point of OD. 

There are two questions that occur here. First, when p > 1, which func- 
tions g in L, can arise in this way? Note that when we answer this question 
we will have identified H? with a certain subspace of L? and thus have the 
possibility of combining measure theory with the theory of analytic func- 
tions. 

The second question concerns the case when p = 1. Here the theory 
becomes more subtle and difficult. If f ¢ H', then Theorem 19.2.12 says 
that the radial limit function g for f exists and g = the Radon-Nikodym 
derivative of uw with respect to m, where f = p. It will turn out that p is 
absolutely continuous with respect to Lebesgue measure so that, indeed, 
f = g. This is the F' and M Riesz Theorem proved in §3 below. For now 
we content ourselves with complete information when p > 1 and partial 
information when p = 1. Recall (18.7.1) that for any function f (respec- 
tively, measure 2), f (respectively, j) denotes the Fourier transform of f 
(respectively, j1). 


1.3 Theorem. /[f 1 < p < oo and f € L? such that f(n) = 0 forn <0, 
then f, the Poisson integral of f, belongs to H®. Moreover: 


(a) |lf\lp = Ilfllp: 
(b) ifl1<p< oo, fr — fllp — 0 asr —1-; 


(c) ifp=oo, f, > f weak* in L© asr — 1-. 


Proof. If z = re® € D and |w| = 1, then P,(w) = 0°. rimMletOwr. 
Hence 


f(z) 


/ f(w) P,(w) dm(w) 
[ie S- rll ea" dm(w) 


TUS — CO 


S- rimleine f F(w)a™ dm(w), 


n=— CO 
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since the series converges uniformly in w. Therefore 


©. @) 


Fiz) = So rile F(n) = So f(njz” 


TL — CO 


since, by hypothesis, f (n) = 0 when n < 0. Thus f has a power series 
expansion in D and so f is analytic on D. 

Also for 1 < p < 00, ||f, — f\lp ~ 0 as r > 1— (19.1.4). If p = 00, then 
Ifrlloo < |If|leo- Hence, in either case, sup, M,(r,f) = sup, ||frllp < c 
and so f € H?. The remaining details are easily deduced from Theorem 
19.1.4. O 


What about the converse of the preceding theorem’? Here is where we 
must assume that p > 1 and postpone consideration of the case where 
p = 1 until later. Suppose that f €¢ H?, 1 < p< ow, and let g be the non- 
tangential limit function of f. That is, g(w) = lim f(rw) = lim f,(w) a.e. 
[m] on OD. By Theorem 19.2.12, g € L”. Now if 1 < p < ov, ||f-—g||p — 0. 
Thus 


a(n) / g(w) a dm(w) 


Jim ff f-(w)w* dm(w) 


lim f,(n). 


But f(z) = do9 Gnz” for |z| < 1, with convergence uniform on proper 
subdisks of D. It follows (how?) that f,(n) = a,r” if n > 0 and f,(n) =0 
if n < 0. Therefore g(n) = a, if n > 0 and g(n) = 0 if n < 0. By Theorem 
1.3, g € H”. But also (see the proof of Theorem 1.3) for |z| < 1, 


(2) = So a(n)2" = Doane”, 


Hence g = f and the desired converse is obtained. 

If p = oo, then it is not necessarily true that f, — g in L® norm, but 
it is true that f, — g weak* as r > 1—. Since w” € L! for every n, the 
argument of the preceding paragraph shows that g(n) = 0 for n < 0 and 
g = f. This discussion can be summarized as follows. 


1.4 Theorem. /f 1 < p < ow and f © H?, then g(w) = lim,.1_ f(rw) 
defines a function g in L? with g(n) = 0 forn < 0 and g = f. 


These last two theorems establish a correspondence between functions 
in H? (defined on D) and the functions in 


HP ={f ce LP: f(n) =0 for n < 0}, 


272 20. Hardy Spaces 


but only when p > 1. Now it is easy to see that H? is a closed subspace of 
LD? and we are led to the following. 


1.5 Theorem. If 1 < p < ov, then the map that takes f in H? to its 
boundary values establishes an isometry of H” onto the closed subspace H? 
of L?. Thus H? is a Banach space. For p= 2, H? is a Hilbert space with 
{1,z,27,...} as an orthonormal basis. For p = oo, H® is the dual of a 
Banach space since H® is a weak* closed subspace of L°. 


Because of this result we can identify the functions in H?,1<p<o, 
with their radial or non-tangential limits. Henceforward this identification 
will be made without fanfare. In §3 we will prove this assertion for p = 1; 
but first, in the next section, we will investigate another class of analytic 
functions on D. This information will be used to derive the correspondence 
between H! and H?. 


Exercises 


1. Supply the details in the proof of Corollary 1.5. 


2. Let A= {f € C(AD): f(n) = 0 for n < O}. If f € A, show that its 
Poisson integral, f , is an analytic function on D. Also if g: cl D—C 
is defined by g(z) = f(z) for |z| < 1 and g(z) = f(z) for |z| = 1, then 
g is continuous. Conversely, if g is a continuous function on cl D that 


~ 


is analytic on D and f = g|OD, then g(z) = f(z) for |z| < 1. (See §4.) 
3. Give a direct proof that H! is a Banach space. 
4. Show that (1 — z)~! ¢ H?. 


5. If 1 < p < co and |a| < 1, define L, : H? > C by L,(f) = f(a) for 
all f in H?. Show that L, € (H”)* and ||Zq|| = (1 — |al?2)~1/”. For 
p = 2, find the unique function kg in H? such that L,(f) = (f, ka) 
for all f in H?. 


6. Prove Littlewood’s Subordination Theorem: If f and g are analytic 
functions on D, f is subordinate to g (17.1.1), and g € H”, then 
f € H? and ||f|Ip < |Igllp- 


$2 The Nevanlinna Class 


In this section we will study another collection of analytic functions which 
is not a Banach space but includes all the Hardy spaces H?. 
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2.1 Definition. A function f is in the Nevanlinna class (or of bounded 
characteristic) if f is an analytic function on D and 


1 27 ; 
sup — logt | f (re*®)| dO < oo. 
r<l 27 0 


The Nevanlinna class is denoted by N. 


Note that since log* |f(z)| is a subharmonic function (Example 19.4.7) 


and is also continuous, = 7 logt |f(re**)| d@ is an increasing function of 
r (19.4.9). Thus the definition of a function in the Nevanlinna class can 
be weakened by only stipulating the finiteness of the supremum over a 


sequence {r,} with r, — 1. Also 


2m 


! + i0 _y., 1 "+ i0 
SUP 37 . log" |f(re a6 = im = | log™ |f(re’” )|dé. 


Since log x < x? for x > 1, we have the following. 
2.2 Proposition. [f 1 < p< oo, then H? CN. 


Thus every result for the Nevanlinna class is a result about functions 
belonging to all the Hardy classes. Our immediate goal is to give a charac- 
terization of functions in N (Theorem 2.10 below) and to study the zeros of 
these functions. In the next section we will obtain a factorization theorem 
for this class. We begin with an elementary but important result. 


2.3 Lemma. /f {a,} is a sequence in D, the following statements are 
equivalent. 


(a) 224 (1 = lanl) < oo. 
(b) J], lan| converges. 


(c) So°~, log lan| < co. 


(d) [[2 lan] (5% } converges uniformly and absolutely on compact 


subsets of D. 


Proof. The proof that (a), (b), and (c) are equivalent can be found in 87.5. 
The fact that (a) implies (d) is Exercise 7.5.4. By evaluating the infinite 
product in (d) at z = 0, (b) can be deduced from (d). O 


2.4 Definition. A sequence {a,,} satisfying one of the equivalent conditions 


in the preceding lemma is called a Blaschke sequence. If {a,} is a Blaschke 
sequence and m is an integer, m > 0, then the function 


~~ lan| ( an — 2 
2.5 uz) = 2 TT ( — ) 
a2, a 1 — az 


Te 
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is called a Blaschke product. 


The factor z™ in the definition of a Blaschke product is there to allow 6 
to have a zero at the origin. 


2.6 Proposition. If b is the Blaschke product defined by (2.5), then b € 
H@™ and |b(w)| = 1 a.e. [m] on OD. The zeros of b are precisely the points 
Q1,42,... and, provided m > 0, the origin. 


Proof. Let 6, denote the product of z™ with the first n factors in (2.5). 
It is easy to see that |b,(z)| < 1 on cl D and |b,,(w)| = 1 for w in OD. By 
(2.3) |b(z)| < 1 on D and so b € H®™. Also for n > k, 


[ie — by |? dm 2 c Re [ bb; dm| 
= 2]1—Re f 7 dm]. 
bx 


Because n > k, by /b, is analytic on D. Thus the mean value property 
implies that 


Tr 


bn bn 
| fam= = = [] lal. 


j=k+1 


Hence 
Tm 


[ie — [2m = 2[1- TJ] asl) 


j=k+1 


But Lemma 2.3 implies that the right hand side of this last equation can 
be made arbitrarily small for sufficiently large n and k. Therefore {6,,} is 
a Cauchy sequence in H? and must converge to some function f. If |z| < 1 
and P, is the Poisson kernel, then P, € L? and so b,(z) = { Pzb,dm — 
f P, f dm. Hence it must be that f = b. That is, b, — bin H?. 

Because we have convergence in the L? norm, there is a subsequence 
{b,, } such that by, (w) — b(w) a.e. [m]. Since |b,,| = 1 ae. on OD, it 
follows that |b| = 1 a.e. on OD. Finally, the statement about the zeros of 
the Blaschke product follows from (7.5.9). O 


We obtained a useful fact in the course of the preceding proof that is 
worth recording. 


2.7 Corollary. If {a,} is a Blaschke sequence, b is the corresponding 
Blaschke product, and by, is the finite Blaschke product with zeros a1,...,@n, 
then there is a sequence of integers {n;} such that bn, — 6 a.e. on OD. 


The next result is the reason for our concern with Blaschke sequences. 
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2.8 Theorem. If f is in the Nevanlinna class and f is not identically 0, 
then the zeros of f form a Blaschke sequence. Moreover, if b is the Blaschke 
product with the same zeros as f, then f/bE N. If f € H?, then f/be H?. 


Proof. It suffices to assume that f(0) 4 0. By Jensen’s Formula (11.1.2) 


27 
2.9 x | log | f (re*’)| dO = log | f(0)| + > log (4): 


lan|<r lax| 
where @1,@2,... are the zeros of f, repeated as often as their multiplicity, 
and r is chosen so that |a,| 4 r for any k. But logx < log* z and so, since 
f € N, there is a finite constant M > 0 such that x 7 log | f (re®®)| dé < 


M for all r < 1. This implies, with a small argument, that }>7~_, log (4) < 


oo. By Lemma 2.3, {a;} is a Blaschke sequence. 

Now to show that f/b € N, when 6 is the Blaschke product with the 
same zeros as f. It is left as an exercise to show that if f has a zero at 
z = 0 of order m, then f/z™ € N. Thus we may assume that f(0) 4 0 
and hence b(0) 4 0. If g = f/b, then g is an analytic function on D and 
never vanishes. If z € D with |g(z)| < 1, then |f(z)| < |b(z)| < 1 and so 
log* |g(z)| = 0 < —log |b(z)| = log™ |f(z)| — log |b(z)|. If |g(z)| > 1, then 
log* |g(z)| = log |g(z)| = log |f(z)| — log |b(z)| < log |f(z)| — log |b(z)I- 
Thus we have that, for all z in D, 


log* |g(z)| < log™ |f(z)| — log |b(z)). 
But log |b| is a subharmonic function and so for 0 < r < 1, 
1 


1 + 20 
5, 108 lg(re™ )|dé 


lA 


1 20 ; 1 27 ; 
_ l + 20 -5-[ 20 
— / og* |f(rei*)\d9 — = | log b(re™)|a6 


1 27 . 
< 2 | log* |f (rre#)|d0 — log |b(0)]. 
QT 0 


Since b(0) 4 0, this implies that g € N. 

Now to show that f/b € H? when f € H®. Let aj, a2,... be the zeros of f, 
repeated as often as their multiplicities, and let b,, be the Blaschke product 
with zeros a1,...,@n. Put gn = f/bn and let M > f[ |f(rw)|Pdm(w) for all 
r<1.Ife> 0, there is an rp such that for rg < |z| < 1, |bn(z)| > l—-e. 
Therefore 


1 
J ign(rw)Pam(u) <A f |ptrwyP amt) 
< _M 
~ (1—e)P 
for ro < r < 1. Letting r — 1, we get that g, belongs to H”. Since € was 


arbitrary, we can let e — 0 to see that ||gn||, < M for all n. By Corollary 
2.7 there is a subsequence {g,, } such that gn, — g = f/ba.e. on OD. 
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Therefore gn, — g weakly in L”. Since each g, belongs to H? (why?), 
g€ A’. 0 


Here is the promised characterization of functions in the Nevanlinna 
class. 


2.10 Theorem. (F and R Nevanlinna) If f is an analytic function on D, 
then f belongs to the Nevanlinna class if and only if f = g1/g2 for two 
bounded analytic functions g, and go. 


Proof. First assume that f is the quotient of the two bounded analytic 
functions g; and go. It can be further assumed that |g;(z)| < 1 for z in D, 
4 = 1,2. Since f must be analytic, it also can be assumed that go has no 
zeros in D. It follows that log |g;(z)| < 0 and so log |f| = log |gi| — log |ga| < 
— log |g2|; hence log* |f| < —log|g2| on D. This implies that 


IA 


20 
~ | log |g2 (re) [do 
— log |g2(0)| 


1 27 ; 
a logt 10 
=| og” |f(re’’)|dé 


since log |g2| is harmonic. Thus f € N. 
Now assume that f € N. By Theorem 2.8 we may assume that f does 
not vanish on D. Hence u = log|f| is a harmonic function. Thus 


Joes |F,| dm 


Joos |f-|dm —log™ |f,|dm. 


u(0) 


(Here log” x = — min{log x, 0}.) Since f € N and the left hand side of this 
equation is independent of r, it follows that sup,., flog” |f,|dm < oo. 
Therefore 


sup / llog |f+|| dm 
r<l 


sup [|e [a 
r<l 


= sup {loe* feldm + | log fla } 
r<l 


< CO. 


By Theorem 19.1.7, there is a measure on OD such that u(z) = f(z) = 
{ P.dp. Since u is real-valued, ps is a real-valued measure. Let p = 4 — w- 
be the Hahn decomposition of » and put u+ = p+; so u, and w_ are 
non-negative harmonic functions on D. 

Now D is simply connected and f is a non-vanishing analytic function, 
so there is an analytic function h on D such that f = e”; stipulate that 
h(0) = log|f(0)| so that h is unique. Thus u = Reh and it follows (by 
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uniqueness) that 


n(z) = | 2 >= dy(w). 


W—-z 


Also let 


ha(z) = / OF dys (w). 


—2Zz 


Thus h = h, — h— and Re hy = ux = O. Put gi = eh- and gg = e "+; 
so g; and go are analytic functions on D with no zeros. Also |gi(z)| = 
exp(—Rehs(z)) = exp(—ui(z)) < 1. That is, g; and go belong to H™. 
Finally, 91/92 = exp(—h_)/exp(—h+) = exp(hy —h_) =f. O 


2.11 Theorem. If f € N and f is not constantly 0, then f has a non- 
tangential limit a.e. on OD and log |f(e%®)| € Ly. 


Proof. We begin by proving the corollary if f € H™. So assume that 
l|flloo < 1; we may also assume that f(0) 4 0. By Fatou’s Theorem, f 
has non-tangential limits a.e. on OD; thus f,(w) — f(w) a.e. on OD. By 
Fatou’s Lemma (from real variables) 


J hos F(w)|| drm(w) 
OD 


lA 


Jim int f jlog|f-(w)|| dm(w) 


lim inf [— f roe f-(0w)) amu) , 
But log |f| is subharmonic, so log |f(0)| < f log |f,| dm. Hence 


/ llog | (w)|| dm(w) < —log|f(0)] < 00. 
OD 


Thus log |f| € Ly. 

Now let f € N. By the preceding theorem, f = g1/g2 for two bounded 
analytic functions g; and go. Since log |g;| € Li, neither g; nor g2 can vanish 
on a subset of 0D with positive measure. Thus the fact that both g; and go 
have non-zero non-tangential limits a.e. on OD implies that the same is true 
of f. Also, because log |g;| € L1, it follows that log | f| = log |gi| — log |g2| € 
I,. a 


The condition that log |f(e*’)| is integrable is to say that f is log inte- 
grable. 


2.12 Corollary. If f ¢ N and f(w) =0 ona subset of OD having positive 
measure, then f 1s identically 0. 


2.13 Corollary. If f © H? and f(w) = 0 ona subset of OD having positive 
measure, then f 1s identically 0. 
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Exercise 


1. Suppose f is an analytic function on {z: Rez > 0} and f(n) = 0 for 
all n > 1. Show that if f is bounded, then f = 0. 


83. Factorization of Functions in the Nevanlinna Class 


In this section we will give a canonical factorization of functions in the 
class N. This will also factor functions in the Hardy spaces H?. Actually 
the strategy is to factor bounded analytic functions and then use Theorem 
2.10 to factor functions in N. 


3.1 Definition. An inner function is a bounded analytic function ¢ on D 
such that |¢(w)| = 1 ae. [m]. 


It follows that every Blaschke product is an inner function, but there are 
some additional ones. 


3.2 Proposition. If pj is a positive singular measure on OD and 


3.3 o(z) = exp (- / er? du(w)) ; 


w—z 
then @ is an inner function. 


Proof. It is easy to see that @ is well defined and analytic on D. Let 
u(z) = —fi(z) = — f P.(w) du(w) = —Re f $*2 du(w); so |¢(z)| = eX. 
Since pz is a positive measure, u(z) < 0 for all z in D. Also the fact that 
p. is a singular measure implies, by Fatou’s Theorem, that u(rw) — 0 as 
r — 1— a.e. [m]. Hence if |w| = 1 and both ¢ and u have a non-tangential 
limit at w, then |¢(w)| = lim,_.1_ |@(rw)| = lim,_,.1_ eT") = 1 ae. [ml]. 
Therefore ¢ is inner. O 


An inner function ¢ as defined in (3.3) is called a singular inner function. 
It will turn out that singular functions are the inner functions with no zeros 
in D. At this point the reader might be advised to work Exercise 12 to 
see that the correspondence between singular inner functions and positive 
singular measures p as described by (3.3) is bijective. 

We come now to another class of analytic functions that are, in a certain 
sense, complementary to the inner functions. The idea here is to use formula 
(3.3) but with an absolutely continuous measure. It is also not required that 
the measure be positive. 


3.4 Definition. An analytic function f : D — C is an outer function if 
there is a real-valued function h on D that is integrable with respect to 
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Lebesgue measure and such that 


3.5 f(z) = exp (| — h(w) dm(w) 
for all z in D. 


It is clear that (3.5) defines an analytic function on D that has no zeros. 
Also the fact that h is real-valued implies that the harmonic function log | f| 
is precisely the Poisson transform of h. 


3.6 Proposition. If f is the outer function defined by (3.5), then f is in 
the Nevanlinna class and h = log |f| a.e. [m| on OD. Moreover, f € H? if 
and only if e” € L?. 


Proof. As we already observed, log |f| = h on D. Thus 


27 


1 20 1 ~ . 
= | log* [f(re)| 40 = 5 | maxti-(e%),0} a9 


Ihr ||1- 


lA 


But Theorem 19.1.7 implies that this last term is uniformly bounded in r. 
Therefore f € N. Also Fatou’s Theorem implies that f has non-tangential 
limits a.e. on OD and so, when the limit exists, h(w) = lim,_,;— h(rw) = 
lim,_,1— log |f(rw)|. This proves the first part of the proposition. 

Since |f|? = (e")? = eP", 


/ f(rw)|? dm(w) / Phin) dm (w) 


[exe ( frre) Pro(e)dm(z)) dm(w) 


Since the exponential function is convex and P,.,(z) dm(z) is a probability 
measure, Proposition 19.4.13 implies that 


[itcrapramw) < ff exp(ph(e)) role) dm(z) dm(u) 
[ expr) ( [ Prol2) dm(w) ) dz) 
/ exp(ph(z)) dm(2) 


= | (Pam, 


since [ P,w(z)dm(w) = f[ P,.(w) dm(w) = 1. So if e” € L?, then f € H?. 
Conversely, if f € H?, then f(e*’) € L? and, since e” = |f|, ee" € L?. O 
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We are now in a position to prove one of the main results of this section. 


3.7 Factorization Theorem. /f f ¢ H™, then 
f(z) = cb(z) (z) F(z), 


where c is a constant with |c| = 1, b is a Blaschke product, ¢ is a singular 
inner function, and F is an outer function in H™. Conversely, any function 
having this form belongs to H™. 


Proof. Assume that f is a bounded analytic function with ||f||. < 1. 
By Theorem 2.8, f = cbg, where b is a Blaschke product, g is a bounded 
analytic function on D with g(0) > 0, and c is a constant with |c| = 1. It 
also follows that ||g\|.. <1. Let g = e~* for a unique analytic function 
k:D— C with k(0) = log|g(0)|. Thus u = Rek = —log|g| > 0. That 
is, u is a non-negative harmonic function on D. By Herglotz’s Theorem, 
u(z) = f P,(w) du(w) for some positive measure 4 on OD. Therefore 


Ke) = | PF anu), 


(Why?) Let = atpus be the Lebesgue decomposition of with respect to 
m, with ug <m and p, | m, and let h be the Radon-Nikodym derivative 
of 4¢ with respect to m; so tg = hm. It follows that h > 0 a.e. [m] since 
pt is a positive measure. Define 


F(z) = exp ( [ 2*= [-n(w)]dm(w)) 


and let @ be the singular inner function corresponding to the measure Zs. 
It is easy to see that g = e-* = o F. By (3.6), —h = log|F| ae. [m]. Also 
log|g| = —Rek = —u and u(rw) — h(w) ae. [m] by Theorem 19.2.12. 
Thus —h = log |g| on OD and this implies that |g| = |F| on 0D. Therefore 
FeH®. 

The converse is clear. O 


In light of Theorem 2.10 we can now factor functions in N. 


3.8 Corollary. If f is a function in the Nevanlinna class, then 


pi(z) 
$a(z me Me), 


where c is a constant with |c| = 1, b is a Blaschke product, ¢, and $2 are 
singular inner functions, and F is an outer function in N. 


$2) = eb(2) | 


Now concentrate on H? for finite p. It will be shown that Theorem 3.7 
extends to this situation with the factor F an outer function in H?. ‘To do 
this we will first prove a result that has some independent interest. 
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3.9 Proposition. If f ¢ H', then f = hk for two functions h and k in 
H?. 


Proof. Let b be the Blaschke product with the same zeros as f. By Theo- 
rem 2.8, f = bg, where g € H! and g has no zeros in D. Since D is simply 
connected, there is an analytic function h on D such that h? = g. Since 
g €& H'!, he H’. Alsok = bh € H*. Clearly, f =hk. O 


3.10 Theorem. Jf 1< p< oo and f € H?, then 


f(z) = c b(z) (2) F(z), 


where c is a constant with |c| = 1, b is a Blaschke product, ¢ is a singular 
inner function, and F is an outer function in H?. Conversely, any function 
having this form belongs to H?. 


Proof. In light of Theorem 3.7 it remains to consider the case where p < 
oo. Before getting into the proper part of the proof, the reader is asked to 
establish the inequality 


og* a — log* b| < ja — Bl, 


valid for all positive numbers a and b. (Just consider various cases.) Hence 


IA 


/ og* |f(rw)| —log* |f(w)|] dr(w) / F(rw) — f(w)| dra(w) 


IA 


 [ Letrw) = sw) Parte) ’ 


Since this last quantity converges to 0 as r — 1—, we obtain that 
3.11 lim / log* |f(rw)| — log* |f(w)|| dm(w) = 0. 


3.12 Claim. If f € H”, then log|f(z)| < [ P.(w) log|f(w)|dm(w) for 
jz] <1. 


To see this, fix z in D. By Theorem 2.8, f = bg, where 6 is a Blaschke 
product and g is a function in H? with no zeros. Hence, log | f| = log |b| + 
log |g| < log |g|. Since | f(w)| = |g(w)| on OD, it suffices to prove the claim 
for the function g. 

Because g does not vanish on D, log |g| is a harmonic function on D, 
and so, for 0 < r < 1, log|g,| is harmonic in a neighborhood of cl D. 
Thus log |g,(z)| = { P.(w) log |g,(w)|dm(w). But for |z| < 1, P, € L&™. 
Therefore (3.11) implies that 


Jim_[ P.(w) log* |9-(w)|dm(w) = f P_(w)log* |g(w)| dm(w). 
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Now Fatou’s Lemma implies that { P,(w) log™ |g(w)|dm(w) < lim inf,_,,_ 
{ P.(w) log™ |g,(w)|dm(w). Hence 


log|g(w)| = lim log|g,(w)| 


lim / P.(w) [log* |gr(w)| —log™ |g-(w)|] dm(w) 


ra1— 


[P. logt |g| dm — |. log™ |g| dm 


lA 


[P. log |g| dm, 


thus proving (3.12). 

Now to complete the proof of this theorem. Let f = cb(¢,/¢2) F as in 
Corollary 3.8 and put ¢ = 1/2. Since |f(w)| = |F(w)| ae. [m] on OD, 
F € H?. Also |¢| = 1 a.e. [m] on OD. So if it can be shown that |b(z) 6(z)| < 
1 on D, this will show that 6¢ is an inner function and complete the proof. 
But for |z| < 1, 


log |F(z)| = / P, (w) log |F(w)| dm(w) 


/ P, (w) log | f (w)| dm(w) 


2 log |f(z)| 
by (3.12). Therefore 1 > | £2) = |b(z) d(z)|. O 
F(z) 


It is now possible to obtain the promised extension to H! of Theorems 
1.4 and 1.5. The result is stated for all p, though it is only necessary to 
offer a proof for the case that p = 1. The subspace H? of L? is defined as 
before (1.5). 


3.13 Theorem. Jf f € H?, 1 < p < oo, then g(w) = lim,—;_ f(rw) 
defines a function in L? such that g(n) = 0 forn < 0, g = f, and 
llgll> = lim,_1- ||f;||p. Thus the map that takes a function f in H? onto 
its boundary values g is an isometric isomorphism of H” onto the subspace 
H? of L?. For p= ov, this map is also a weak* homeomorphism. 


Proof. We can assume that p = 1. If f € H', then f = Ak for functions 
h and k in H? (3.9); also, let h and k denote the respective boundary 
functions in H*. By Theorem 1.4, h = h, k = k, ||h, — h|l2 — 0, and 
||k, — k|l2 2 0. If 0 <r, s <1, then 


[lt(rw) = f(sw)| am(w) < J e(rw)[is(rw) — b(s0)]| daw) + 
/ |k(sw)[h(rw) — h(sw)]|| dm(w) 
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< ||Ar|lol [Ay _ ks|\2 + [Fs ||2| [Pr ~~ hello. 


If M = max{||A||2, ||kll2} and e« > 0, then there is an rg < 1 such that 
\|A,—ks|l2 < €/2M and ||h,—hs|l2 < €/2M for r,s > ro. Hence ||f,—fs||1 < 
e whenever r,s > ro. That is, {f,} is a Cauchy net in L!. Let F € L! such 
that ||f, — F||) —~ 0 as r > 1— . By Theorem 3.8, f = F. By Fatou’s 
Theorem, F'(w) = lim,_1— f(rw) = g(w) a.e. [m] on OD. But since f, — g 
in L! norm, f,(n) > g(n) for all n. Thus 9(n) = 0 for n < 0. It is also clear 
that ||frll1 > |lglla- © 


We will henceforth make no distinction between functions in the Hardy 
spaces H? and their boundary values. That is, with no warning we will 
consider functions in H”? as functions on D or on OD unless there is a 
distinct expository advantage in making a distinction. 

We have seen that if f € L?, 1 < p< co, and f(n) = 0 for all n < 0, then 
f is the boundary function of a function in H?. We are therefore justified 
in calling functions in L? whose negative Fourier coefficients are 0 analytic 
functions. What are the “analytic measures?” That is, if pw is a regular 
Borel measure on OD and ji(n) = 0 for n < 0, what can we conclude, if 
anything, about y and jz? The answer, contained in the F and M Riesz 
Theorem below, is that we get nothing new, since such measures must be 
absolutely continuous with respect to Lebesgue measure and therefore have 
Radon-Nikodym derivatives equal to a function in the Hardy space H?. 


3.14 The F and M Riesz Theorem. /f u © M(OD) and ji(n) = 0 for 
n<0O, then p< ™m and du/dm ce H?. 


Proof. By familiar arguments (see, for example, the proof of Theorem 
1.3), if f = fi, then f(z) = 0) &(n)z” for |z| < 1. Thus f is an analytic 
function. Also, ||f,||1 < ||u|| and so f € H?. If g(w) = lim,_1_ f(rw), 
then Theorem 3.13 implies that g = f. Hence »—g = 0. But now an 
easy computation shows that for every integer n, 4 — g(n) = 0, and so 
fi(n) = g(n) for all n. Since the trigonometric polynomials are dense in 
C(OD), it follows that p= gm. O 


We close this section with a discussion of weak convergence in the H? 
spaces. Part of this discussion (the part for p > 1) could have been pre- 
sented earlier, while the consideration of the case where p = 1 is dependent 
on the F' and M Riesz Theorem. We begin with the case p > 1. 


3.15 Proposition. [f 1 < p< oo, f € H”, and {f,} is a sequence in H?, 
then the following statements are equivalent. 


(a) fn — f weakly in LP? (weak* in L© if p= co). 
(b) sup, ||fnllp < co and fn(z) > f(z) uniformly on compact subsets of 
D. 
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(c) sup, ||fnllp < 00 and f,(z) > f(z) for all z in D. 
(d) sup, ||fnllp < 00 and fi(0) 3 f(0) for all k > 0. 
Proof. (a) implies (b). By the Principle of Uniform Boundedness, sup,, || fn||p 


< oo. If K is a compact subset of D, let s = sup{|z|: z € K}; so s < 1. Let 
s <r <1; by Cauchy’s Theorem, for any analytic function h on D and z 


in K, 
h(z) = | d¢ / dé. 


Qri ican C-2 > Qt re? — z 


Now if h € H?, h, — h in L? norm. So letting r — 1 in the preceding 


equation gives that 
1 2" h(e%?) 
A(z) = — dé 
(2) 20 | et? — z 


for all z in K. By Exercise 6, {(e*® —z)~! : z € K} is compact in L4%, where 
q is the index dual to p. By Exercise 7, f,(z) — f(z) uniformly on K. 

(c) implies (a). Assume that 1 < p < oo. The fact that {f,} is norm 
bounded implies, by the reflexivity of L?, that there is a function g in 
LP? such that fn —c g weakly in L?. Since L’ is separable, there is a 
subsequence {f,, } such that f,, — g weakly. If p = oo, then the fact that 
L' is separable implies there is a g in L© and a subsequence {f,, } such 
that fn, — g weak*. In either case, for all integers m, g(m) = lim fn, (m). 
Hence g € Hy. Also, the fact that (e* — z)~! € L4 implies that g(z) = 
(g, (e? — z)~*) = limp, —oo(fngs (€% — 2)7*) = lima, soo fr (2) = F(Z). 
Hence f is the unique weak (respectively, weak*) cluster point of {f,} and 
so fn — f weakly (respectively, weak”). 

It is clear that (b) implies (c) and the proof that (d) is equivalent to the 
remaining conditions is left to the reader. O 


What happens if p = 1? By the F and M Riesz Theorem, H! can be 
identified, isometrically and isomorphicly, with L = {uy € M(OD): f(n) = 
0 for n < 0}. Now it is easy to see that this is a weak* closed subspace 
of M = M(OD). So if CL, = {f € C(OD): f f hdm = 0 for all h in H'}, 
then H! = (C(@D)/L_)*. That is, H' is the dual of a Banach space 
and therefore has a weak* topology. In fact, this is precisely the relative 
weak* topology it inherits via its identification with the subspace £L of M. 
Thus a sequence {f,} in H+ converges weak* to f in H! if and only if 
{f gfnxdm — f[ gf dm for all g in C(@D). We therefore have the following 
analogue of the preceding proposition. 


3.16 Proposition. If f ¢ H' and {f,} is a sequence in H', then the 
following statements are equivalent. 


(a) fn— f weak* in H'. 
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(b) sup, ||fnll1 < co and fn(z) — f(z) uniformly on compact subsets of 
D. 


(c) sup, ||fnlla < co and f,(z) — f(z) for all z in D. 
(d) sup, ||fnll1 <0o and fS*)(0) (0) for all k > 0. 


The proof is left to the reader. 


Exercises 


1. Let ¢; and ¢@2 be singular inner functions corresponding to the singu- 
lar measures p14; and po. If ¢ is the function ¢;/¢2 in the Nevanlinna 
class, show that ¢ is an inner function if and only if p41 > pe. 


2. Let F be the collection of all inner functions and observe that F is a 
semigroup under multiplication. If @ € ¥, characterize all the divisors 
of ¢. Apply this to the singular inner function ¢ corresponding to the 
measure a6,, where 6; is the unit point mass at 1 and a > 0. 


3. If ¢ is an inner function, is it possible for 1/¢@ to belong to some H” 
space? Can 1/¢ belong to some L” space? If f is any H” function 
such that 1/f € H', what can you say about f? 


4. If f € H' and Re f(z) > 0 for all z, show that f is an outer function. 
If ¢ is an inner function, show that 1 + ¢ is outer. 


5. If A is a measurable subset of 0D having positive Lebesgue measure 
and a and b are two positive numbers, show that there is an outer 
function f in H™ with |f(w)| = aa.e. on A and |f(w)| = b ae. on 
OD \ A. Show that if h € L?, 1 < p < ow, and h > O, then there 
is a function f in H” such that h = |f| ae. on OD if and only if 
logh € L1; show that the function f can be chosen to be an outer 
function. 


6. If 1 < q < ov, the function z > (e*® — z)—! is a continuous function 
from D into L?. Thus for any compact subset K of D, {(e*? — z)-!: 
z € K} is a compact subset of L?. 


7. If ¥ is a Banach space, {x,} is a sequence in ¥ such that r, — 0 
weakly, and K is a norm compact subset of 4*, then sup{|x*(z,)| : 
z*€K}—-Oasn—- oo. 


8. Prove that condition (d) in Proposition 3.15 is equivalent to the re- 
maining ones. 


9. Prove Proposition 3.16. 
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10. Show that for f in L’, f f¢dm = 0 for all ¢ in H® if and only if 
f € H' and f(0) = 0. Denote this subspace of H! by HZ. Show that 
H™@ is isometrically isomorphic to (L'/H})*. 


11. Let 6, be the Blaschke product with a zero of multiplicity n at 1— 2, 
Show that {b,} converges weak* in H™. What is its limit? 


12. (a) Show that if 4 is a complex valued measure on OD, (3.3) defines 
an analytic function ¢ on D with no zeros. (b) Show that f(z) = 
— f 4 dy(w) is the unique analytic function on D such that ¢ = ef 
and f(0) = —u(OD). (c) Show that f((0) = —2n! fw*du(w) for 
n > 0. (d) Show that if » is a singular measure and ¢ = 1, then 
us = 0. (e) Show that if pu is a real-valued measure and ¢ = 1, then 
p. = 0. (f) Now assume that yz; and pe are two positive singular 
measures that represent the same singular inner function ¢. That is, 
assume that exp(— f 2% dui(w)) = exp(— f “2 dyo(w)) = ¢(z). 
Show that p41 = po. 


13. If ¢ is an inner function, find all the points a on OD such that ¢ has 
a continuous extension to D U {a}. 


$4 The Disk Algebra 


Here we study an algebra of continuous functions on the closed disk (or the 
unit circle) that is related to the Hardy spaces. 


4.1 Definition. The disk algebra is the algebra A of all continuous func- 
tions f on cl D that are analytic on D. 


It is easy to see that A is a Banach algebra with the supremum norm. In 
fact, it is a closed subalgebra of H®. In light of the recent sections of this 
book, the proof of the next result should offer little difficulty to the reader. 
(This was covered in Exercise 1.2.) 


4.2 Theorem. The map f — f|OD is an isometric isomorphism of A 
onto the subalgebra A = {g € C(OD) : g(n) = 0 forn < 0} of C(OD). 
Furthermore, if g € A and f = g, then f|OD = g and f, — g uniformly on 
OD. 


We will no longer make a distinction between the disk algebra A and the 
algebra A consisting of its boundary values. That is, we will often think of 
A as a subalgebra of C(0D). 


4.3 Proposition. The analytic polynomials are uniformly dense in the disk 
algebra. 
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Proof. This is easy to prove if you first observe that the Cesaro means 
of a function in the disk algebra are analytic polynomials and then apply 
Theorem 18.7.5. 0 


4.4 Theorem. If p: A — C is a non-zero homomorphism, then there is 
a point a in clD such that p(f) = f(a) for all f in A. Thus the mazimal 
ideal space of A is homeomorphic to clD, and under this identification the 
Gelfand transform is the identity map. 


Proof. If p : A — C is a non-zero homomorphism, let a = p(z). Since 
[lel] = 1, ja] < 1. It follows by algebraic manipulation that p(p) = p(a) 
for all polynomials in z. In light of the precediriy proposition, p(f) = f(a) 
for all f in A. Conversely, if ja} < 1 and p(f) = f(a) for all f in A, 
then p is a homomorphism. Thus p — p(z) is a one-to-one correspondence 
between the maximal ideal space and cl D. The proof of the fact that this 
correspondence is a homeomorphism and the concomitant fact about the 
Gelfand transform is left to the reader. O 


4.5 Proposition. {Re p|OD : p is an analytic polynomial} is uniformly 
dense in CrR(OD). 


Proof. If g(w) = -p__, Crw®, where C_~ = Cx, then g = Rep for some 
analytic polynomial. On the other hand, the Cesaro means of any function 
in Cr(OD) are such trigonometric polynomials and the means converge 
uniformly on OD (18.7.5). O 


4.6 Corollary. If 4s is a real-valued measure on OD such that { p du = 0 
for every analytic polynomial p, then p = 0. 


4.7 Corollary. If 4: is a real-valued measure on OD such that { p du = 0 
for every analytic polynomial p with p(0) = 0, then there is a real constant 
c such that up = cm. 


Proof. Let c= {1dm = p(OD). It is easy to check that, if vy = uw — cm, 
then [ pdv = 0 for all polynomials p. The result now follows from the 
preceding corollary. O 


This essentially completes the information we will see here about the 
disk algebra. There is more information available in the references. 

Now we turn our attention to some related matters that will be of use 
later. Note that this puts the finishing touches to the proof of Theorem 
14.5.8. 


4.8 Theorem. If f ¢ H', the following statements are equivalent. 


(a) The function 0 — f(e*) is of bounded variation on (0, 27]. 
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(b) The function f belongs to the disk algebra and 0 — f(e*’) is absolutely 
continuous. 


(c) The derivative of f belongs to H'. 


Proof. (a) implies (b). Let u(@) = f(e*’); we are assuming here that wu is 


a function of bounded variation. But since f € H', = a u(O)e'’dd = 


{ f(w)w” dm(w) = 0 for n > 1. Using integration by parts, this implies 
that, for n > 1, 


Q ; 1 20 ; 
0 = ul ) gind jan _ =| e'? du(0) 
in in Jo 
1 an in@ 
= - e€ du(@). 
im Jo 


The F and M Riesz Theorem now implies that u is an absolutely continu- 
ous function whose negative Fourier coefficients vanish. In particular, u is 
continuous and, since f = u, f € A. 

(b) implies (c). Since u(@) = f(e%®) is absolutely continuous, for 0 <r <1 
and for all 0, 


Qn 
f(re’’) = = / P,.(6 — t)f (e"*)dt. 
Differentiating both sides with respect to 0 gives 
“tO fl 16 1 on 0 at 
ire” f'(re”’) = on Ih ag Pr lO — t)| f(e™)dt. 


Since P, is an even function, this implies 


; ; 1 27 
ire’? f'(re’’) = — ° 


a fp pglhr(O ~ Hult) a. 


Since u is absolutely continuous, integration by parts yields 
27 
an tO fl 10 1 / 
ire’ f (re) = | P,.(@ — t)w (t) dt. 
21 0 


This implies that izf’(z) is an analytic function on D that is the Poisson 
integral of the L! function u’. Hence izf’(z) belongs to H+. But this implies 
that f’ € H?. 

(c) implies (b). Let h denote the boundary values of f’. Soh € L’, h(—n) = 
0 for n > 0, and f’ is the Poisson integral of h. Let g(@) = ih et h(t) dt; 
so g(0) = 0. Also g(27) = fi e' h(t) dt = if" e~i(—) dt = ih(-1) = 0. 
Now g is absolutely continuous and g’(@) = ie’°A(@) a.e. For n < 0, 


1 20 


a — —ind 
gm) = 5 , g(9) edd 
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1 1 20 ; 
— _2 8)d —ind 
mam | 9arae™) 
— _ 1 e?8 9(Q) [27 +4 i [O ea'o) 
27 ° 27 in Jo 
—— (6) ein gp 
27 n 0 
_ in —1) 
20 n 
= 0. 


Thus g belongs to the disk algebra and g|0 D = g is absolutely continuous. 
Since we have already shown that (b) implies (c), we have that g’ € H"’. 
Moreover an examination of the proof that (b) implies (c) reveals that 


di a Tee 
Sale) = tim ie! G(re™), 
But S9(e%?) = ieh(0) = ie” f’(e*). Thus 


lim [f"(re'®) — g(re*)] = 0 
a.e. Since f’ — g’ € H!, f’ =g’. Therefore there is a constant C such that 
f =9+C. This implies that f € A and 6 > f(e’”) is absolutely continuous. 
Since it is clear that (b) implies (a), this completes the proof. O 


It is worth recording the following fact that surfaced in the preceding 
proof. 


4.9 Corollary. If f belongs to the disk algebra and 0 — f(e*) is absolutely 
continuous, then 


a a 1 (pot 
77 TAG ) = ie jim f (re’’ )a.e. 


4.10 Corollary. If f belongs to the disk algebra and 0 — f(e*?) is abso- 
lutely continuous, then the length of the curve 0 — f(e*®) is 2m ||f'||1. 


Exercises 


1. Show that the only inner functions that belong to A are the finite 
Blaschke products. 


2. Show that the function f(z) = (1 — z) exp | +2] is continuous as a 


function on OD, but there is no function in A that equals f on OD. 
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3. Let K be a compact subset of 0D having zero Lebesgue measure. 
(a) Show that there is an integrable, continuous function w : 0D — 
[—oo, —1] such that w(z) = —oo if and only if z € K. (b) Prove the 
result of Fatou that says there is a function f in A with f(z) = 0 if 
and only if ze K. 


4. Let > be a rectifiable Jordan curve and G = ins 7; let 7: D — G be 
a Riemann map and extend 7 to be a homeomorphism of cl D onto 
cl G. Generalize Corollary 4.10 by showing that, if A is a Borel subset 
of y, the arc length measure of A is 27 Spay \7’(w)| dm(w). 


5. Keep the notation of the preceding exercise. Show that if E is a subset 
of OD, then m(£) = 0 if and only if 7(E) is a measurable subset of 
y with arc length measure 0. 


6. Keep the notation of Exercise 4. Let a = e’® and let o : [0,1] — 
D U {a} be a curve with o(1) = a and |o(t)| < 1 forO < t < 1. 
Assume that o has a well defined direction at a that is not tangent 
to OD; that is, assume that 0 = lim;_;_ arglo(t) — a] exists and 
9Aatn/2. If 4 7r(e*) exists at t = a, does the angle between Toc 
and ‘+ exist at 7(a) and is it equal to 0? Is this true a.e. on 0D? 


$5 The Invariant Subspaces of H” 


The purpose of this section is to prove the following theorem (Beurling 
[1949]). 


5.1 Beurling’s Theorem. /f 1 < p < co and M 1s a closed linear subspace 
of H? such that zM C M and M F (0), then there is a unique inner 
function @ with $(0) > 0 such that M = $H?. If p= co and M is a weak* 
closed subspace of H™ such that zM C M and M F (0), then there is a 
unique inner function ¢ with @(0) > 0 such that M = ¢H™. 


A subspace M of H? such that zM C M is called an invariant subspace 
of H”. Strictly speaking, such a subspace is an invariant subspace of the 
operator defined by multiplication by the independent variable. Clearly if 
M = ¢$H? for some inner function ¢, then M is a closed invariant subspace 
of H”. So Beurling’s Theorem characterizes the invariant subspaces of H?”. 

Beurling’s Theorem is one of the most celebrated in functional analysis. 
It is one of the first results that make a deep connection between operator 
theory and function theory. For a proof in the case that p = 2 that uses 
only operator theory, see Theorem I.4.12 in Conway [1991]. The proof here 
will require some additional work. 

Begin by introducing an additional class of functions related to the 
Nevanlinna class. Let N* denote those functions f in the class N that 
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have a factorization f = c b ¢ F, where c € C with |c| = 1, b is a Blaschke 
product, @¢ is an inner function, and F is an outer function. Referring to 
the factorization of functions in the Nevanlinna class (Corollary 3.8), we 
see that the functions in NT are precisely those in N for which no inner 
function is required in the denominator of this factorization. The first re- 
sult will be stated but not proved. Its somewhat difficult proof is left to 
the reader. (Also see Duren [1970], Theorem 2.10.) 


5.2 Theorem. If f ¢ N, then f € Nt if and only if 
1 27 6 1 27 0 
lim | logt |f(re’’)| dé = x | logt | f(e’”)| da. 


Note that if ¢ is a singular inner function, 1/¢ € N but 1/¢ ¢ NT. For 
f = 1/¢ the left hand side of this equality is finite and not 0 while the right 
hand side is 0. 

The next result is an easy consequence of the definition on the class NT. 


5.3 Proposition. If f ¢ N* and f € L?,1<p<o, then f € H?. 


To facilitate the proof of Beurling’s Theorem introduce the notation [f] = 
the closed linear span of {f,zf,z7f,...} in H? whenever f € H?, 1<p< 
oo. Note that [f] = cl {pf : pis a polynomial} and |f] is the smallest 
invariant subspace of H? that contains the function f. If f ¢ H™, |[f] is 
the weak* closed linear span of the same set. 


5.4 Lemma. I[f f is an outer function in H?, 1<p< oo, then |f] = H?. 


Proof. If |f] # H”, then there is a continuous linear functional LD on H” 
(ZL is weak* continuous if p = oo) such that L(pf) = 0 for every polynomial 
p but L ~ 0. Let q be the index conjugate to p and let g € L’% such that 
L(h) = [ hgdm for every h in H?. So [ pfgdm = 0 for every polynomial 
p, but there is at least one integer n > 0 with [ z"gdm # 0. Thus g ¢ H§, 
the H% functions that vanish at 0. On the other hand we do have that 
f 2" fgdm = 0 for all n > 0, so that k = fg € HG. 

Now f has no zeros in D and so k/f is an analytic function on D. Since 
k € Hé and f € H?, log|k| and log|f| both belong to L1. Therefore 
log |k/f| = log |k| —log|f| € L1. Using the fact that f is outer and k € H}, 
it follows that k/f ¢ N*. But on OD, k/f =g € L‘. Thus Proposition 5.3 
implies that g € Hg, a contradiction. 0 


We now fix our attention on the case p = 2. 


5.5 Lemma. Beurling’s Theorem is true for p = 2. 


Proof. First, let g be a function in M such that the order of its zero at 
z = 0 is the smallest of all the functions in M. It must be that g ¢ zM. 
Indeed, if g € zM, then g = zf for some f in M; but the order of the zero 
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of f at 0 is one less than the order of the zero of g at 0, a contradiction. 
Thus M properly contains zM. 

Let fo € MN (zM)~ with ||¢||2 = 1. So for all n > 1, 0 = (¢,¢2") = 
{ |¢|?z"dm. By taking complex conjugates we see that all the Fourier co- 
efficients of |¢|* are zero except possibly for the coefficient for n = 0. Thus 
||? is the constant function. Since ||¢||2 = 1, we have that |¢| = 1, and so 
@ is an inner function. 


Claim. dim[M nN (zM)+] =1 


Indeed let ~ be a function in MN(zM)- such that ~ | ¢ and ||q)||2 = 1. 
It is left to the reader to show that {z"¢, z* : n,k > 0} is an orthonormal 
set in L*. Therefore for any n,k > 0, 0 = (2°, z zky) = f z™z* éudm. Thus 
0 = f hdéwddm for every h in La D) and so ¢w = 0. Since both ¢ and w 
must be inner functions, this is impossible. This contradiction shows that 
dim[M M (zM)+] = 1 and hence is spanned by ¢. 

Let NV = [¢]; so N < M. Leth Ee MNN+. Soh L ¢; since dim[MN 
(zM)+] = 1, this says that h € zM. But an easy argument shows that 
dim[zM NN (z2M)-+] = 1. Since h L z, we also get that h € 22M. Con- 
tinuing this argument we arrive at the fact that h € z"M for all n > 1. 
But this says that h is an analytic function with a zero at z = 0 of infinite 
order. Hence h = 0 and it must be that M = N = [gd]. O 


Now we prove Beurling’s Theorem for the case p = oo. 


5.6 Lemma. [f M is a weak" closed invariant subspace of H® and M # 
(0), then there is an inner function @ such that M = dH™. 


Proof. Let N be the closure of M in H?. It is immediate that N is an 
invariant subspace of H?. By Lemma 5.5 there is an inner function ¢ such 
that NV = ¢H?. It is claimed that M = ¢H@™. Actually it is easy to see 
that M C @¢H@™ since MC NN H®. 

For the other inclusion, let {f,} CG M such that | fn — o|l2 - 0. By 
passing to a subsequence if necessary, we may assume that f, — @¢ a.e. 
[m] on OD. Since M C ¢H™, for each n there is a function h, in H™ 
such that f, = dh». Define v, on 0D by v,(w) = 1 when |h,(w)| < 1 and 
Un(w) = |hn(w)| otherwise. Now v7! € L© and log(vn") € L;. Thus there 
is an outer function g, in H® such that |g,| = v,° on OD (Proposition 
3.6). But f, — ¢ ae on OD and so hy, = of, > dd =1ae. on OD. 
This in turn implies that g, — 1 ae. on OD. But ||gn||o. < 1 for all n 
and so g, — 1 weak* in H™. By Proposition 3.15, g,(z) — 1 for all z in 
D. Thus gn(z)fn(z) > $(z) for z in D. But ||gnfniloo = |luzthallo < 1. 
By Proposition 3.15, gnfn — @ weak* in H™. Since gnfn € M, @€ M. 
Therefore GH” CM. O 


The proof of the next lemma is immediate from the factorization of 
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functions in H”. The details are left to the reader. 


5.7 Lemma. If ¢ and w are inner functions, then 6H? = WH? if and only 
if there is a scalar a with |a| = 1 and y = ad. 


Proof of Beurling’s Theorem. Let M be an invariant subspace of H?, 1 < 
p < oo. Because LY C L1, MN H©@ is weak* closed and invariant in H™. 
If g € M and g = gogi with go outer and g; inner, let {p,,} be a sequence 
of polynomials such that ||pngo — 1||) — 0 (Lemma 5.4). It follows that 
Png — gi in Ly and so gi € MN H®™. That is, the inner factor of every 
function in M belongs to MN H@™. In particular, MN H® # (0). Thus 
(Lemma 5.6) there is an inner function ¢ such that MN H™ = dH. 
We now show that M = $H?. In fact if g € M and g = gogi as in 
the preceding paragraph, gi € ¢H@™; let g: = ow for some y in H™. So 
g = ogo € 6H”; that is, M C ¢H”. On the other hand, ¢ € M and so 
gp € M for every polynomial p. By taking limits we get that 6H? C M. 
The uniqueness statement follows immediately from Lemma 5.7. O 


Some notes are in order. First, H™ is a Banach algebra and the invariant 
subspaces of H™ are precisely the ideals of this algebra. So Beurling’s 
Theorem characterizes the weak* closed ideals of H™. In Exercise 1 the 
weak* continuous homomorphisms from H@™ into C are characterized. A 
discussion of the Banach Algebra H™ is a story by itself. (For example, see 
Garnett [1981].) 

Second, if £ = the collection of invariant subspaces of H”?, then £ forms 
a lattice where the join and meet operations are defined as follows. If M 


and N € CL, 


MvVN cl [span(M U N)], 
MAN = MNN. 


It is left to the reader to check that £ with these operations satisfies the 
axioms of a lattice. In the exercises Beurling’s Theorem is applied to the 
study of this lattice. Also see §3.10 in Conway [1991]. 
Exercises 
1. If 9p: H® — C is a non-zero weak* continuous homomorphism, show 
that there is a unique point a in D such that p(f) = f(a) for all f in 
H@., 
Exercises 2 through 14 are interdependent. 


2. Let J denote the set of all inner functions ¢ of the form 


o = z*b(z)p(z), 


294 


20. Hardy Spaces 


where k > 0, b is a Blaschke product with b(0) > 0 (possibly b = 1), 
and w is a singular inner function (possibly y~ = 1). Call this the 
canonical factorization of a function in J. Show that for an inner 
function ¢, ¢‘*)(0) > 0 for the first positive integer n with ¢™ (0) 4 0 
if and only if dE I. 


. Note that J is a semigroup under multiplication and that 1 is the 


identity of I. Show that this semigroup has no zero divisors; that 
is, if 6 and w € I and gy = 1, then ¢ = w = 1. Show that this 
makes it possible to define the greatest common divisor and least 
common multiple of two functions in J, and that they are unique 
when they exist. If 6; and ¢2 € I, then gcd(¢), 2) = the greatest 
common divisor of ¢, and ¢2 and Icm(¢1,¢2) = the least common 
multiple of @; and ¢2 when they exist. The next exercise guarantees 
the existence. 


. If d; and ¢2 € I and 1 < p < ov, then: (a) 6; H?Ad2H” = ¢H?, where 


@ = lem(¢1, ¢2); (b) ¢1H? V doH? = oH,, where ¢ = gced(4y, ¢2). 


. For ¢) and ¢2 in I, say that ¢, > ¢2 if ¢2|¢1; that is, if g is a multiple 


of @2. Henceforth it will always be assumed that J has this ordering. It 
is customary to define ¢; V¢2 = Icm(¢1, ¢2) and ¢;A¢2 = gcd(¢1, $2); 
with these definitions show that J becomes a lattice and the map 
@ — oH? is a lattice anti-isomorphism from I onto Lo, the lattice of 
non-zero invariant subspaces of H?. 


. Let $1, ¢2 € L and let 6; = zs ;; be the canonical factorization of 


?j,j = 1,2. Furthermore, let 4; be the positive singular measure on 
OD associated with the singular function ~;. Prove that $1 > ¢2 if 
and only if: (i) ky > ke; (ii) the zeros of b; contain the zeros of bo, 
counting multiplicities; (iii) 44 > pe. 


. Let 4, and po be two positive measures on a compact set X and 


set = [41 + Me; set f; = the Radon-Nikodym derivative of 1; with 
respect to y,g = max(fi, fo), and h = min(f), fo). Put v = gp and 

= hy. Prove the following. (a) 441, u2 < v and if o is any positive 
measure on X such that p11, w2 < o, then v < . (b) 4,2 > 7 and 
if o is any positive measure on X such that 444, u2 > 0, then n > a. 
For two positive measures 4; and pl2, the measures v and 7 will be 
denoted by p41 V pg and py A p2, respectively. 


. Let ¢; and ¢2 be functions in J with canonical factorizations ¢; = 


zs b;w;, where b; is a Blaschke product with zeros Z;, each repeated 
as often as its multiplicity, and ~; is a singular inner function with 
corresponding singular measure p,;. Let kj V kz = max(k,k2) and 
ky Ak2 = min(kj, ke); 61 Vb2 = the Blaschke product with zeros Z;UZ2 
and 6) A bg = the Blaschke product with zeros Z1 9 Zo; ¥1 V ve = 
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14. 


15. 
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the singular inner function with measure p41 V fe and 1 A we = the 
singular inner function with measure pj A p2. Prove the following. 

(a) 61 Ve = 2*1V*2 (by Vb) (1 V2) and $1 H?Ag2H” = (61 V¢2)H?. 
(b) di Adg = 2*14*2 (by Abo) (1 A2) and 6H? AgoH” = (¢1A¢2)H?. 


. With the notation of the preceding exercise, 6;H? V ¢2H? = HP? if 


and only if ky = ko = 0, Zi M 22 = 0, and f1 t 42. 


Show that if 1 < p < oo and M, and Mg are non-zero invariant sub- 
spaces of H?, then M,;1.Mp2 # (0). State and prove the corresponding 
fact for weak* closed ideals of H™. 


Using the notation of Exercise 8, show that if kj} = kp = 0, 2 
and Z2 have disjoint closures, and 4, and pg have disjoint closed 
supports, then ¢,H? + ¢.H? = H®. Show that ¢,H? + @2H? = H? 
if and only if there are functions u, and ug in H™ such that @,u; + 
@ou2 = 1. (Remark. This condition is equivalent to the requirement 
that inf{|¢1(z)| + |d2(z)| : |z| < 1} > 0. This is a consequence of the 
Corona Theorem (Carleson [1962])). 


If {¢;} C I, describe the inner functions ¢ and w such that \/ ¢,H? = 
oH” and A ¢;H” = W~H?. Give necessary and sufficient conditions 
that \/ ¢;H? = H?. That A ¢;H® = (0). 


Let @ be the singular inner function corresponding to the measure 
ad,, a > 0. If M, and Mg are invariant subspaces for H?, 1<p< 
oo, and both contain 6H”, show that either M; C M2 or Mz C Mj. 
(See Sarason [1965] for more on this situation.) 


Let M, and Mg be invariant subspaces of H? such that M, C Mo. 
If 6; and ¢2 are the corresponding functions in J, give a necessary and 
sufficient condition in terms of ¢; and ¢2 that dim(M2/Mj,) < oo. If 
dim(M2/Mz,) > 1, show that there is an invariant subspace M such 
that M,; CM C Moz and M #4 M, or Mg. 


(Conway [1973]) Endow I with the relative weak* topology from H@™, 
and for each ¢ in I let Py be the orthogonal projection of H? onto 
@H*. Show that if a sequence {¢,} in I converges weak* to ¢ in J, 
then Py, — Pg in the strong operator topology. 


Show that the inner functions are weak* dense in the unit ball of H™. 


86 Szeg0o’s Theorem 


In this section we will study the spaces P?(:), the closure of the polynomials 
in L?(y) for a measure p supported on the unit circle. For p = oo, P™(p) 
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denotes the weak* closure of the polynomials in L(y). In particular we 
will prove Szeg6’s Theorem (6.6). 

Let A denote the disk algebra (§4) and let Ap = {f € A: f(0) = 0}; so 
Apo is a maximal ideal in the algebra A. If p is a positive measure on OD, let 
P§(u) be the closure of Ap in L?(). (p = 00?) Since P?(s) is the closure 
of A in L?(), we have that dim[P?(y)/P)(y)| < 1. If uw = m, Lebesgue 
measure on OD, then this dimension equals 1. Can it be 0? The answer is 
easily seen to be yes by taking p to be the unit point mass at 1. However 
the general answer is the key to this section. 

First, a few recollections from measure theory. If ~ is a measure and pp = 
y+, where v and 7 are mutually singular measures, then for 1 < p < oo 
the space L?(y) splits into a direct sum, L?(u) = L?(v) @ L?(n). For a 
function f in L?() this decomposition is achieved by restricting f to the 
two disjoint carriers of the mutually singular measures. Thus for f = g@h, 
Ifll> = Igllp + llAllp when 1 < p < 00 and ||flloo = max{||glloo5 ||Flloo}- 
This natural decomposition will be always lurking in the background of the 
discussion that follows. 


6.1 Proposition. Jf 1 < p < oo and p is a positive measure on OD with 
[tL = Ua + ps the Lebesgue decomposition of 1 with respect to m, then 


PP (1) = PP(Ha) ® LP(ys)- 


Proof. It is rudimentary that P} (1) C P§ (ta)@L? (us) C LP (ua) PL? (us). 
If p-+ +q7t =1, let g € L%(p) = L4 (ua) @ L4(u,) such that f gfdu = 0 
for all f in Ao. Thus f{ z"gdu = 0 for all n > 1. By the F and M Riesz 
Theorem, gu < m. Thus g = 0 ae. [u,| and so g € L7(y,) and g 1 L? (ps). 
Consequently g | P} (ta) ® L?(us). The proposition now follows by the 
Hahn-Banach Theorem. 0 


6.2 Corollary. If 1 < p < oo and yp is a positive measure on OD with 
absolutely continuous part a, then 


inf / |1—fl’du= inf | |1—f/|Pdpo. 
int f\Pdp int fi f\Pdp 


We have seen that if h is a non-negative function in L'(m), then logh 
may fail to be integrable. In fact, log h € L} if and only if there is a function 
f in H+ with h = |f| (Proposition 3.6). Because logz < z — 1 for x > 0, 
the only way that logh can fail to be integrable is for [log hdm = —oo; 
that is, the approximating sums for the integral must diverge to —oo. If 
this is indeed the case, then the expression exp [ J log hdm| that appears in 
the subsequent text is to be interpreted as 0 (what else?). 
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6.3 Proposition. If h is a non-negative function in L+(m), then 


exp [tog ham| = inf { | het am : 9 LR(m) and [gam =o. 


Proof. If g € Lk(m) and f gdm = 0, then flog(he9)dm = f (logh + 
g)dm = f loghdm. Thus letting « = m in Proposition 19.4.13 and replac- 
ing h by log(he’), we get 


exp foe am < inf { | hetam : 9 € Le(m) and Js im =o}. 


If ce > 0, let c = f log(h + ¢)dm and put g. = c, — log(h + €). Thus 
geLig(m) and f g-dm = 0. Also f he9sdm = f he®(h+e)~'dm = e f h(ht+ 
e)-'dm. Now ce — f loghdm by monotone convergence. On the other 
hand, fh(h+e)~'dm — 1. Thus f he%dm — exp |f loghdm], proving 
the proposition. O 


6.4 Lemma. If h is a non-negative function in L'(m) and g € Ly(m) with 
J gdm = 0, then there exists a sequence of functions {g,} in Lx?(m) such 
that [{ g.dm =0 for alln >1 and f he9*dm — f he9dm as n = oo. 


Proof. Let fr =g if |g| <n and 0 otherwise. Then 


[refam = heldm + | h dm. 
lgi<n lg|>n 


Since h and g € L(m), Jigion ? dm — 0 as n — co. By the Monotone 


Convergence Theorem, Sia <, heldm — f he%dm. Therefore f hef-dm — 
f he9dm. Let gn = fn — f fr. Then fhe dm = exp (— f fn) [ hei-dm. 
Since f fn > fg =0, exp (—f fn) > 1 and so fhe9dm — fhe%dm. O 


6.5 Proposition. If h € L'(m) and h > 0, then 


exp | | log h am = inf / he Fam , 
fEAo 


Proof. Let a = infsea, | f he®*/dm] and @ = inf { f he%dm: g € LR(m) 
and f{ g dm = 0}. By Proposition 6.3, it must be shown that a = 3. But if 
f € Ao, then [ Ref dm = 0 and so a > 8B. To obtain the other inequality, 
we first use the preceding lemma to see that G = inf { f he9dm : g € LZ (m) 
and f{gdm=0}. Since for any polynomial p, fRep dm = Rep(0), it 
follows from Proposition 4.5 that {Ref : f € Ag} is uniformly dense in 
{g € Cr(OD): fg dm=0}. Thus if g € L&(m) with fg dm = 0, then 
there is a sequence of functions {f,} from Ap such that {Re f,} is uni- 
formly bounded and Ref, — g a.e. on OD. By the Lebesgue Dominated 


298 20. Hardy Spaces 


Convergence Theorem, [ heRe Indm — f he9dm. Hence a < f he%dm. But 
g was arbitrary, soa < ZB. O 


6.6 Szeg6’s Theorem. If 1 < p < oo, p is a positive measure on OD, 
[t= Wats is the Lebesgue decomposition of with respect tom, and h is 
the Radon-Nikodym derivative of 4g with respect to m, then 


inf | |1— fl?du = logh dm|. 
int f\Pdp exp | [log m| 


Proof. Using the preceding proposition, 


exp / log h am = inf [ners Idm. 
gEAo 


But e? Reg — |e9|? and if g € Ag, then f = 1 — e9 € Ag. Hence e? R& 9 = 
|1 — f|? and 


6.7 exp freee am > inf fr — f|Ph dm. 
fEAo 


Now let g € Ao and apply (6.7) to the function h = |1 — g|?. Since 
|1— f —g+fg|? is subharmonic, this yields 


exp / log |1 — siPam 


This says that log|1 — g|? € L' and a = f log|1 — g|/Pdm > 0. Put k = 
log |1 — g|P — a and c = e*. Thus [k dm =0, c > 1, and ce* = |1 — g|?. 
By Proposition 6.3, applied to the original function h, exp [ f logh dm] < 
f he®dm <c f he*dm = f |1 — g|?h dm. Combining this with (6.7) we get 


that 
exp [ [rose am] = inf fo — g|Ph dm. 
g9€ Ao 


The theorem now follows from Corollary 6.2. O 


IV 


inf 1—f-—gt Pdm 
fe 3 / | f g fg| 
> 1. 


Of course the left hand side of the equation in Szego’s Theorem is pre- 
cisely the distance in L?(y) from the constant function 1 to the space 
P?(). If this distance is zero, then 1 € Pj (4). But this implies that, for 
n> 1, Zz" = 21 © PP(u). Thus P?(u) is invariant for multiplication 
by Z as well as z. Therefore P} (4) contains all polynomials in z and Z and 
must equal L?(). This proves the next corollary. 


6.8 Corollary. If 1 < p < oo, p is a positive measure on OD, and p = 
Ua tps is the Lebesgue decomposition of with respect tom, then Pf (pu) = 
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Joos (F) dm = —oo. 
dm 


Note that the condition in the preceding corollary is independent of p. 
The condition for p = oo is different and less restrictive on yz. The proof of 
the final proposition of this section is immediate from Proposition 6.1. 


L? (ys) if and only if 


6.9 Proposition. If ys is a positive measure on OD, then P§°(p) 4 LD (p) 
uf and only ifm < wp. 


Exercises 


1. Without using any of the results of this section, show that if a > 0 
and T' = {e*? : x > |6| > a}, then every continuous function on T is 
the uniform limit of analytic polynomials. 


2. If 7 : D — D is an analytic function and f € H?, is for in H?? 


3. Give an example of a measure p on OD such that p and m are mutu- 
ally absolutely continuous and P?(w) = L(y). Note that Py°(u) # 


L(y). 


4. If f € L*, show that the closed linear span in L? of the functions 
{z"f :n > 0} is L? if and only if: (i) f does not vanish on a set of 
positive measure; (ii) log|f] is not Lebesgue integrable. What hap- 
pens for L? with p 4 2? 


5. For 1 < p < oo and p a positive measure on OD, show that the 
following are equivalent: (a) P) (ws) 4 L?(w); (b) P?(u) 4 L(y); (c) 
PP (u) # PP(u). 


Chapter 21 


Potential Theory in the Plane 


In this chapter we will continue the study of the Dirichlet problem. The 
emphasis here will be on finding the limits of the results and employing 
measure theory to do so. 

Potential theory is most fully developed in the literature for n-dimensional 
Euclidean space with n > 3. There is an essential difference between the 
plane and R” for n > 3; the standard potential for C is the logarithmic 
potential of §19.5, while for higher dimensions it is a Newtonian potential. 
Classical works on complex analysis treat the case n = 2, but usually from 
a classical point of view. In this chapter the treatment of the classical re- 
sults will be from a more modern point of view. Many of the results carry 
over to higher dimensions and the interested readers are invited to pursue 
this at their convenience. Good general references for this are Brelot [1959], 
Carleson [1967], Helms [1975], Landkof [1972], and Wermer [1974]. 


$1 Harmonic Measure 


If G is a hyperbolic open set in the extended plane and uw is a real-valued 
continuous function on 0,.G, then u is a solvable function for the Dirichlet 
problem. This leads to the following elementary result. 


1.1 Proposition. If G is a hyperbolic open set and a € G, the map u > 
t(a) is a positive linear functional of norm 1 on the space Cr(Oo.G). 


Proof. Proposition 19.7.10 implies that u — %@ is linear. If u is a positive 
function in CR(0.G), then 0 € P(u,G); hence & > 0. Therefore u — t(a) 
is a positive linear functional. Since 1 = 1, this functional has norm 1. O 


According to the preceding proposition, for each a in G there is a unique 
probability measure wg supported on 0,.G such that 


1.2 a(a) = | Uu dwe 
Oo. G 


for each u in Cr(0.G). 


1.3 Definition. For any hyperbolic open set G and any point a in G, the 
unique probability measure wg supported on 0..G and satisfying (1.2) for 
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every u in Cr(0.G) is called harmonic measure for G at a. To indicate the 
dependence of the measure on G, the notation w° will be used. If K is a 
compact subset of C and a € int K, then harmonic measure for K at a is 
the same as harmonic measure for int K at a. 


The point to remember here is that harmonic measure is only defined 
for hyperbolic sets. If kK is compact, then G = int K is bounded and thus 
hyperbolic. In this book there will be little need for harmonic measure on 
a compact set. 

The next result is left as an exercise for the reader. 


1.4 Proposition. If G is a hyperbolic set and a € G, then (1.2) holds for 
all bounded Borel functions u. 


Note that this proposition says that w,(A) = ¥a(a) for any Borel subset 
of 0,.G and any point a in G. 

From the comments following Theorem 15.2.5 we see that, for an ana- 
lytic Jordan region, harmonic measure at the point a is absolutely contin- 
uous with respect to arc length measure on the boundary; and the Radon- 
Nikodym derivative is 0g,/On, the derivative of the Green function with 
respect to the exterior normal to the boundary. An interpretation of The- 
orem 10.2.4 shows that if G = D and a € D, then dw, = P, dm, where P, 
is the Poisson kernel at a and m is normalized arc length measure on OD. 
Thus in these examples, harmonic measure and arc length measure on the 
boundary are mutually absolutely continuous. (Recall that two measures ys 
and vy are said to be mutually absolutely continuous if they have the same 
sets of measure 0.) This is not an isolated incident. 


1.5 Theorem. If G is a bounded simply connected region such that OG 
is a rectifiable Jordan curve, then harmonic measure for G and arc length 
measure on OG are mutually absolutely continuous. 


Proof. Fix a in G and let 7 : D — G be the Riemann map such that 
7(0) = a and 7’(0) > 0. By Theorem 14.5.6 (also see Theorem 20.4.8), 
7 extends to a homeomorphism 7 : cl D — cl G. Thus 6 — r(e’’) is a 
parameterization of 0G. Since OG is a rectifiable curve, Theorem 14.5.8 
implies that 9 > r(e°) is absolutely continuous and 7’ is in the space H?. 
According to (20.4.9) the derivative of the function 6 — r(e’*) is ie’7'(e**), 
where 7’(e’?) is the radial limit of 7’. So if u : OG — R is a continuous 
function, the measure p defined on 0G by 


1 27 ; ; 
fudu= sf wr(e®)) Ir(e%)| a8 
20 0 
is (non-normalized) arc length measure. 


Claim. If E is a Borel subset of 0D, then m(E) = 0 if and only if 
p(r(E)) = 0. 
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From the above formula, we know that for any Borel set A contained in 
OG, p(A) = Je-21(a) \r’| dm. Assume that m(E) = 0. Since 7 is a homeo- 
morphism, E = r~'(r(E£)) and so p(7(E)) = J, |7'| dm = 0. Conversely, if 
u(T(E)) = 0, then 7’ = 0 a.e. [m] on E. Since r’ € H! and is not the zero 
function, this implies that m(E£) = 0. 

On the other hand, if u € Cr(OG), then wor € Cr(OD). Let h be the 
solution of the Dirichlet problem on D with boundary values uo 7. It is 
easy to see that hoz! is the solution of the Dirichlet problem on G with 
boundary values u. That is, ho7~! = a. Hence 


[ ude = ia) = (0) = f wor dm. 


Since u was arbitrary, this implies that w, = mo7~+. Thus for a Borel 
subset A of OG, wa(A) = 0 if and only if m(7~1(A)) = 0. In light of the 
claim, this proves the theorem. O 


The above result has an extension to a finitely connected Jordan region 
with rectifiable boundary. If G is such a region and its boundary [ = 0G 
consists of analytic curves, then this is immediate from Theorem 15.2.5. If 
I only consists of rectifiable curves, then a more careful analysis is needed. 
Also see Exercise 4. 

In Exercise 2 part of a fact that emerged from the preceding proof is 
extracted for later use. The basic problem that is touched on in that exercise 
is the following. If 7 : G > {2 is a surjective analytic function, can harmonic 
measure for {2 be expressed in terms of harmonic measure for G’? The next 
proposition settles this for bounded Dirichlet regions. 


1.6 Proposition. Suppose G is a bounded Dirichlet region, r : D — G is 
an analytic function with 7(0) = a, and 7 denotes the radial limit function 
of r. If 7(8D) C AG, then wS =mo7-!}. 


Proof. Let f : 0G — R be a continuous function and f the solution of 
the Dirichlet problem on G with boundary values f; so f extends to a 
continuous function on cl G with f = f on OG. Ifa € OD such that 7 has 
a radial limit at a and r — 1-, then f ot(ra) > f(7(a)) = f oF(a). That 
is, the bounded harmonic function f o7 on D has radial limits equal to f o7 
a.e. on OD. Therefore for = for and so 


[#48 = fr) = Fer) = [ por am= f famor. 
a) 


In general, we will not be so concerned with the exact form of harmonic 
measure but rather with its measure class; that is, with the sets of harmonic 
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measure 0. When two measures pz and v are mutually absolutely continu- 
ous, we can form the two Radon-Nikodym derivatives du/dv and dyv/du. 
Say that pw and v are boundedly mutually absolutely continuous if they are 
mutually absolutely continuous and the two Radon-Nikodym derivatives 
are bounded functions. 


1.7 Theorem. If G is a hyperbolic open subset of the plane and a and b 
belong to the same component of G, then the harmonic measures for G ata 
and b, wg and wy, are boundedly mutually absolutely continuous. Moreover, 
there is a constant p > 0 (depending only on a, b, and G) such that if H 
is any hyperbolic open set containing G and pg and py are the harmonic 
measures for H ata and b, then pig < Uy < po tba. 


Proof. This follows from Harnack’s Inequality. If B(a;R) C G, |b— a| = 
r < R, and wu is a positive continuous function on 0,,G, then Harnack’s 
Inequality implies that pii(a) < a(b) < p~1t(a), where p = (R—r)/(R+r). 
Thus p fu dwa < fuduy <p fu dug. 

But this implies that p wa(A) < w,(A) < p~! wa(A) for every Borel set 
A contained in 0. G. Thus wa and wy are boundedly mutually absolutely 
continuous and 


dwy 4 


ps <p 


= de, 
Note that this constant p depends on a, 6, and G alone. Thus the same 
inequalities hold for ug and pp: 


p< <p, 


dig — 

If a and b belong to the same component of G, then there are points 
ao,-..,@, and positive numbers Ro,..., Rp, such that: (i) a = ao, b = ay; 
(ii) Ja; — aj_i] < Rj, 1 < j < 1; (iii) Bla;;R;) C G. By the preceding 
paragraph, for 1 <j <n, wa, and wa,_, are boundedly mutually abso- 
lutely continuous with constant p;. Thus w, and wp are mutually absolutely 
continuous and 


hence 
p< dw oo 
— dwg — 9 
where p = ~1/2 ... Pn- Similarly, the same inequality holds for the measures 
[e and py. O 


This result has some interesting consequences. If ~ and v are boundedly 
mutually absolutely continuous measures, then the identity mapping on 
bounded Borel functions induces a bounded bijection of L?(j) onto L?(v) 
for all p. (See Exercise 3.) Thus we can legitimately say that L?(w) = L?(v) 
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in this case. So if a and b belong to the same component of G, L?(w,g) = 
L?(w,) for all p. We are led to the following definition for regions only. 


1.8 Definition. If G is a region and 1 < p < oo, L®(OG) = L”(w,), where 
a is any point in G. 


So the preceding discussion says that the definition of this space L?(0 G) 
does not depend on the choice of point a in G, though the value of the 
norm of a function in the space will depend on the choice of a. We return 
to the case of an arbitrary (not necessarily connected) hyperbolic open set 


G. 


1.9 Proposition. [fa € G and G is hyperbolic, then for any Borel set A 
disjoint from the boundary of the component of G that contains a, wa(A) = 
0. Thus the support of w, is contained in O5.Gq, where Gg is the component 
of G that contains a. 


Proof. Note that if the notation is as in the statement of the theorem 
and ¢ € P(xa,G), then limsup,_,- ¢(z) < xa(¢) = 0 for ¢ in 0G,. Thus 


@,; = max{¢,0} € P(xa,G) and ¢, vanishes on Gg and so we have that 
0 = Xa(a) =we(A). O 


In light of the last few results it is tempting to believe that the harmonic 
measures for points in distinct components of G are mutually singular. This 
is not the case, as the next example demonstrates. 


1.10 Example. A string of beads is a compact set 
K = [cl D| \ Ure An, 
where {A,,} is a sequence of open disks in D having the following properties: 


(i) cL A, Ncl A, = @ for n 4m; 
(ii) the center of each A,, lies on the interval [—1, 1]; 
(iii) [—1,1] \ U, A, contains no interval; 


(iv) [-1,1] 0 K has positive one-dimensional Lebesgue measure. 


To construct K, first construct a Cantor set in [—1, 1] with positive Lebesgue 
measure and replace each deleted subinterval of [—1,1] with an open disk 
A,,. The details of the construction of this set are left to the reader. 


Notice that G = int K has two components, each of which is simply 
connected with a boundary that is a rectifiable Jordan curve; denote these 
components by Q, and Q_. Let a+ € Q+ and let wi = harmonic measure 
for G at the point az. Since 0 Q+ is a rectifiable Jordan curve (why?), w+ 
and arc length measure on 0@4+ are mutually absolutely continuous (1.5). 
Thus w, and w_ are not mutually singular. 
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We now characterize solvable functions for a hyperbolic open set. 
But first we will see a lemma. 


1.11 Lemma. If G is a hyperbolic set, a € G, and f : 0..G — [—oo, co) 
is an upper semicontinuous function that is bounded above and satisfies 
f(a) > —oo, then f € L*(w,). 


Proof. According to Theorem 19.3.6 there is a decreasing sequence { f, } 
of continuous functions on 0..G such that for each ¢ in 0..G, fn(C) | f(¢). 
By Corollary 19.7.12, f,(a) — f(a). On the other hand, the Monotone 
Convergence Theorem implies that [ fndwa — f f dwa. By (1.2), f(a) = 
J f dwa. Since f is bounded above and f f dwg > —o0, f € L'(wa). O 


1.12 Brelot’s Theorem. Let G be a hyperbolic set and let u be an extended 
real-valued function on O..G. If u is solvable, then for all z in G, u is 
integrable with respect to w, and 


tu(z) =|. diz. 


Conversely, tf for each component of G there is a point a in that component 
such that u € L'(w,), then u is solvable. 


Proof. By Corollary 19.7.7 it suffices to assume that G is connected. As- 
sume that u is solvable and fix a point z in G. According to Proposi- 
tion 19.7.8.b there is an increasing sequence of upper semicontinuous func- 
tions {u,} on 0..G such that each u, is bounded above, u, < wu, and 
tin(z) — &(z). Similarly, there is a decreasing sequence of lower semicon- 
tinuous functions {v,,} on 0..G such that each v,, is bounded below, v, > u, 
and t,(z) — t(z). Because u is solvable, it can be assumed that t,(z) and 
tn(z) are all finite numbers. By the preceding lemma, each u, and v,, is in- 
tegrable with respect to w,. But un <u < vpn and sou € L'(w,). Moreover, 
f Undwy = tin(z) < G(z) < On(z) = f undw,. Since 0 = lim, [(un—un) dwz, 
we have that éi(z) = fu du. 

Now assume that there is a point a in G such that u € D'(w,). By 
Theorem 1.7, u is integrable with respect to w, for each z in G. It suffices 
to assume that u > 0. From measure theory there is a sequence of non- 
negative bounded Borel functions {u,,} such that u = )°,, un. Since each un 
is solvable, for each z in G,0 < >> Gin(z) = Do, fn dw, = fu dw, < o. 
According to Proposition 19.7.11, u is a solvable function. O 


The next result will be used later and could have been proved earlier. 
It was postponed until now because the corollary is the chief objective 
here and this was meaningless until harmonic measure was introduced. 
Note that the next proposition generalizes Proposition 19.7.6. (The result 
is quite useful in spite of the fact that its statement is longer than its proof, 
usually a sign of mathematical banality.) 
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1.13 Proposition. Let G be a hyperbolic open set and let g : Oo G — R be 
a bounded Borel function; denote by g the solution of the Dirichlet Problem 
on G with boundary values g. If H is an open subset of G andh: 0.H — R 
is defined by h(¢) = 9(¢) for ¢ in 0.2HOAG and h(¢) = g(¢) for ¢ in 
O0.H10.G, then h is a solvable function for H and h = @ on H. 


Proof. In fact, if ¢ € P(g,G), then ¢|H € P(h,H); hence g < A on H. 
Similarly, g > h on H. Since G is hyperbolic, we get that h = h = g on H. 
L) 


1.14 Corollary. If G is a hyperbolic open set and H an open subset of G, 
then for any Borel subset A of OooGN OH, wH(A) < wo(A) for all a in 
H. 


Proof. Note that z — w?(A) is the solution of the Dirichlet problem on G 
with boundary values g = ya. If h : 0..H — R is defined by h(z) = w¢(A) 
for z in 0..HNG and h(z) = g(z) for z in 0, HNO.G, then the preceding 
proposition implies that for z in A, 


wO(A) = h(z) = | h dw > wi(A) 
since h > ya on OH. UO 


1.15 Corollary. Let G and Q be hyperbolic open sets with G CQ. If K 
is a compact subset of O.,G such that wo MEK ) = 0 for all a in G, then 
w(K) =0 for alla inG. 


Proof. First observe that the hypothesis implies that K is a subset of 
Aoo(Q.\ K) MN AooG. So the preceding corollary implies w°(K) < wee MEK ) 
for allainG. O 


The section concludes with an application of harmonic measure to obtain 
a formula for the Green function of a hyperbolic open set. In order to set 
the stage for this, we must first show that the logarithm is integrable with 
respect to harmonic measure. Using Theorem 1.12, this will produce a 
solution of the Dirichlet problem with logarithmic boundary values and 
lead to the sought formula. 


1.16 Lemma. [fQ) is a hyperbolic open subset of C,, such that oo € ND and 
a € OL), then for every b in Q, wo({a}) = 0 and the function ¢ — log |¢—a| 
belongs to L*(wy). 


Proof. Let g(z, oo) be the Green function for Q with singularity at oo and 
put h(z) = g(z, co) — log |z — a]. So h(z) = g(z, oo) — log |z| — log |1 — a/z| 
and A is a harmonic function on 2. Now 02) is bounded and so there is a 
constant C' such that log |¢ — a] < C on 02. 
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Let {un} be a sequence of continuous functions on ON such that un > 
—C, tn(C) tT log|¢ — al~! for ¢ in 09 and ¢ # a, and un(a) ¥ oo; put 
hy = tin. So {hy} is an increasing sequence of harmonic functions on 2. If 
d € P(Un, 2) and ¢ € OQ, then limsup,_,-[¢(z) + log |z — al] < un(¢) + 
log |¢ — a| < 0 < liminf,_,¢ g(z, oo). According to the Maximum Principle, 
o(z) + log|z — al < g(z,co) on Q; hence ¢ < h on 2 and so hy < A. 
Therefore for each n, 


h(b) 2 An(d) 


= [uw dw, 


= un(a) w({o}) + [ nen tn 
Un(a) wa({a}) —C. 


So if w,(a) > 0, the right hand side converges to oo as n — oo, a contra- 
diction. 

To show the integrability of the logarithm, take the limit in the above 
inequality to get 


IV 


co > h(b) > = | tog|¢ - a dy > -C. 
Thus log |¢ — a] € L' (wy). O 


Amongst other things, the preceding lemma says that harmonic measure 
has no atoms for regions of that type. In the above lemma note that if 
a €C\ dQ, log |¢ — a| is a bounded continuous function on the boundary 
and is thus integrable. The next result is part of the reason for the preceding 
lemma and the succeeding proposition is another. 


1.17 Proposition. If G is hyperbolic, then wg has no atoms. 


Proof. This is immediate from the preceding lemma since, by the choice 
of a suitable Mobius transformation, any hyperbolic open set G can be 
mapped onto a hyperbolic open set 22 such that co € (22. Once this is done 
we need only apply Exercise 2 and the preceding lemma. O 


1.18 Proposition. If G is hyperbolic and a € C, then the function ¢ - 
log |C — al belongs to L'(wp) for every b inG. 


Proof. Without loss of generality we may assume that 0 € G. Let 7(z) = 
zt and put Q = 7(G). So oo € 2. According to Exercise 2, wp = We oT 
and wf = Ww), OT (since r = 71). Fix b in G. By Lemma 1.16, log |¢ — G| € 
D*(w,) for every 3 in C; thus log |¢~! — B| € L1(wE). Taking GB = 0 gives 
that log |¢| = —log|¢|~! € Li (wf). Taking @ = 1/a, a # 0, gives that 
log |¢ — a| = log |¢~* — B| + log |¢| + log |a| € L*(we”). O 
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It should be emphasized that in the next theorem the open set is assumed 
to not contain the point oo. For a hyperbolic open set that contains co the 
formula for the Green function is in the succeeding theorem. 


1.19 Theorem. If G is a hyperbolic open set contained in C, a € G, and 
g(z,a) is the Green function for G with singularity at a, then 


g(z,a) = / log |¢ — al dw,(¢) — log |z — al. 


Proof. According to the preceding proposition the integral in this formula 
is well defined. Let h(z,a) denote the right hand side of the above equation 
and fix a in G. Clearly h is harmonic in G \ {a}. If w € P(log |¢ — al, G), 
then ~(z) — log |z — a] is superharmonic on G and, for ¢ in 0G, 


lim, inf[q(z) — log |z — al] lim, inf w(z) — log |¢ — a] 


> 0. 


But f log |¢ — a| dw, = inf{(z) : b € P(log |¢ — a], G)}. So A(z, a) > 0 for 
all z in G. Clearly h(z, a) + log |z—a| is harmonic near a. By the definition 
of the Green function, h(z,a) > g(z, a). 

On the other hand, let w be a positive superharmonic function on G such 
that w(z)+log |z—a| is also superharmonic. It follows that lim inf,_,¢[(z)+ 
log |z —al] > log |¢ —a|. Thus #(z) + log |z—a| > f log|¢—a| dw,. Applying 
Proposition 19.9.10 we get that g(z,a) > h(z,a). O 


1.20 Theorem. If QQ) is a hyperbolic open set in the extended plane such 
that co EN, a EL, and g(w,a) is the Green function for Q with singularity 
at a # oo, then for every w # oo 


g(w, a) = [ _ Tog |g — a di(¢) — log jw — a + 9(w, 00) 


If B is a point not in Q, then for every choice of distinct a and w in Q 


(S=8 w — B 
=3) (oa) 
In particular, for w 4 oo in Q, 


[,ml(s28)| 20 


-| log |C — | dw2(C) + log |w — 8. 
An 


dus} (C). 


sina) fe 
one) 


g(w, oo) 


Proof. In this proof the Green function for 2 will be denoted by g”. Take 
any point G that does not belong to 2 and let t(w) = (w — 8)~!; put 
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G = 7(Q). So G is hyperbolic, co ¢ G, and 0 = r(oo) € G. If g® is the 
Green function for G, then for every w and a in 2 

g’(w,a) = g%(r(w),7(a)) 

J, roele ~ r(a)| dS u)(6) — tog [r(w) ~ r(a) 


1 1 9 
¢ _ a— B dus,,(¢) _ log 


= [8 \(3) (2) 


This gives all but the first of the formulas in the theorem. To obtain the 
first, assume neither w nor a is co and use the properties of the logarithm 
and the fact that harmonic measure is a probability measure. This gives 


1 
w-B a-B 


dus (¢). 


g*(w,a) = | log |¢ — a| dw2(¢) — log jw — af 
AQ 


+ log |w — B| — [vec — B| dust} (¢) 


[ _ log |g ~ a] du$h(¢) ~ log w ~ al + 4% (w, 0). 


Exercises 


1. Prove Proposition 1.4. 


2. If 7: G — 2 is a conformal equivalence that extends to a homeo- 
morphism between the closures in the extended plane, a € G, and 
a =T7(a), then wS orb =u, 

3. Assume that yu and v are finite measures on the same set X. (a) Show 
that if 4 and v are mutually absolutely continuous (but not necessar- 
ily boundedly so), then the identity mapping on the bounded Borel 
functions induces an isometric isomorphism of L°(j) onto L®(v) 
that is a homeomorphism for the weak* topology. (b) Conversely, 
show that if T : L(y) — L®(v) is an isometric isomorphism that is 
the identity on characteristic functions and T is a weak* homeomor- 
phism, then p and v are mutually absolutely continuous. (c) If 4 and 
y are mutually absolutely continuous and ¢ = du/dv, show that for 
1 < p<, the map Tf = f ¢!/” defines an isometric isomorphism 
of L?(4) onto L?(v) such that T(uf) = uT(f) for all u in L™(p) 
and f in L?(). (d) Conversely, if there is an isometric isomorphism 
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T : L(y) > L?(v) such that T(uf) = u T(f) for all bounded Borel 
functions u and all f in L?(), then yz and v are mutually absolutely 
continuous. 


4. (Spraker [1989]) Suppose + is a smooth Jordan curve, G = ins I’, and 
a € G. Show that if w° = normalized arc length measure on 7, then 
y is a circle and a is its center. 


5. For R > 0, put G = C,, \ B(0; R) and show that for every continuous 


function f on OG, f f dwS = = 7 f(Re-) do. 


6. If G=C, \ [0,1], what is harmonic measure for G at 00? 


§2* The Sweep of a Measure 


If G is a hyperbolic open set and u € C(0,G), let, as usual, & be the 
solution of the Dirichlet problem. Thus if yu is a bounded regular Borel 
measure carried by G, f-,& dy is well defined and finite. In fact, | f, a dul < 
Hell [ellos < |lull llullace. That is, u — f,u% dp is a bounded linear 
functional on C'(0,.G). Thus there is a measure fi supported on 0,,G such 
that 


2.1 [aus | u dj 
G Ooo G 


for every u in C(OG). 


2.2 Definition. If G is a hyperbolic open set and yp € M(G), the sweep of 
ps. is the measure / defined by (2.1). 


Caution here, intrepid reader. The notation for the sweep of a measure 
is the same as that for the Cauchy transform. This coincidence does not 
reflect on humanity or provide a commentary on the lack of notational 
imagination. Though unfortunate, the notation is traditional. 

Note that if a € G and w, is harmonic measure for G at a, then for 
every continuous function u on 0.G, éi(a) = f 9,,¢U dwa. Equivalently, 
Jt db. = Joc u dw,. Thus the sweep of 6, is wa. 

There is often in the literature the desire to discuss the sweep of a mea- 
sure LL carried_by a compact subset K of C. In this case the sweep of p is 
p|OK + p|(int kK). 

The next proof is left to the reader. 


“This section can be skipped if desired, as the remainder of the book does not 
depend on it. 
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2.3 Proposition. The map yu — ji is a contractive linear map of M(G) 
into M(0G). 


Often we are not so interested in harmonic measure itself but rather with 
its measure class (that is, the collection of measures that have the same 
sets of measure 0 as harmonic measure). This applies to non-connected 
hyperbolic open sets as well as regions. With this in mind, let us introduce 
the following idea. 


2.4 Definition. Let G be a hyperbolic open set with components G1, Go,... 
and for each n > 1 pick a point a, in G,,. If w, is harmonic measure for 
G at a, and w = )), 2-"wn, then harmonic measure for G is any measure 
on 0,.G that has the same sets of measure zero as w. 


Thus harmonic measure for a hyperbolic open set is actually a mea- 
sure class [w], rather than a specific measure. This means it is impossible 
to define the L? space of the class if 1 < p < oo. Indeed if the points 
Qn in Definition 2.4 are replaced by points aj, with w/, the corresponding 
harmonic measure, the spaces L?(w,,) and L?(w!,) are isomorphic via the 
identity map but not isometrically isomorphic. Thus, in the presence of 
an infinite number of components, the spaces L?(w) and L?(w’) may not 
even be isomorphic under the identity map. We can, however, define the 
L+ space and the L™ space since the definitions of these spaces actually 
only depend on the collection of sets of measure 0. 


2.5 Definition. If G is a hyperbolic open set and w is harmonic measure 


for G, define 


L*(O0G) = {f:f isw— essentially bounded}, 
L* (8x0.G) {py € M(O0G): pK wh. 


As usual, functions in L~°(0,.G) are identified if they agree a.e. [w]. 
Thus L™°(0..G) = L®(w) and the definition of the norm on L™(0..G) is 
independent of which form of harmonic measure for G we choose. ‘The same 
is not quite true for L'(0..G). If w and w’ are two harmonic measures for 
G that are not boundedly mutually absolutely continuous, then L'(w) and 
L1(w’) can be significantly different if we define these spaces as spaces of 
integrable functions. In fact, these spaces may not be equal as sets, let alone 
isometric as Banach spaces. But the definition of L}(0,.,G) given above as a 
subspace of M(0,.G) with the total variation norm removes this ambiguity. 


2.6 Proposition. If 4 € M(G), then ji, the sweep of p, belongs to L1(0..G). 


Proof. Adopt the notation of Definition 2.4 and let A be a compact subset 
of 0..G with w(A) = 0. It suffices to assume that > 0 and show that 
p(A) = 0. Let {u,} be a sequence of continuous functions on 0,.G such 


21.3. The Robin Constant 313 


that ya < un <1 for all n > 1 and {u,(z)} decreases monotonically to 
xa(z) for each z in 0G. If a € G, then a,(a) = fun dwg > wa(A) = 0. 
Since 0 < a&,(a) < 1 for all n > 1 and for all a in G, f(A) = lim fu, df = 
lim foindu=0. G 


Exercises 


1. Suppose that int K is a Dirichlet set and show that u — @ is a 
bounded linear map of C(O K) into C(K). 


What is the dual of this map? 


2. If ys is a positive measure carried by D, define R, : OD — R by 
R,(¢) = f Pedu, where Pz is the Poisson kernel. Let m be normal- 
ized arc length measure on 0D. (a) Show that R,, is a non-negative 
function in L’(m). (b) If f € H™, show that f, |f|?du < f|f|?Rydm. 
(c) Prove that # = R,ym. 


83 The Robin Constant 


Recall that, for a compact subset K of C, the Green function for C,, \ K 
near the point at infinity is precisely the Green function for C,, \ kK. Keep 
this in mind while reading the definition of the Robin constant below. 


3.1 Definition. If K is any compact subset of C such that C,, \ K is 
hyperbolic, then the Robin constant for K is the number rob(/’) defined 
by 

rob(kK’) = lim [g(z, co) — log |2|], 


where g is the Green function for C. \ K. If Cy \ K is parabolic, define 
rob(K) = oo. 


First note that when C,, \ K is hyperbolic, rob(A’) < oo from the def- 
inition of the Green function. So rob(K) = oo if and only if C, \ K is 
parabolic. Next, the remarks preceding the definition show that rob(K) = 
rob(OK) = rob(K) if C,, \ K is hyperbolic; Proposition 19.9.5 implies the 
same thing in the parabolic case. Another observation that will be useful 
in the sequel is that for any complex number a 


rob(A’) = lim [g(z, co) — log |z — al]. 
Indeed, log |z| — log |z — a] = log |1 — a/z| — 0 as z — oo. 


The following results often make it easier to compute the Robin constant 
of a compact connected set. 
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3.2 Proposition. Let K be a compact connected subset of C and let G be 
the component of C.. \ K that contains oo. If7 : G — D is the Riemann 
map with T(co) = 0 and p = T'(co) > 0, then rob(K) = —logp. If f = 
7 1:D—G, then p= limy_.9 w f(w) = Res(f;0). 

Proof. Note that p = r'(oo) = lim,_.4. z T(z) = limy—o w f(w), which is 
the residue of f at the simple pole at 0. Thus it suffices to prove the first 


statement. To this end, we observe that — log |r(z)| = g(z, oo), the Green 
function for G with singularity at oo (19.9.2). Thus 


rob(kK) = lim [—log |r(z)| — log |z]] 


lim — log |z r(z)| 


— log p. 
O 


3.3 Corollary. If K is a closed disk of radius R, rob(K) = — log R. 


For the next corollary see Example 14.1.4. 


3.4 Corollary. If K is a straight line segment of length L, rob(K) = 
— log(L/4). 


We will see the Robin constant again in §10. 


3.5 Proposition. Let K be a compact subset of C such that Cy, \ K 
is hyperbolic, let y = rob(K), and let G be the component of C, \ K that 
contains oo. If w is harmonic measure for G at oo and L,, is its logarithmic 
potential, then 


L(a) = y—g(a,co) ifaEeG 
a ifag¢clG 
and L,,(z) < y for all z in C. 


Proof. It can be assumed without loss of generality that K = K. Theorem 
1.20 implies that g(z,a) = f log|z—a| dw,(¢) — log |z — a] + g(z, ov) for all 
finite a and z in G, z 4a. But g(z,a) = g(a, z) and so 


Lu.(a) =f log|¢—a\-* d(C) 
=  [9(z,00) — log |z — al] — g(a, z). 
Letting z — oo and using the fact D,,(a) — D,,(a) (Exercise 1), we get that 
L.,(a) = y — g(a, co) for any finite point a in G. 
Now suppose that a ¢ cl G. Once again we invoke Theorem 1.20 to get 
that 


g(z, 00) — log |z —a| = Joos \z — a|~*dw,(C). 
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Letting z — oo shows that L,,(a) = y fora ¢g cl G. 

Finally, the fact that the Green function is positive implies that L,,(z) < 
y for all z in C \ OG. But L,, is lsc and so for each ¢ in OG, L(¢) < 
lim inf,.¢ Ly(z) <y. O 


Exercises 


1. If G is any hyperbolic region and {z,,} is a sequence in G that con- 
verges to z in G, then w,, — w, in the weak* topology on M(0.G). 


2. If K is a closed arc on a circle of radius R that has length 0 R, show 
that rob(K) = —log[R sin(@/4)]. 


3. If K is the ellipse 1? /a? + y?/b? = 1, then rob(K) = — log|(a+b)/2]. 


4. Let p(z) = zn +a,z"!4+...+4a, and put K = {z €C: |p(z)| < R}. 
Show that rob(K) = —n—! log R. (See Exercise 19.9.3.) 


5. If R > 0, show that (27)~! i log |z — Re*®|-!d@ equals log R~! if 
|z| < R and log |z|~? if |z| > R. 

6. Let R > 0 and let p be the restriction of area measure to B(a;r). Show 
that L,(z) = wR? log|z|~! if |z| > R and L,(z) = 7R*[log R7' + 
1/2] — m|z|?/2 for |z| < R. 

7. Let pz be a positive measure on the plane with compact support con- 
tained in the disk D = B(a; R). Show that + [-" L,,(a + Re®)do = 
||| log R~. 


$4 The Green Potential 


In this section G will always be a hyperbolic open set and g its Green 
function. We will define a potential associated with the Green function g 
and a positive measure p carried by G. To justify the definition, we first 
prove the following. 


4.1 Proposition. If p is a finite positive measure on G and 


4.2 Gu(z) = [ of) du(w), 
then G,, defines a positive superharmonic function on G that is not identi- 
cally infinite on any component of G. 


Proof. First note that because both the Green function and the measure 
are positive, the function G’,, is well defined, though it may be that G,,(z) = 


316 21. Potential Theory 


oo for some z. For n > 1, let gn(z,w) = min{g(z,w),n} and put f,(z) = 
f 9n(z,w) du(w). By Proposition 19.4.6, gn is superharmonic. Since p is 
positive, each function f,, is superharmonic. Another application of (19.4.6) 
shows that G,,, is superharmonic. 

Suppose there is a disk B = B(a;r) contained in G with p(B) = 0. Let 
C' > g(z, a) for all z in G\ B. Then G,,(a) = Sov g(a, w) dy(w) < C ||ul| < 
OO. 

Now return to the case that pis arbitrary and let B be any disk contained 
in G. Let vy = p|B and 7 = p\(G \ B). Clearly G, = G, + G, and, 
by the preceding paragraph, neither G, nor G,, are identically oo on the 
component containing B. By Proposition 19.4.11, G,, is not identically oo 
on this arbitrary component. O 


Because the Green function is positive, the function (4.2) is well defined 
even if the measure pis not finite (though it must be assumed to be a posi- 
tive measure). In case yp is not finite, the Green potential may be identically 
co on some components of G. There may also be some positive measures 
p that are infinite but such that the function (4.2) is finite valued. See 
Example 4.4 below. 


4.3 Definition. If G is a hyperbolic open set and yp is a positive (extended 
real-valued) measure on G, the Green potential of yu is the function G, 
defined in (4.2). 


4.4 Example. If G is the unit disk D, the Green function is given by 
g(z,w) = — log(|z — w|/|1 — zw|). Thus for any positive measure p on D, 


Gy(2) = Lule) — f tog|t — zao|-*du(w), 
If {a,} is any sequence of points in D and uw = )_,, ba, then 


z—Aan 


? 


G(z) = S- log 
n=1 


and this function is finite-valued for z # ap if }),(1 — |an|) < oo (see 
Exercise 8.5.4). 


Shortly we will see a connection between the Green potential and the 
logarithmic potential of a compactly supported measure similar to the one 
exhibited for the disk in the preceding example. Each potential has its 
advantages. The Green potential is always positive and this has important 
consequences. In addition, the Green potential readily extends to higher 
dimensional spaces with important applications similar to the ones we will 
see below. This is not the case for the logarithmic potential. On the other 
hand, the definition of G, depends on the choice of the open set G and is 
only defined there, while the definition of L,, is universal. 
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When we discuss the Green potential, it will always be understood that 
there is an underlying hyperbolic open set G whose Green function is used 
to define this potential. 


4.5 Theorem. If G is a hyperbolic open set, w, is harmonic measure for 
G at z, and p is a positive measure with compact support contained in G, 
then 


Gul2) = Lulz) JP Lu(6) dee(6) 
for all z inG. 


Proof. Recall (1.16) that for any z, w in G the function ¢ — log |¢ — w| 
belongs to L1(w,). Since ps has compact support, it follows that log |C—w]| € 
L+(w, x ps). Indeed, for z fixed the function w — flog|¢ — w| dw,(C¢) is 
harmonic on G and thus bounded on supp p. Therefore Fubini’s Theorem 
applies and we get that 


[ I. log |C — w|~* dw, (C) du(w) 


[ ; IL log |¢ — w|~*dp(w) dre (C) 
[i tule) awl) 


From Theorem 1.19 it follows that 
g(z,w)=— flog |g = wl dre(¢) + log fz — w)|~ 
aG 


Integrating both sides with respect to p and using the preceding equation 
gives the formula for G, in the theorem. O 


The subsequent corollary follows from the observation that as a function 
of z the integral in (4.5) is harmonic on G. 


4.6 Corollary. /f pi is a positive measure on G with compact support, then 
Gy — Ly 1s a harmonic function on G. 


4.7 Corollary. If p is a positive measure on G with compact support, then, 
considering G,, as a distribution on G, 


AG, = —27 wp. 


Consequently if H is an open subset of G such that G,, equals a harmonic 
function a.e. [Area] on H, p(H) = 0. 


4.8 Corollary. [fu and v are two positive measures on G with compact 
support and there is a harmonic function h on an open subset H of G with 
Gy, —Gy =h on FH, then p|H =v|H. 


As a positive superharmonic function G,, has a least harmonic minorant 
(19.8.2), which must be non-negative. From Proposition 19.9.2 we also know 
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that for any point a in G the greatest harmonic minorant of the function 
Ja(z) = g(z,a) is the constantly 0 function. This carries over to the Green 
potential of a positive measure. 


4.9 Proposition. If p is a positive measure on G, then the greatest har- 
monic minorant of the function G,, is 0. 


Proof. Let {G,} be a sequence of open subsets of G whose union is G 
such that cl G, C Gn and OG, is a finite system of Jordan curves. For 
z in G,, let w? be harmonic measure for G,, at z. If 


hn(z) = [ _ GulG) dw2(6) 


then {h,,} is an increasing sequence and h(z) = lim, h,,(z) for all z is the 
greatest harmonic minorant of G, (19.8.3). In a similar way define 


gn(z,w) = [ _ aw, 6) aio?() 


where g is the Green function for G. Extend the definition of g, by let- 
ting gn(z,w) = g(z,w) for z in G\ Gy; so for each w, z > g,(z,w) 
is superharmonic on G. Since the greatest harmonic minorant of g is 0, 
Corollary 19.8.3 implies that lim, g,(z,w) = 0 for all z and w. But the 
Green function is positive, so we can apply Fubini’s Theorem to get that 
hn(z) = f gn(z, w) du(w). On the other hand, the Maximum Principle im- 
plies gn(z,w) < g(z,w) for all n. So Lebesgue’s Dominated Convergence 
Theorem implies that h,(z) — 0; that is, h =0. O 


We are now in a position to prove another Riesz Decomposition The- 
orem for subharmonic functions. (See Theorem 19.5.6.) After reading the 
statement of the theorem, the reader should look at Exercise 2. 


4.10 Riesz Decomposition Theorem. If u is a subharmonic function 
onG that is not identically —coo on any component, then there is a positive 
measure p. (possibly infinite-valued) such that for every bounded open subset 
H of G with clH CG there is a harmonic function h on H with u(z) = 
h(z)—G,)H(z) for allz in H. The function h is the least harmonic majorant 
of u on H. If u is negative and h is the least harmonic majorant of u on 
G, thnu=h—G, onG. 


Proof. As in the proof of Theorem 19.5.6, 4 = Au in the sense of distri- 
butions; and for any such open set H, if v = y|H, the harmonic function 
h on H exists such that u = h — G, on H. Since the Green potential is 
positive, uw < h on H so that h is a harmonic majorant. If k is another 
harmonic function on H with u < k, then G, =h—u>h-—k. Since the 
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greatest harmonic minorant of G, is 0, we have that, on H, 0 >h—k or 
k > h. Therefore h is the least harmonic majorant of u on H. 

Now assume that u < 0 on G. Write G = U,A,, where each H,, is a 
finitely connected Jordan region with cl H, C Hn+1; let gn be the Green 
function for H,. From the Maximum Principle we have that gn < gn+1 so 
that if tin = wl|Hn, Gu, < Gu,,, on Gn. In fact by monotone convergence, 
Gi,(z) — G,(z) for all z in G. Let h, be the least harmonic majorant of 
u on H, so that u=h, —G,, there. Since u <0, hy < 0. Clearly {h,,} is 
increasing. Therefore h(z) = lim, h,(z) is a harmonic function on G and 
u=h—G,. It is easy to see that h is the least harmonic majorant of u. O 


4.11 Corollary. If u is a positive superharmonic function on G that is not 
identically infinite on any component of G, then u is the Green potential 
of a positive measure on G if and only if the greatest harmonic minorant 
of u is 0. 


The next proposition is proved like Proposition 19.5.11. 


4.12 Proposition. If is a positive measure with compact support K in 
G and G,,|K is continuous at a point a of K, then G, is continuous at a. 


Exercises 


1. What is the connection between the formula in Theorem 4.5 relating 
the Green potential and the logarithmic potential of a positive mea- 
sure with compact support, and the formula obtained in Example 4.4 
for G,, in the case that G = D. 


2. Let G be a hyperbolic open set and let H be an open subset of G. 
Suppose p is a positive measure with compact support contained in 
HT and define the Green potentials Ge and Gh of » using the Green 
functions for G and H, respectively. Show that there is a positive 
harmonic function h on H such that G@(z) = Gii(z) + h(z) for all z 
in G. 


3. Prove versions of (4.7), (4.8), and (4.9) for the case that py is any 
positive measure on G for which G,, is finite-valued. 


4. Let pz bea positive measure with compact support K in G and assume 
that G,,(z) < oo for every point z in K. Show that for every ¢ > 0 
there is a compact subset A of K with w(K \ A) < € such that Gj, 
is continuous on G. 


5. Show that if f is a positive Borel function on G that is integrable 
with respect to area measure and p = f - A/G, then G,, is continuous 


on G. 
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6. If G is a hyperbolic open set, K is a compact subset of G, and {u,} 
is a sequence of positive measures with supp yw, C K for all n > 1 
such that wu, — u weak* in M(K), then G,,(z) < liminf, G,,, (z) for 
all z in G. 


7. If wis a positive measure with compact support contained in the open 
disk D, show that G??(z) — 0 as z approaches any point of 0 D. 


$5 Polar Sets 


In this section we begin a discussion that will evolve to occupy a significant 
portion of our attention. The basic idea is to examine sets that in the sense 
of harmonic functions are small. 

Almost every mathematical theory has a concept of smallness or negli- 
gibility. An example already seen by the reader is the set of zeros of an 
analytic function: such a set must be discrete, which is small by the stan- 
dards of all save the finitely oriented amongst us. Another example is a set 
of area 0. In measure theory we are conditioned to regard this as a kind 
of ultimate smallness. In the setting of the theory of analytic or harmonic 
functions, this turns out to be quite large and certainly not negligible. The 
appropriate idea of a small compact set in the sense we want is one whose 
complement in the extended plane is a parabolic region. 

That said, we first examine results concerning subsets of the boundary of 
a hyperbolic set G that have harmonic measure zero; that is, subsets A of 
OooG such that for every a in G, A is w,— measurable and w,(A) = 0. There 
is a temptation to aim at a greater degree of generality by considering an 
arbitrary open set G, not just the hyperbolic ones, and discussing subsets 
A of 0.o.G that have inner and outer harmonic measure zero. For example, 
a set A might be said to have outer harmonic measure zero if xa(z) = 0 
for all z in G. Similarly, we would say that A has inner harmonic measure 
zero if xa(z) = 0 for all z in G. It is an illusion, however, that this is added 
generality. 

Indeed, suppose G is not hyperbolic and A is any subset of 0..G. A 
function in P(xa, G) is a positive superharmonic function. Since G is not 
hyperbolic, it is parabolic. Thus the only functions in P(xa; G) are con- 
stants; in fact, these constant functions must be at least 1. Thus every 
subset of 0..G has outer harmonic measure 1. Similarly, if G is not hyper- 
bolic, then the functions in P(xa, G) must be negative constants and so 
every subset of 0..G has inner harmonic measure zero. 

So we will restrict our attention to hyperbolic sets. Here one could define 
the inner and outer harmonic measure of arbitrary subsets of 0,,G, not just 
the Borel sets. A set is then harmonically measurable when its outer and 
inner harmonic measure agree. That is, a set A is harmonically measurable 
if and only if xa is a solvable function. In fact, Theorem 1.12 says that 
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such sets are precisely those that are measurable with respect to harmonic 
measure. Attention usually will be restricted to Borel sets, though we will 
examine arbitrary sets of harmonic measure zero. Recall from measure the- 
ory that any subset of a set of measure zero is a measurable set having 
measure zero. 

There are many examples of sets that have harmonic measure zero. 

For example, we have already seen that if G is the inside of a rectifiable 
Jordan curve (or system of curves), then harmonic measure on 0G and 
arc length measure are mutually absolutely continuous (Theorem 1.5). So 
subsets of arc length zero have harmonic measure zero. We begin by charac- 
terizing sets of harmonic measure zero in terms of subharmonic functions. 
To simplify matters, agree to say that for a hyperbolic set G a subset A of 
OxG is harmonically measurable if for every a in G, A is wa-measurable. 


5.1 Theorem. /f G is a hyperbolic set and A is a harmonically measurable 
subset of Oo.G, the following are equivalent. 


(a) wa(A) =0 for alla inG. 


(b) If is a subharmonic function on G that is bounded above and satis- 


fies 
lim, sup $(z) < 0 


for every €C in 0G \ A, then ¢ < 0. 


(c) There is a negative subharmonic function ¢ on G that is not identi- 
cally —oo on any component of G and satisfies 


lim, o(z) = —oo 
for all € in A. 


Proof. (a) implies (b). Assume w,(A) = 0 for all a in G and let ¢ bea 
subharmonic function as in part (b). Let M be a positive constant such 
that ¢(z) < M for all z in G. Thus M~!¢eé P(G,xa) and so for every a 
in G,0< M~!¢(a) < Xa(a) = wa(A) = 0. 

(b) implies (c). Note that (b) implies that ¢ < 0 for every ¢ in P(ya, G). 
Thus for all a in G, 0 = Xa(a) = Xa(a). According to Proposition 19.7.8 
there is a sequence {¢p} in P(—xa,G) such that ¢n(z) > 0 for every z 
in G. Since ¢, € P(—xa,G), dn < 0. Fix a point a in G; by passing to a 
subsequence if necessary, it can be assumed that |¢,,(a)| < 2~” for alln > 1. 
Let @ = 5°, gn; it follows by Proposition 19.4.6 that ¢ is subharmonic. 
Temporarily assume that G is connected. The restriction on the value of 
go, at the point a shows that @ is not identically —co on G and clearly 
@ <0. If ¢ € A, then fix N > 1 and choose 6 > 0 such that forl1<n< WN 


sup{g@n(z):2€EG, |z—¢| < 6} < -1- + 
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Again letting G(¢;6) = B(¢;6) NG we have that 


N 
sup{¢(z): z€ G(¢;6)}  < S— sup{¢n(z) :z€ G(¢; 6) } 


n=1 
+ SY > sup{on(z): 2 € G(¢;6)} 
n=N+1 
< -N+1. 
Hence 
lim. sup ¢(z) = —oo. 
In case G is not connected, let G1, Go,... be its components and for each 


k > 1 use the preceding paragraph to find a negative subharmonic function 
gx that is not identically —oo on G, and such that lim,_.¢ ¢,(z) = —oo 
for all ¢C in AN OG,. Define ¢ on G by letting it equal ¢, + k on G,. This 
works. 

(c) implies (a). If such a subharmonic function ¢ exists, let ¢, = max {—1, 
n—'}. It is easy to check that the sequence {¢,} C P(-xa,G). IfbeEG 
and $(b) > —oo, then ¢,(b) — 0 as n — oo. Thus u,(A) = 0. Since each 
component of G contains such a point b, w,(A) = 0 for all a in G (Theorem 
1.7). O 


Note that condition (b) in the preceding theorem is a generalized maxi- 
mum principle. This also gives a proof of Exercise 13.5.7. 


5.2 Corollary. [f G is a hyperbolic set, h is a bounded harmonic function 
on G, and there is a subset A of 0..G having harmonic measure zero such 
that h(z) — 0 as z approaches any point of 0..G \ A, then h = 0. 


Proof. Part (b) of the preceding theorem applied to h and —h implies that 
both these functions are negative. O 


The next proposition is one like several others below that show that cer- 
tain sets are removable singularities for various classes of functions. In this 
case we see that sets of harmonic measure zero are removable singularities 
for bounded harmonic functions. 


5.3 Proposition. Let F be a relatively closed subset of G such that 0. FNG 
has harmonic measure zero with respect to the setG\ F. Ifh:G\F—R 
is a bounded harmonic function, then h has a harmonic extension to G. 


Proof. By the use of an appropriate Mobius transformation, it can be 
assumed that F' is a bounded set. Let G = U,Gy, where each G,, is an open 
set whose boundary consists of a finite number of smooth Jordan curves and 
clGyn © Gy4i. Fix n for the moment and let ¢ € P(X p nel G.? Gr\F) with 
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o > 0. Extend ¢ to all of G \ F by setting $= Xg pac] g, 02 AGn\ F) = 
(OG, \ F) U(OF M cl G,) and ¢ = 0 off cl (G, \ F’). The reader can 
check that this extension of ¢ is usc on G \ F’. By Proposition 19.4.17, ¢ 
is subharmonic on G \ F. It can be checked that ¢ € P(xarna.G \ F) 
and of course ¢ > 0. From the hypothesis we have that ¢ = 0. Thus 
wo" (OF Qcl G,) = 0 for all z in Gy. 

Now define g: 0G, — R by g = hon OG, \F and g = 00n 0G, NF; let 
g be the corresponding solution of the Dirichlet problem on G,, (remember 
that G, is a Jordan region). Thus h — g is a bounded harmonic function 
on G, \ F. If C € 0G, \ F, h(z) — g(z) ~ 0 as z—-¢ with z inG,, \ F. By 
Corollary 5.2, h-g =0onG, \F. Therefore g is a harmonic extension of h 
to G,,. Since n was chosen arbitrarily, this shows that h can be harmonically 
extended to all of G. O 


Subsets of the boundary of a hyperbolic set that have harmonic measure 
zero can be considered as sets that are locally small; their smallness is 
defined relative to the particular open set. We now turn to an examination 
of sets that are universally small relative to the study of harmonic functions. 


5.4 Definition. A set Z is a polar set if there is a non-constant subhar- 
monic function u on C such that Z C {z : u(z) = —oo}. 


Consideration of the function log |z — a| shows that a singleton is polar. 
A slight improvement shows that finite sets are polar and an application of 
Lemma 5.6 below shows that all countable sets are polar. From properties 
of subharmonic functions it follows that every polar set must be Lebesgue 
measurable with A(Z) = 0. Indeed, if u is as in the definition and E = {z: 
u(z) = —oo}, then F =1,{z: u(z) < —n} so that EF is a Gs set. Since 
u is not identically —co, A(F) = 0 (19.4.11). Since Z C E, Z is Lebesgue 
measurable and A(Z) = 0. In particular, polar sets have no interior. 

The next result says that the property of being a polar set is locally 
verifiable. 


5.5 Proposition. A set Z is polar if and only if there is an open set G 
that contains Z and a subharmonic function v on G that is not identically 
—oo on any component of G and such that Z C {z € G: v(z) = —oo}. 


Proof. Assume there is an open set G that contains Z for which there is a 
subharmonic function v on G that is not identically —oo on any component 
of G and with Z C {z € G: v(z) = —oo}. Replacing G by {z : v(z) < 0}, 
we may assume that v < 0 on G. Let G = U, Gp, where cl G,, is a compact 
subset of Gy+1. Let d, = diamG,,. Let p be the positive measure on G 
that defines the positive distribution Av (19.5.6 and 18.4.9). Note that 
u(Gn) < oo for all n. According to Theorem 4.10 there is a harmonic 
function h,, on G,, such that if u, = w|G,, then v = hn —Gy,, on Gn. Also 
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Gy, = Lu, — fn, where f, is harmonic on G,. If we define 


d 
Un(z) = — lo ” ; 
(2) =~ flog > du(w) 
then we arrive at the equation v(z) = u,(z) + kn(z) for all z in G,, where 
kn = fn + hn — dnp(G,) is harmonic on Gy. It is clear that u, is a sub- 
harmonic function on C with u,(z) < 0 for z in G, and un(z) = —oo on 
ZG, Since |G, has compact support, un is not identically —oo. Thus 
Un(z) > —oo ae. [Area] (19.4.11). Pick a point a with u,(a) > —oo for 
all n > 1 and choose constants c, > 0 such that $0, cnun(a) > —oo. Put 
U = >, CnUn. If m > 1 is fixed and n > m, un(z) < 0 for z in Gp. It 
follows from Proposition 19.4.6 that wu is subharmonic. Since u(a) > —oo, 
u is not identically —oo. It is routine to see that Z C {z: u(z) = —oo}. 
The converse is obvious. 0 


5.6 Lemma. I/f {Z,,} is a sequence of polar sets, then UnZ,, is polar. 


Proof. According to Proposition 5.5, there is a subharmonic function u,, 
on C that is not identically —co such that Z, C {z : un(z) = —oo}. Let 
a € C such that u,(a) > —oo for all n. For each n > 1 there is a constant 
kp, such that u,(z) < ky, < oo for z in B(0;n). Choose constants c, > 0 
such that 5°, Cn[kn — Un(a)] < oo. By (19.4.6), u = 3°, cnlun — kn] is a 
subharmonic function on C, u(a) > —oo, and Z C {z: u(z) = —oo}. O 


Using this lemma we see that to show a set is polar it suffices to show 
that every bounded subset of it is polar. 


5.7 Proposition. If K is a non-trivial compact connected set, then K is 
not a polar set. 


Proof. Suppose u is a subharmonic function on C such that u(z) = —oo 
on K; it will be shown that wu is identically —oo. Let G be a bounded 
open subset of {z : u(z) < 0} that contains K. Now use the Riemann 
Mapping Theorem to get a conformal equivalence 7 : D — C,, \ K with 
T(0) = oo. Note that if {z,,} is a sequence in D such that |z,,| — 1, all the 
limit points of {7(z,)} lie in K. Thus uo7 is a subharmonic function on 
D and uot(z) — —oo as z approaches any point on the unit circle. By the 
Maximum Principle, uo7 is identically —oo and thus so is u. O 


5.8 Corollary. If Z is a polar set, then every compact subset of Z is totally 


disconnected. 


5.9 Proposition. If Z is a polar set and G is a bounded open set, then, 
for every point a inG, ZN OG is wo-measurable and wo(ZN AG) = 0. 


Proof. Without loss of generality we may assume that there is a non- 
constant subharmonic function v on C such that Z = {z : v(z) = —oo}. By 
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a previous argument, ZM 0G is a Gs set and therefore w°-measurable. To 
show that w°(Z 0G) = 0, it suffices to show that w°(K) = 0 for every 
compact subset kK of ZMOG. Let U be a bounded open set that contains 
K and put H = GUU. Since cl H is compact, there is a finite constant 
M such that v(z) < M for all z in cl H. Thus v — M is a negative non- 
constant subharmonic function on H that is —co on K. By Theorem 5.1, 
wai\* (kK) = 0 for alla in H\ K. ButG C H\ K and K C 0GNO(H\K). 
By Corollary 1.14, w(K) < we\* (kK) =OQforallainG. O 


The preceding proposition will be extended to all hyperbolic open sets 
G (Theorem 8.4, below) but some additional theory will be required. 

We will rejoin the examination of arbitrary polar sets later (Theorem 
7.5), but now we turn our attention to compact polar sets and their relation 
with some recently acquired friends. There are compact sets K contained 
in the boundary of an open set G such that w°(K) = 0 for all a in G 
and K is not polar. For example, if G is the unit square (with vertices 
0,1,1+%, andi) and K is the usual Cantor ternary set, then OG is a 
rectifiable Jordan curve and so w¢(K) = 0 for all a in G. But K is not 
polar (8.16). If, however, kK has harmonic measure zero for every open set 
whose boundary contains it, then K is polar. This as well as the equivalence 
of additional conditions will be seen in the next theorem. Remember (5.8) 
that compact polar sets must be totally disconnected and thus without 
interior. 


5.10 Theorem. For a compact totally disconnected set K, the following 
are equivalent. 


(a) K is a polar set. 


(b) If G is any bounded region with K C OG, then w(K) = 0 for every 
point a in G. 


(c) IfG is a bounded region that contains K and u is a bounded harmonic 
function on G \ K, then u admits a harmonic extension to G. 


(d) If y is a Jordan curve such that K C G = ins7, then wo \* (K) = 0 


for every pointa inG\ K. 
(e) There is a bounded region G that contains K and there is a point a 
in G\ K such that we“ (K) = 0. 


(f) IfG is any bounded region containing K, then work (K) = 0 for every 


pointainG\ K. 
(g) C\K is parabolic. 


(h) The only bounded harmonic functions on C\K are the constant func- 
tions. 


(i) There is no positive non-zero measure 4 on K such that L,, is bounded 
above. 
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As might be expected, the proof of this theorem requires a lemma. It is 
perhaps surprising that it only requires one. 


5.11 Lemma. Jf G is a hyperbolic set and A is a measurable subset of 
OooG such that 0 < we(A) <1 for some point a in G, then 


inf w,(A) = 0 and supw,(A) = 1. 
zE€G zEG 


Proof. Put M = sup{w,(A) : z € G};s00< M <1. If d € P(xa,G), 
then ¢ < Ya < M and so $/M < 1. Hence ¢/M € P(xa,G), so that 
@/M < Xa; equivalently, 6 < MX,. Taking the supremum over all such @ 
gives that ya < Mxa. From the hypothesis we have that M = 1. 

The proof of the statement about the infimum is similar. O 


Proof of Theorem 5.10. That (a) implies (b) is immediate from Proposi- 
tion 5.9. 

(b) implies (c). This is a consequence of Proposition 5.3. 

(c) implies (d). Let - be a Jordan curve such that K C G = ins y and 
put u(z) = wo" (K ). So u is the solution of the Dirichlet problem on 
G \ K with boundary values yx. According to (c) u has an extension to a 
harmonic function h : G — [0,1]. But yx is continuous at points of 7, so 
u, and thus h, extends continuously to cl G with h(z) = yx(z) = 0 for z 
in y = OG. But then the Maximum Principle implies h = 0. This implies 
(d). 

(d) implies (e). This is trivial. 

(e) implies (g). Suppose (g) does not hold. That is, assume that C \ K 
is hyperbolic; so there is a subharmonic function ¢ on C \ K such that 
@ < 0 and @ is not constant. By Exercise 19.4.7 we can assume that ¢ 
is subharmonic on C,, \ kK. Let G be any bounded region in the plane 
that contains K. Put m = max{¢(z) : z € OG}. Note that because ¢ is 
subharmonic at oo, ¢(z) < m for z in C\G. Let M = sup{¢(z): z € G\ K} 
and observe that m < M. 


Claim. There is a point a in G \ K with ¢(a) > m and som < M. 


Otherwise we would have that ¢ < mon C\K and ¢ attains its maximum 
value at an interior point (in 0G), thus contradicting the assumption that 
@ is not constant. 

Define ¢, = (¢— m)/(M — m). It is left to the reader to check that for 
every ¢ in O(G\ K), limsup,_,- ¢1(z) < xx«(¢). Hence $1 € P(xx,G\ K). 

The claim shows that there is a point a in G \ K with ¢;(a) > 0. By 
definition this implies w¢ MK ) > 0. Now G \ K is connected and so this 
implies that we * (K ) > 0 for all z in G \ K. Since G was arbitrary, this 
says that condition (e) does not hold. 
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(g) implies (f). Suppose (f) does not hold; so there is a bounded region 
G containing K and a point ainG\K with we \VE(K ) > 0. Thus there is a 
function ¢ in P(xx,G \ K) with ¢(a) > 0. By replacing ¢ with max{¢, 0} 
we may assume that ¢ > 0 on G \ K. But then for any ¢ in 0G, 0 < 
lim sup,_,¢ 6(2) < xx(¢) = 0. Thus ¢(z) — 0 as z approaches any point of 
OG. If we extend ¢ to be defined on all of C\ K by setting ¢(z) = 0 for z ¢ 
G, then it follows that ¢ is usc. By Proposition 19.4.17, @ is subharmonic 
on C \ K. Clearly ¢ < 1 and not constant. Therefore C \ K is hyperbolic. 

(f{) implies (a). Let G be a bounded region that contains K so that 


wo" (K ) = 0 for all z in G \ K. According to Theorem 5.1 there is a 
subharmonic function ¢ on G\ K such that ¢ < 0, ¢ is not identically —oo, 
and $(z) — —oo as z approaches any point of K. If ¢ is extended to be 
defined on G by letting ¢(z) = —oo for z in K, then ¢ is subharmonic on 
G and this shows that K is polar. 

(c) implies (h). Let h be a bounded harmonic function on C \ K. If G is 
any bounded region that contains K, then h|(G \ Kk) admits a continuation 
to G by condition (c). Thus h has a continuation to a bounded harmonic 
function on C and must therefore be constant. 

(h) implies (g). Suppose (g) is not true; so G = C \ K is hyperbolic and 
not the whole plane. This implies that K has more than one point. Let 
a € G. Since wg has no atoms, there is a Borel set A C K = OG such 
that 0 < w,(A) < 1. It follows from Lemma 5.11 that h(z) = w,(A) is a 
non-constant bounded harmonic function on G and so (h) is not true. 

(c) implies (i). Assume that p is a positive measure supported on K such 
that there is a constant M with L, < M; it will be shown that up = 0. Let G 
be a bounded open set containing K. If d = diam G, then L,,(z) > d~?|||| 
for all z in cl G. Thus L, is a bounded harmonic function on G \ K. By 
(c), L, has a harmonic extension to G. By Corollary 19.5.5, = 0. 

(i) implies (g). Assume that C\K is hyperbolic. If w is harmonic measure 
for C. \ K at oo, Proposition 3.5 implies L,, is bounded above by rob(K). 
O 


Condition (i) will be seen in the future. This particular characterization 
of polar sets will resurface in §7 when the notion of logarithmic capacity is 
encountered. 


Exercises 


1. If G is an open set with components {H,,} and A = 0.4 G\Un00Hn, 
then A has harmonic measure zero. 


2. Show that if K is a compact subset of C, then C \ K is parabolic if 
and only if C,, \ K is parabolic. 
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86 More on Regular Points 


In this section the results obtained on polar sets will be applied to obtain 
a more accurate and complete picture of the sets of regular and irregular 
points of a hyperbolic open set. The first result along this line general- 
izes the fact that isolated points in the boundary of a region are irregular 
(19.10.8). 


6.1 Proposition. Jf K is a polar set contained in the hyperbolic set G, 
then no point of K is a regular point for G\ K. 


Proof. Let a € K and put 2 = G \ K; fix r > 0 such that B = B(a;r) 
has cl B C G. If h is the solution of the Dirichlet problem on BOQ with 
boundary values |¢ — a], then h(z) = r on 0BNQ since OB is a connected 
subset of the boundary of BNQ.. We want to show that limsup,_,, h(z) > 0. 

Recall that K is totally disconnected and let L be a compact subset of 
KB such that a € L and L is relatively open in K. There is an open set 
U in C such that L = K NU; without loss of generality it can be assumed 
that U C B. Now L is a polar set and h is a bounded harmonic function 
on U \ L; thus h has a harmonic extension to U. Denote this extension by 
h,. So limsup,_,, h(z) = lim,_.,/i(z) = hi(a). But hy > 0, so, by the 
Maximum Principle, hy(a) > 0. O 


The next theorem gives an additional list of conditions that can be added 
to those in Theorem 19.10.1 that are equivalent to the regularity of a point. 
These are given in terms of the Green function. 


6.2 Theorem. If G is a hyperbolic region and a € 03.G, then the following 
are equivalent. 


(a) a is a regular point of G. 


(b) There is a point w inG such that if g(z,w) is the Green function for 
G with pole at w, then g(z,w) > 0 as z > a. 


(c) For every w in G, if g(z,w) is the Green function for G with pole at 
w, then g(z,w) — 0 as z > a. 


Proof. It is trivial that (c) implies (b) and the fact that (b) implies (a) 
is immediate from Theorem 19.10.1 and the fact that the Green function 
is a positive superharmonic function. It remains to prove that (a) implies 
(c). Assume that a is a regular point for G and fix an arbitrary point 
w in G. Without loss of generality we can assume w = oo. Let r > 0 
and put B = B(a;r). Let u be the solution of the Dirichlet problem on 
G(a;r) = BOG with boundary values xg. According to Proposition 
19.10.5, a is a regular point for the open set G(a;r); thus u(z) — 0 as 
z—ain G(a;r). 
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Let 0 < ry < rand put B, = Bia;r,). If m = sup{u(z) : z € OB;}, 
then 0 < m < 1. Let A(z) = 1 — (1 — m)[log(|z — al/r)/log(ri/r)] for 
ry < |z-—a| <r. Note that h(z) = 1 for |z —a| = r and h(z) = m for 
|z —al = 7}. 

Put H = G(a;r)\cl B, and define v : 0H — R by letting v(z) = u(z) for 
zin 0 HNG(a;r) = 0 B,NG(a;r) and v(z) = xa B(z) for zind HNdG(a;r). 
If & is the solution of the Dirichlet problem on H with boundary values v, 
then Proposition 1.13 implies 6(z) = u(z) for z in H. It is left as an exercise 
for the reader to verify that h € P(v, H). Hence hh >} =wuon H. 

Now let C = (1 — m)' log(r/ri) > 0. So Ch(z) = C + log(r7|z — a}) 
and hence 


6.3 C u(z) < C + log(r~*|z — a|) on H. 


Define the function ~ on G by setting 7(z) = C + log(r—!|z — al) for z in 
G\ B(a;r) and w(z) = C u(z) for z in G(a;r). Since u extends continuously 
to GNO B and is equal to 1 there, ~ is a continuous function on G. It is left 
to the reader to verify that (6.3) implies that w is superharmonic. Since w is 
clearly positive and ~(z)—log |z| is also superharmonic near 00, w > g(z, co) 
by Proposition 19.9.10. Therefore on G(a;r), 0 < g(z,0oo) < C u(z) - 0 
as z—a. U 


The next lemma is stated and proved for bounded regions. It is also true 
for unbounded regions; see Exercise 1. 


6.4 Lemma. If G is a bounded region, a € G, and G, = {2 €G: 
g°(z,a) > n7'}, then G, is connected, g°"(z,a) = g°(z,a) —n—', and 
wen (O9GNAGn) = 0. 


Proof. If Gp, is not connected, there is a component H of G, that does 
not contain a. Define w on G by letting ¥(z) = n~! for z in H and 
w(z) = g@(z,a) elsewhere. It is left as an exercise to show that w is 
superharmonic, 7% > 0, and w~(z) + log |z — a| is also superharmonic. By 
Proposition 19.9.10, #(z) > g°(z,a). But on H, ~(z) =n7! < g@(z,a), a 
contradiction. Therefore G,, is connected. 

Now fix n > 1 and define h on G,, by h(z) = g@(z,a) — n~!. It is easily 
checked that h > 0, h is harmonic on G, \ {a}, and h(z) + log |z — a] is 
harmonic near a. By definition of the Green function, h(z) > g°"(z,a) on 
G,,. On the other hand, h(z)—g°*(z, a) is harmonic on G,, and, for any ¢ in 
OGn, limsup,_,-[h(z)—g°" (z, a)] < lim sup,_,¢ h(z)—lim inf,_.¢ 9°" (z,a) < 
0. Thus h(z) < g@"(z,a) and so equality holds. 

Finally put K, = OGNOG, and let @ € P(xk,.,Gn); without loss of 
generality we may assume that ¢ > 0 (19.7.8). So for any ¢ in 0G, NG, 
0 < liminf, .¢ d(z) < limsup,_,- 6(z) < xx,,(¢) = 0; that is, for all ¢ in 
OG,9G, ¢(z) — 0 as z — ¢€ with z in G,. So if W is defined on G by 
w(z) = g?(z,a) —n-1$(z) for z in G, and W(z) = g@(z,a) otherwise, w 
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is a positive superharmonic function on G such that #(z) + log |z — a| is 
also superharmonic (verify!). Thus ~(z) > g@(z,a) by (19.9.10). But this 
implies ¢ < 0 so that ¢ = 0. Therefore w°"(K,) =0. O 


6.5 Theorem. If G is hyperbolic and E is the set of irregular points for 
G, then E is a polar set that is the union of a sequence of compact subsets 


of OooG. 


Proof. In light of Corollary 19.10.10 it suffices to assume that G is con- 
nected. First consider the case that G is bounded, so that the preceding 
lemma applies; adopt its notation. Let K, =QOGMOQG,; by Theorem 6.2, 
E = U,nKy is the set of irregular points of G. It only remains to show that 
each set K,, is polar. This will be done by using Theorem 5.10.i. 

Note that for each n > 1, 


go"**(z,a) = g?**(a, 2) 


/ log |z — ¢| dwn+1(C) — log|z — al. 


| 


The right hand side of this equation is upper semicontinuous throughout 
C. So for any point w in K, 


/ log |w — | dwSn (C) — log |w — al 


> lim sup{g°"+!(z,a):2€ Gn} 


Zz Ww 


1 
> li C(z,a) — :zZ2E€G 
2 lim supig (Z,@) — "5 2 € Gn} 
1 


n+1 


1 
>a 
nr 


Hence 


1 

l —C| dwGr+ l — — 

[roel ~ ¢| duSne*(¢) > log fw — al + 

for all w in K,,. If it were the case that K, is not a polar set, then there 

is a probability measure supported on K, and a finite constant M such 
that L,,(z) < M for all z. But 


Ly(a) Joos |w — al~* dy (w) 
> ff tow — git duro (6) dutw) 


| Hule) dwSo(0) 
6.6 — u(a), 
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where u is the solution of the Dirichlet problem on G,,41 with boundary val- 
ues L,,. Now L, —u is harmonic on G,,41 and bounded since L, is bounded 
below on compact sets (Exercise 19.5.1). But for each ¢ in 0 Gn41MG, as 
z— ¢ with z in Gy4 1 it holds that 


1 
Gn41 — G —_ ———_- —) G _ 


n+l 


By Theorem 6.2 this implies that points in 0G,41NG are regular for Gr41. 
Hence L,,(z)—u(z) ~ 0asz—> ¢ in OGn4iNG. Also OGny1 NOG = Knsi 
and we”"t!(Kn41) = 0 by the preceding lemma. Therefore Corollary 5.2 
implies L,, — u = 0, contradicting (6.6). Thus no such measure p exists and 
K,, is polar. 

Now let G be a not necessarily bounded hyperbolic open set and put 
Gy = GN B(0;k). If Ey, is the set of irregular points of G;,, then the fact 
that each component of 0 B(0;k)NG is a non-trivial arc of a circle implies 
that E;, C OG. By Proposition 19.10.5 this implies that U,E, C E. The 
use of barriers shows that E = U;,E;,. The general result now follows from 
the proof of the bounded case. O 


6.7 Corollary. If G is a bounded open set, the collection of irregular points 
has harmonic measure zero. 


Proof. This is immediate from the preceding theorem and Proposition 5.9. 
C) 


The preceding corollary will be extended to hyperbolic open sets G in 
Corollary 8.4 below. 


Exercises 


1. Use Proposition 19.9.8 to prove Lemma 6.4 for unbounded regions. 


2. If G is hyperbolic, K is a compact subset of G, and ¢ is a regular 
boundary point of G, show that as z — ¢, g(w, z) — 0 uniformly for 
win Kk. 


$7 Logarithmic Capacity: Part 1 


Recall that, for a compact set K, M(K) is the set of regular Borel measures 
on K. For a non-compact set FE, let M°(E) be all the measures that belong 
to M(K) for some compact subset K of E. (The superscript “c” here stands 
for “compact.” ) That is, M°(E) is the set of regular Borel measures whose 
support is compact and contained in E. M{(E) will denote the positive 
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measures belonging to M°(E) and Mg(£) is the set of real-valued measures 
belonging to M‘°(E). If E is any set, let 


M§(E) = {u: » € Mg(B) and L, € Li(|pl)}- 


It may occur that Mf(£) = @ (for example, if E is a single point). If 
uw © MF(E), let 


I(p) = / / log — du(z) du(w). 


jz — w| 


For such measures pz, I(y1) is a well defined finite number. Indeed J(u) = 
f{ Ludu. The number I(j1) is called the energy integral of yp. The use of 
this term, as well as the term logarithmic potential, is in analogy with the 
terminology for electrostatic potentials in three dimensions. 


7.1 Lemma. If  €¢ M,(E), then either up € MF(E) or 
lim [ min{L,.n} dus = +00. 


Proof. This is a direct consequence of the fact that the logarithmic po- 
tential of a positive measure is bounded below on compact sets. O 


In light of this lemma we can define I(u) = f L,dp for all positive 
measures, where we admit the possibility that I(jz) = oo. Another piece of 
notation is that Mf(£) will denote all the probability measures in M°(E). 
That is, Mf(E) = {u € M$(E) : ||u|| = u(supp y) = 1}. 


7.2 Definition. If EF is any set such that M¢(E) # 0, define 
v(E) = inf{I(u) : w € My(E)}. 
The logarithmic capacity of such a set FE is defined by 
c(E) =e), 


If FE is such that Mf(£) = Q, define v(&) = oo and c(E) = 0. A property 
that holds at all points except for a set of capacity zero is said to hold 
quasi-everywhere. This is abbreviated “q.e.” 


The term capacity is used in analysis in a variety of ways. The com- 
mon thread here is that it is a way of associating with sets a number that 
measures the smallness of the set relative to the theory under discussion. 
Another role of capacities is to assist in making estimates. That is, a set 
having small capacity will imply the existence of certain functions having 
rather precise technical properties. An instance of this occurs in §14 below, 
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where Wiener’s criterion for the regularity of a boundary point is estab- 
lished. In the present case, it will shortly be proved that a compact set K 
has zero capacity if and only if it is polar (Theorem 7.5, below). In R® for 
d > 3, there is an analogous notion of capacity where compact sets hav- 
ing zero capacity are removable sets of singularities for bounded harmonic 
functions. (See Landkof [1972], p 133.) In the study of bounded analytic 
functions there is also a notion of analytic capacity with similar properties. 
(See Conway [1991], p 217.) There is also a general theory of capacity that 
originated in Choquet [1955]. (Also see Carleson [1967].) It is becoming 
common to refer to a capacity that fits into this general theory as a “true” 
or Choquet capacity. 

Unfortunately, the logarithmic capacity defined above is not a true ca- 
pacity (nor is the analytic capacity used in the study of analytic functions). 

A modification of the logarithmic capacity can be made that produces 
a true capacity. The extra effort to do this is modest and it is therefore 
presented in conjunction with the development of logarithmic capacity. This 
will only be defined for subsets of the disk rD. 

If wp € M{(rD), define 


2r 
Ly(2) = flog du(w) 
for all z in rD. Note that L/,(z) => 0 on rD, though it may be infinite valued. 
Similarly define 


Tu) = f [08 du(w) ale) 
for wp in M{(rD). 
7.3 Definition. For any subset FE of rD, define 
v,(E) = inf{I,(u) : w © Mf (EB)}. 


The r-logarithmic capacity of E is defined by 


C,(E) = D(E) 


We note the equations LT, = ||y|| log 2r + L, and I,(u) = ||p||? log 2r + 
I(u), from which it follows that v,(£) = log 2r + v(E) for all subsets E of 
rD. Thus a subset F of rD has logarithmic capacity zero if and only if it has 
r-logarithmic capacity zero; in fact, for such sets, c,(E) = [log(2r/c(E))|~?. 

The r-logarithmic capacity is a true or Choquet capacity defined on the 
subsets of rD. However logarithmic capacity as defined in (7.2) is more 
closely related to the geometric properties of analytic and harmonic func- 
tions on the plane. For example, it will be shown that, for any compact 
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set K, c(K) = e~7, where ¥ is the Robin constant for K (Theorem 10.2 
below). The r-logarithmic capacity has also been heavily used in the study 
of analytic and harmonic functions; see Beurling [1939], Carleson [1967], 
and Richter, Ross, and Sundberg [1994]. 

It is also the case that the Green potential can be used to define a Green 
capacity (for subsets of the parent set G) that is a Choquet capacity. This 
will not be done here. The interested reader can look at Helms [1975]. Also 
see Landkof [1972] and Brelot [1959]. A distinct advantage of the Green 
capacity is that it generalizes to higher dimensional spaces. A disadvantage 
is that it is restricted to and dependent on the chosen set G. 

In what follows, results will only be stated for logarithmic capacity unless 
there is a difficulty with the corresponding fact for r-logarithmic capacity 
or a particular emphasis is called for. Of course, exact formulas or nu- 
merical estimates for logarithmic capacity will not carry over directly to 
r-logarithmic capacity, though some modification will. The first result is a 
collection of elementary facts. The proofs are left to the reader. 


7.4 Proposition. 


(a) If Ey C Eo, then c(E)) < c(E). 
(b) For any set E, c(E) =sup{c(K): K is a compact subset of FE}. 


(c) IfT(z)=az+b,a#£0, then v(T(E)) = v(E) — log |a| and c(T(E£)) = 
la] c(E). Thus c(E) = 0 if and only if c(T(£)) = 0. 


7.5 Theorem. If E is a Borel set, the following are equivalent. 


(a) E has positive capacity. 


(b) There is a non-zero measure wp in M,(E) such that L,, ts bounded 
above. 


(c) There is a compact subset of E that is not polar. 


(d) There is a positive measure p with I(w) < co and p(E) > 0. 


If K is a compact set that has positive capacity, then c(K) > e~7, where y 
is the Robin constant for Kk. 


Proof. In light of part (b) of the preceding proposition, it suffices to as- 
sume that EF is a compact set K. By part (c) of the preceding propo- 
sition, with an appropriate choice of constants it can be assumed that 
K © B(0;1/2). (This is a typical use of (7.4.c) and will be seen again in 
the course of this development.) The virtue of this additional assumption 
is that log |z — w|~! > 0 for all z,w in K. 

(a) implies (b). Let v € M,(K) with I(v) < oo. Since K C B(0;1/2), 
L,(z) > 0 on K. Since L, € L'(v), there is a constant M such that if 
F = {z € suppv: L,(z) < M}, then v(F) > 0. Now L, is a lower 
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lA 


semicontinuous function: thus F is compact. If uw = v|F, then L,(z) 
L,(z) < M for all z in F and hence throughout C (19.5.10). 

(b) implies (c). This is immediate from Theorem 5.10. 

(c) implies (d). By Theorem 5.10 there is a uw in M,(k) such that L, < 
M; hence I(p:) = f Lydu < oo. 

(d) implies (a). If u is a positive measure with u(A) > 0 and I(p) < o, 
then by the definition of v(K’), v(K) < co and so c(K) > 0. This completes 
the proof that statements (a) through (d) are equivalent. 

If c(k) > 0, G is the component of C,, \ K that contains oo, and w is 
harmonic measure for G at oo, then Proposition 3.5 states that D,, < y on 
the plane. Thus v(K) < I(w) < f Ludw <yand soc(K) >e77. O 


Think of the first of the following two corollaries as a result about ab- 
solute continuity of measures with respect to logarithmic capacity, even 
though logarithmic capacity is not a measure. 


7.6 Corollary. If K is a compact set with c(K) > 0 and up € MF(K), then 
|u|(A) = 0 for every Borel set A with c(A) = 0. 


The next corollary is immediate from Corollary 5.8. 


7.7 Corollary. If K is a compact set with logarithmic capacity 0, then K 
is a totally disconnected set. 


We know that polar sets have area zero; the next proposition refines this 
statement into a numerical lower bound for capacity in terms of area. 


7.8 Proposition. [f E is a Borel set, then 


o(E) > Area(E) | 


Te 


Proof. The proof is reminiscent of the proof of Proposition 18.5.3. By 
virtue of Proposition 7.4.b, we may assume that E is a compact set K. 
Without loss of generality we may also assume that the area of K is positive. 
If u is the logarithmic potential of the restriction of area measure to K, then 
u is a continuous function on the plane; by (19.5.10) it attains its maximum 
value on K. By translation, we may assume that 0 € K and u(z) < u(0) = 
Ji, log |w|-*dA(w). If R is the radius with tR? = |K| = Area(K) and 
D = B(0; R), then Area(D) = Area(K) and Area(K \ D) = Area(D \ K). 


Therefore 


u(0) / log |w|~*dA(w) + | log |w|~*dA(w) 
KOD K\D 


IA 


| log |w|-?d.A(w) + A(D \ K)log R 
KND 
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| log |w|~*d A(w) + | log |w|~*d A(w) 
KND D\K 


/ log |w|~*dA(w) 
D 


R 
= an | rlogr ‘dr 
0 
2,1 -1 
= TR I5 t+ log R 
Te 


A(K) log ACK) 


[ | \z — w|~*d A(z) dA(w) < A(K)? log Va 


If wp = A(K)1A|K, then v(K) < I(p) < log,/m e/A(K), whence the 


result. O 


Thus 


7.9 Theorem. If K is a compact set with positive capacity, then there is a 
probability measure pp with support contained in K such that I(y) = v(K). 


Proof. Let {pin} be a sequence in M;(K’) such that I(p,) — v(K). 

But M,(k) is a compact metric space when it has the weak* topology. So 
by passing to a subsequence if necessary, it can be assumed that there is a 
measure ps in M,(K’) such that uw, — ps weak*. By Exercise 1, I(j) = v(K). 
C) 


7.10 Definition. If K is a compact set and p € M,(K) such that I(p) = 
v(K), then p is called an equilibrium measure for K. The corresponding 
logarithmic potential L,, is called a conductor or equilibrium potential of E. 


Later (10.2) it will be shown that there is only one equilibrium measure 
and we can speak of the equilibrium measure for a compact set. In the 
companion development of the r-logarithmic capacity, we must make a 
point explicit. The proof is straightforward. 


7.11 Proposition. If K is a compact subset of rD and p is an equilibrium 
measure for K, then I,(u) = u-(K). Conversely, if 1 is a probability mea- 
sure on K such that I,(w) = v,(K), then p is an equilibrium measure for 
K. 


7.12 Theorem. (Frostman [1935|) If K is a compact set and p is an 
equilibrium measure, then L,, < v(K) on C and L, = v(K) everywhere on 
K except for an Fy set with capacity zero. 
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Proof. Let v = v(K) and put EF = {z€ K: L,(z) < v}. So FE = UnEn, 
where E, = {z € K : L,(z) < u—n7"}. Because L, is Isc, each set Ep, 
is closed and so EF is an Fy, set. It will be shown that c(£,) = 0 for each 
n > 1. If there is an n > 1 such that c(E,,) > 0, let vy € M,(E,,) such that 
I(v)< ow. lf0<6<1, ps = (1 —6)ut+6v € M,(K) and 


Tus) = (1—6)*I(u) + &I(v) + 26(1 — 6) / L,dv 


| 


v — 260+ 26 | Lydv + 67A, 


where A = —v + I(v) —2 f L,dv. Hence 


I(us) < v—26v4+26(v—n")+6°A 
= v+6[-2n71+ 6A] 
< OU 


for a suitably small 6. Since ps € M,(K), this contradicts the definition of 
v. Hence c(E,,) = 0 for all n > 1. By Lemma 5.6 and Theorem 7.5, the 
countable union of sets of capacity zero has capacity zero and so L, > v 
q.e. 

Now we show that L,, < v everywhere. Otherwise the Maximum Principle 
for the logarithmic potential implies there is a point a in F’ = supp p such 
that L,(a) > v. Since L, is Isc, there is an open neighborhood U of a 
with L, > v in U; because a € F, w(U) > 0. On F \ U, Ly > v qe by 
the first part of the proof. By (7.6), L, > v ae. [yu]. Hence v = I(u) = 
Jy Eydu + Jrvu Lydp > vp(U) + vp(F \ U) = v, a contradiction. O 


7.13 Corollary. If K is compact with c(K) > 0 and p is an equilibrium 
measure, then L,, ts continuous at each point a where L,,(a) = v(K). 


Proof. By Proposition 19.5.11, it suffices to show that L,,|K is continuous 
at a. Since L, is lsc, v(K) = L,(a) < liminf,_,, L,(z) < limsup,_,, Ly(z) < 
v(k). O 


7.14 Proposition. Let K be a compact set with c(K) > 0 and let w be an 
equilibrium measure. For every € > 0 there is a compact subset K, of K 
with u(K \ Ki) < € and such that, if wi = p|Ki, then Ly, is a continuous 
finite-valued function on C. 


Proof. Put c=c(K) and v = v(K). By Corollary 7.6 and Theorem 7.12, 
L, = v ae. [py]. Let Ky be a compact subset of K with w(K \ Ki) < « 
and L, = v on Kj. By the preceding corollary, L, is continuous at each 
point of K,. Let p; be as in the statement of the proposition and put 
bo = p— py = pI|(K \ Ki). Now L, = Ly, + Lp, < v on C. Since both Ly, 
and L,,, are bounded below on compact sets, it follows that both functions 
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are bounded on compact subsets of the plane. In particular, both functions 
are finite-valued. Also L,, = L, — L,, and thus L,, is usc; since this 
function is also Isc, it follows that it is continuous. O 


We conclude this section with a result that will be used later. 


7.15 Proposition. If {K,,} is a sequence of compact sets such that K, D 
Kn4i for alln and ,Ky = K, then c(K,,) — c(K). If c(K) > 0 and if 
Lin 18 an equilibrium measure for K,, then every weak* cluster point of the 
sequence {pn} is an equilibrium measure for K. 


Proof. A rudimentary argument shows that if U is any open set containing 
K, then K,, C U for all sufficiently large n. In particular, there is no loss in 
generality in assuming that the sequence {K,,} is uniformly bounded. By 
Proposition 7.4.c we may assume that all the sets K, C {z: |z| < 1/2}. 

From elementary considerations we know that c(K) < c(Kn41) < c(Kn) 
so that lim, c(K,,) exists and is at least c(K). Equivalently, v( kK) > lim, 
u(Ky). 

Let py, be the equilibrium measure for K, so that I(fzn) = v(Kn). 
There is a subsequence {pin,} that converges to a probability measure 
pw in M(C,.). It is left to the reader to show that supp uw C K. Since 
log |z — w|~1 > 0 on Kj, Fatou’s Lemma implies that 


v(K) < I(p) 
< liminf, f flog|z — w|~'dun, (z) dun, (w) 
lim inf,u(Kn, ) 
lim o(Kn, ) 
< v(kK). 


O 


7.16 Corollary. If K is a compact set and {U,} is a sequence of open 
sets such that U, D Uns: for alln and,U, = K, then c(U,) - c(K). 
In particular, if € > 0, there is an open set U that contains K with c(U) < 
c(K) +6. 

Proof. For each n let V, be an open neighborhood of K that is bounded 
with K, = cl V, C Un. So c(Kn) < c(U,) and the result follows from the 
proposition. O 


Exercises 


1. If py, 141, f2,... are positive measures whose supports are contained in 
the compact set K and pn — pu weak* in M(K), show that I(u) < 


21.8. Some Applications and Examples 339 


lim inf, _I(p1,). Use this to show that I : M4(K) — (—co, ov] is lower 
semicontinuous. 


2. Prove the result for r-logarithmic capacity corresponding to Theorem 
7.12. . 


3. Let G be a hyperbolic open set, let K be a compact subset of G 
with c(K) > 0, and let py be an equilibrium measure for K. Combine 
Proposition 7.14 with Theorem 4.5 to show that for every ¢ > 0 there 
is a compact subset K, with w(K \ K,) < € such that if wy = p|Ay, 
then G,,, is a continuous finite-valued function on G. 


4. If K is acompact set and p is a probability measure on K, show that 
inf{L,(z):z¢€ K} <v(K). 


5. Suppose K is a compact subset of some disk of radius 1/2 and K = 
K,U--:UKy, where each K; is compact and kK; K; = @ for i ¥ j. 
Show that v(K) < v(Ki)+...+v(Kn). 


§8 Some Applications and Examples of Logarithmic Capacity 


Here we will give a few applications of the preceding section. Some of these 
applications will tie together loose ends that exist in earlier sections; many 
will be used to push our study of potential theory further. Later we will 
see some examples of sets with zero or positive capacity. 

We begin with an easy application of Corollary 7.6 that has important 
implications. 


8.1 Theorem. /f G is a hyperbolic open set and E is a Borel subset of 
O0.G with c(E) = 0, then w$(E) = 0 for all z inG. 


Proof. Fix z in G. Using a Mobius transformation, there is no loss of 
generality in assuming z = oo. So K = 0.G = OG has c(K) > 0. If 
7 =rob(K) and w =w, then L,, < y and so I(w) < 7; thus w € M¢(K). 
If EF is a Borel set with c(E) = 0 and E C K, then Corollary 7.6 implies 
w(k)=0. O 


In light of the preceding theorem, the next few results are immediate 
from previous results in this chapter. Reference to the earlier versions of 
the results is given at the end of the statement. 


8.2 The Maximum Principle. Jf G is a hyperbolic open set, E is a 
Borel subset of OoG with c(E) = 0, and ¢ is a subharmonic function on 
the hyperbolic set G that is bounded above and satisfies 


lim #(z) <0 
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for every ¢ in 0.G \ E, then @ < 0. (See Theorem 5.1.) 


8.3 Corollary. [f G is a hyperbolic set, h is a bounded harmonic function 
on G, and there is a Borel subset E of O.oG with c(E) = 0 such that 
h(z) — 0 as z approaches any point of 0..G \ A, then h = 0. 


8.4 Theorem. /f Z is a polar set and G is a hyperbolic set, then for 
every point a in G, ZN OG is w?-measurable and w(ZN AG) = 0. (See 
Proposition 5.9.) 


8.5 Corollary. If G is a hyperbolic open set, then the collection of irregular 
points for G is an Fy set with harmonic measure zero. (See Corollary 6.7.) 


Now to produce a few examples. We will start with a sufficient condition 
for a compact set to have capacity zero. Let K be a compact set with 
diameter less than or equal to 1. This assumption implies that log |z — 
w|~! > 0 for all z, w in K. For r > 0 let N(r) be the smallest number 
of open disks of radius r that cover K. Note that if K has k elements, 
N(r) < k for all r. So the idea is that if N(r) does not grow too fast, K is 
a small set. 


8.6 Lemma. With K and N(r) as above, f [r N(r)]~‘dr < 00 if and only 
if SSP N(2-")—+ < 0. 

Proof. N(r) is increasing so for 1/2"t! < r < 1/2", [r N(2-"")| "1! < 
[(r N(r)|~} < [r N(2-)]~!. Hence 


Q7-7 
log 2 < / 1 r< log 2 . 
N(2-"-1) o-n-1 © N(r) N(2-”) 


O 
8.7 Proposition. With K and N(r) as above, c( kK) = 0 if 


ro] 
| oamer 


Proof. Assume that c(kK) > 0 and let pz be a probability measure on K 
with I(j1) < oo. For each z in K, let u, be the increasing, right-continuous 
function on [0,1] defined by u,(r) = w(B(z;r)). Using the change of vari- 


ables formula, ; 
1(u) = [| f roertaus(r)} ule) 


Using integration by parts we get 


1 1 
| logr—!du,(r) = uz(r)logr—"|g + | r-‘u,(r) dr. 
0 0 
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Now for 0 <r <1, 


uz(r)logr7+ = [og t-tau.(t) 
0 


lA 


[toe |e ~ wl tdu(w) 
B(z:r) 


and this converges to 0 as r — 0. Therefore 


1) = [| f tue dr] au(2) 


Since u, is increasing, 


tu) > | Df. [fuer "dr du(2) 
n=0727"~? r 
1082 f u(Bles2-™-) dul). 


V 


Put Np = N(2-") and let Bi”) = B(z”),2-"), 1 < k < Np, be disks 
that cover K. Now any disk of radius r can be covered by 16 disks of radius 
r/2. Hence for a fixed value of n, no point of K can belong to more than 


16 of the disks BOwn, Indeed, if z € Btn then Bern C B(z;2-"). So 
if z belonged to more than 16 of the disks B (n+1) , we could replace each of 
these by the 16 disks of radius 2~-"~! that cover B(z;2~”) and reduce the 
size of N41, contradicting its definition. Thus 


[uBes2")) dul) > = 5 > Foon MBER) dale) 


Now Birt?) C B(z;2-"—1) whenever z € Ber?) Therefore 


Nn+2 


she n 
I(u) > 2 > (Be? 
n=0 k=1 
8? 00 Nat? (n+1) 
- ey ep 
n=1 k=1 
Using the Cauchy-Schwarz Inequality, 
1 = p(K)? 
Ne (n+1) 
S| wy ) 
Nn41 
< Nn+1 S- p(BYr*?)2, 


k=1 
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Therefore 


and the proposition is proved. O 


Now form a Cantor set contained in [0, 1] as follows. Let {b,} be a strictly 
decreasing sequence of positive numbers less than 1 such that b; + 2b2 + 
27b3+--+ < 1. Delete from (0, 1] the open subinterval of length b; centered in 
(0, 1]. Let Ay be the union of the two closed intervals that remain; each has 
the same length, a;. So 1 = 2a; +b. Now from each of the two component 
intervals that make up K,, delete the open middle interval of length bo. 
Let Kz be the union of the 2? closed intervals that remain; each of these 
closed interval has length aj. So a; = 2a2 + bo. Continue in this way to get 
a decreasing sequence of compact sets {K,,} satisfying the following for all 
n> 1: 


8.8 (i) K, has 2” components, each of which has length a,; 


(ii) Qn—1 = 2an + bn- 


It is left to the reader to prove the next proposition, which is standard 
measure theory. 


8.9 Proposition. If {K,} satisfies (8.8), then K = NnKn is a totally 
disconnected set having Lebesgue measure lim, 2”a, = 1 — (b, + 2b2 + 
27b3 +--+). 


8.10 Theorem. If {K,,} is the sequence of compact sets satisfying (8.8) 
and K =1,Kn, then c(Kk) > 0 if and only if 


ae 
1 Sx loga;? . 
8.11 2. oga, < oo 
If cK) > 0, then 


—, 1 
8.12 c(k) > exp 29° in log a , 
n=1 


Proof. Assume (8.11) holds. For each n > 1 let u., be the probability mea- 
sure [ln = (2"a,)~1m|Ky, where m is Lebesgue measure on the line. The 
strategy here will be to show that there is a constant M such that I(pn) < 
M for all n. This implies that v(K,) < M so that c(K,) > exp(—M). The 
result will then follow from Proposition 7.15 and the estimate (8.12) will 
be obtained by giving the appropriate value of M. 
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Fix n > 1 and a point x in K,. For every p > 0, let L, = Ky, N{y: 
An+1 < |y—2| < ap}. (We take ap to be 1.) So 


_ a _ 
8.13 [roe ly — 2|~*dun(y) = >> nat | log |y — x|~*dy. 
p=0 ma'p 


Note that for any p > 0 and y in Lp, log|y — z|~! < log Ott By drawing 
pictures it can be seen that there are at most 5 = 2-2+ 1 of the component 
intervals of K,, within a distance a,_; of x. Continuing, there are at most 
2-23 +1 of the component intervals of K,, within a distance a,_ ; Of x for 
1<j <n. Thus for0<p<n-—1 and y in Lp, 


1 _ 1 n— _ 
ana | logly—a|~"dy < png, (2° 2" P+ 1) (log a5}, )an 
4 -1 
8.14 < op log a,41- 
For p> n, 
—1 2 ~1 
a, Jr log|y—2|~"dy < a, log 51 1[@p — Ap+1| 
2 -1 |2p ~ Gp+1 
= on log an44 | a, 


Now from (8.8.ii) ap > 2ap+1 for all p; so a, > 2?~"a, for all p > n. Hence 
[ap — Ap+1| < Gp < 2”? a, for all p > n. This gives that 


—1 


7 2 
8.15 | log |y — z|~*dy < ap 08 S41 


2" an 


for all p > n. 
Combining (8.14) and (8.15) with (8.13), we get 


OO 
_ 4 _ 
Jresiy — z| 1 dun(y) < ) op log az) = M, 
p=0 


which is a bound independent of n. Since x was an arbitrary point of Ky, 
I(tn) < M for all n and this proves half the theorem. The estimate for the 
capacity (8.12) follows from the preceding inequality. 

For the converse, assume c(K’) > 0. We will use Proposition 8.7, so adopt 
the notation from there. Using the fact that a9 = 1 and the telescoping of 
the second series below, we get that 


(©, @) CO 


1 _ 1 _ 7 
Dd geri 10ga," = » pari logan yt, — loga,"). 


n=1 n=0 
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Observe that N(an41) < 2"+?. Hence 


8 


1 °° 1 an 
— logan’ < 25 ——— _ dr 
nel gn d N(@n41) Qn41 rT 


IA 
No 
8 
ee 
: 
“3 
i 
S 
Qu 
3 


and this is finite by Proposition 8.7. 0 


8.16 Example. If K is the usual Cantor ternary set, then K has Lebesgue 
measure zero and positive capacity. In fact, in this case a, = 3~” and so 


3 = loga,* = 3 = log 3" = >> = 
n=1 n=1 n=1 


In fact, by evaluating this last sum we get that c(K) > 374. 


8.17 Example. If K is the Cantor set as in (8.8) with a, = exp(—2”), 
then c(K) = 0 and so K is an uncountable set that is polar. 


There is a strong connection between logarithmic capacity and Haus- 
dorff measure. See Carleson [1967] and Tsuji [1975]. Also Landkof [1972] 
computes the logarithmic capacity as well as the Green capacity of several 
planar sets. 


§9* Removable Singularities for Functions in the Bergman 
Space 


In this section we will use logarithmic capacity to characterize the remov- 
able singularities for functions in the Bergman space. 


9.1 Definition. If G is an open set and a € 0,,.G, then a is a removable 
singularity for L?(G) if there is a neighborhood U of a such that each 
function f in L?(G) has an analytic continuation to GU U. Let rem(G) 
denote the points in 0,,G that are removable singularities for L?(G). 


There is, of course, a concept of removable singularity for L?(G). Some 
of the results below carry over in a straightforward manner to such points. 
This will not be done here as a key result (Theorem 9.5) for the case p = 2 


“This section can be skipped if desired, as the remainder of the book does not 
depend on it. 
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is not true for arbitrary p. There will be more said about this after that 
proof. 

Before giving some elementary properties of rem(G) and exhibiting some 
examples, let’s prove a basic result that will be useful in these discussions. 


9.2 Lemma. If H = {z: |z| > R} and f(z) = o>") Gnz~” is analytic on 
H, then f € L?(A) if and only if ag = f(~) = 0, a: = f’(oo) = 0, and 
Yoo |an|?R-2"-?) < 00. 

If f is a bounded analytic function on H, f € L?(H) if and only if 
f(oo) = f’(co) =0. 


Proof. A calculation shows that 


(ove) ore) 1 
| SR |f|°dA = 2n S la,|? [ pan—1 dr. 
2 n=0 


The first statement is now immediate. For the second statement note that 
by increasing R we may assume that f is analytic in a neighborhood of 
cl H. If, in addition, f(co) = f’(co) = 0, then f(z) = z~*g(z), where g is 
a bounded analytic function on H. O 


If f is analytic in a set H as in the preceding lemma, the condition 
that f and its derivative vanish at infinity is that 0 = lim, f(z) = 
lim, oo zf(z). 


9.3 Proposition. Fiz an open set G and a point a in OgoG. 


(a) Ifa is an isolated point of 0..G, then a is removable for L?(G). 


(b) If B(a;6)NO00G has positive area for every 6 > 0, then a is not a 
removable singularity for L?(G). 


(c) The set GUrem(G) is an open subset of int[cl.G]. 
(d) Arealrem(G)] = 0. 


Proof. (a) If oo is an isolated point of 0..G, then the result follows by 

Lemma 9.2. So assume that a is an isolated point of 0G; without loss of 

generality we may assume that a = 0. Since 0 is isolated, f has a Laurent 
OO 


expansion, f(z) =o), anz”. If R > 0 such that z € G when 0 < |z| < 
R, then, as in the proof of Lemma 9.2, 


oo 


R 
o> fie) dA(z)= S> an| | pont] dp 


n=— CoO 


From here we see that a, = 0 for n < 0, and so 0 is a removable singularity. 
(b) Suppose a € rem(G); we will only treat the case that a is a finite 
point. Let 6 > 0 and assume each f in L?(G) has an analytic extension to 
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GU B(a; 46). If Area( B(a; 6) 0G) > 0, there is a compact set K contained 
in B(a;6) 1 OG with positive area. Write K as the disjoint union of two 
Borel sets E; and E2 having equal area; let w; = Area|E; and put uw = 
[41 — pe. If f is the Cauchy transform of p, then f is analytic off K and 
f(co) = f’(oo) = 0 (see 18.5.3). So if kK C B(0;R), Lemma 9.2 implies 
f € L2({z: |z| > R}); since f is bounded, f € L?(G). 

(c) From the definition of a removable singularity, GU rem(G) is open. 
For the second part of (c) it suffices to show that rem(G) N O[cl~G] = 0. 
If a € O[cl..G] and U is any neighborhood of a, let b € U \ [cl..G]; put 
f(z) = (2—6)~?. According to Lemma 9.2, f € L?({z: |z| > R}) for any 
R > |d|. It follows that f € L?(G) and so a ¢ rem(G). 

(d) If it were the case that rem(G) had positive area, then we could 
find disjoint compact subsets K, and K» of rem(G) with Area(K,) = 
Area(K2) > 0. Let p = A|K, — AlKo. Let f = g, the Cauchy trans- 
form of yw. By (18.5.2) f is a bounded analytic function on C \ (Ky U Ke) 
and 0 = f(oo) = f’(oo). Thus f € L2(G). But K, U K2 C rem(G) and so 
f can be extended to a bounded entire function; thus f is constant and so 
f =0. But this implies that A|K, = A|Ko2, a contradiction. O 


So the typical case where rem(G) 4 @ occurs when G = V \ K, where V 
is an open set and K is a compact subset of V with zero area. If we want 
to get K contained in rem(G), we must have that K is totally disconnected 
(Exercise 1). But more is required, as we will see in Theorem 9.5 below. 
First we need an elementary result about analytic functions. 


9.4 Lemma. If V is an open subset of C, K is a compact subset of V, 
and f:V\ K — C is an analytic function, then there are unique analytic 
functions fo: V — C and fx. : Ca \ K — C such that fo.(co) = 0 and 
f(z) = fo(z) + foo(z) forz inV\ K. 


Proof. If z € V, let [9 be a smooth Jordan system in V \ K such that 
K U {z} is included in the inside of I'9. Let 


1 f(w) 

z)=— —— dw. 

fol) 2nt Jr, wW- 2 

Cauchy’s Theorem implies that the definition of fo(z) is independent of the 
Jordan system Ip. Also, it is easy to see that fo is an analytic function on 
V. 

Similarly, if z € C\ K, let [.., be a smooth Jordan system in V \ K that 
contains K in its inside and has the point z in its outside. Let 


foo(z) = -55 | Sw) dw. 


Once again the definition of f..(z) is independent of the choice of Jordan 
system [,, and f,. : C\ K — C is an analytic function. It is also easy 
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to see that f..(z) — 0 as z — o0, so that oo is a removable singularity. If 
z€V\K, then [9 and [. can be chosen above so that [ = Tp — Tm is 
also a Jordan system with winding number about the point z equal to 0. 
Thus Cauchy’s Integral Formula implies that f(z) = fo(z) + foo(z). 

To see that fo and f,. are unique, suppose go and go are another pair 
of such functions. So fo(z) + foo(z) = go(z) + Guo(z) on V \ K, so that 
fo(z) — 90(Z) = 9u0(z) — foo(z) there. This says that if h is defined on C by 
h(z) = fo(z) — go(z) for z in V and h(z) = go(z) — f(z) for z in C\K, 
h is a well-defined entire function. Since h(oo) =0,h=0. O 


Suppose V is an open set, K is a compact subset of V, and G = V\K. As 
was pointed out, if K C rem(G), Area(A) = 0. Thus when K C rem(G), 
the restriction map f — f|G is an isometric isomorphism of L?(V) onto 
L?(G). Equivalently, if f €¢ L2(V) and f = fo + foo as in the preceding 
lemma, then it must be that f,. = 0. 

We are now in a position to state and prove the main result of this 
section. 


9.5 Theorem. I/f K is a compact subset of C, then the following are equiv- 
alent. 


(a) K is a polar set. 
(b) La(C\ K) = (0). 
(c) If V is any open set containing K, K C rem(V \ K). 


Proof. First we do the easy part of the proof and show that (b) and (c) 
are equivalent. If (c) is true and f € L?(C \ K), then taking V = C in (c) 
shows that f has a continuation to an entire function. But f(oo) = 0 and 
so f=0. 

Now assume that (b) holds. Note that (b) says that K C rem(C \ K). 
(Actually, this is an equivalent formulation of (b).) By (9.3.d) Area (K) = 0. 
Let V be any open set containing K. Fix a function f in L?(V \ K) and 
write f = fo + foo as in the preceding lemma. To prove (c) it must be 
shown that f.. = 0. This will be done by showing that f.. € L?(C\ K). 

Observe that if a € C \ K, then 


lim z foo(2) = foo(a) = —fo(a). 
z—+00 zZ—-a 


Assume f.. # 0 and choose points a and b in C\ K such that f..(a) #0 
foo(b). Put 


08 ole) = phy [Safa] _ 1 [fale = fa) 


Clearly g is analytic in C \ K and from the prior observation 0 = g(oo) = 
g'(oo). Thus if R > max{|z|: z € K} and H = {z: |z| > R}, g € L2(A). 
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On the other hand, if W is an open set with K CW CclW CV, fo = 
f -— fo € L&(W \ K). If W is further restricted so that a, b ¢ cl W, then 
g € L?(W \ K). Therefore g € L?(C \ K). By (b), g = 0. This allows us 
to use (9.6) to solve for f,.(z). Doing this we see that f,. is a rational 
function with precisely one pole; denote this pole by c. If c ¢ V, then f has 
an analytic continuation to V. If c € V, then f is analytic on V \ {c}. Now 
feEeL?(V\K),soce K. 

Since Area(K) = 0, f € L?(V \ {c}). By Proposition 9.3.a, c is a remov- 
able singularity for f. Thus f has a continuation to V. 

(b) tmplies (a). Without loss of generality we can assume that Area(K) = 
0 and diam K < 1. Assume K is not polar; by Theorem 7.5, c(K) > 0. We 
will exhibit a non-zero function that belongs to L?(C \ K). Let Ky and K2 
be disjoint compact subsets of K, each of which has positive capacity. For 
j =1, 2 let wp; be a probability measure on K; with logarithmic potential 
that is bounded above and put yu = pt — pe. So p iS a non-zero measure 
carried by K and p(k) = 0. If f(z) = f(z), the Cauchy transform of p, f 
is analytic in C,, \ K with 0 = f(co) = f’(co) (18.5.2). Choose R > 1 such 
that K C B(0; R) and put H = {z: |z| > R}. By Lemma 9.2, f € L?(H). 

To show that f is square integrable over D = B(0;R), we first find 
an estimate. Let z,w € K with z # w and for 0 < € < |z — w|/2 put 
B, = B(w;e) U B(z;¢). Note two things. Because z # w, the function 
¢ — [(¢ — w)(C — Z)]7! is locally integrable with respect to area measure. 


Thus 
| __ FAG) = im, | _ dA) 
p(G—w)(C¢-2) *79Jp\B. (C— w)(C - 2) 


Also note that (¢ — z)~! = 20¢[log |¢ — z|]. Thus Green’s Theorem implies 


that 
dA(¢) / 5 |e IC - _] 
Jone Caw > 2ye,?Pe=w | MO 
_ - | log |¢ — 2| dc 
tar G—w 

“| log |¢ — 2| d¢ 

a ¢—w|=e ~~ W 
-; | log |¢ — 2| de 

i d\¢-zl=e ST 

= I-I,—Jz 
Now 
1 27 ; ; 
I, = “| log |w — z + ee”? | i ce? dO 
0 


= 27 log|z—w). 
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Also ; 6 

1 f/f" 1 ‘ . 

=> ff lose ice a6. 

ijJo (2-wtee) 
So lowe? 

\Je| < 2m —O8* 

jz —w| —e 

Finally 


27 iO 

T= | log |Re" — 2 Re’ dé. 
0 Re*? — w 

Put d = sup{|z| : z € K}. Sod < R and |R e” — w| > R-—d. Also 

log |R e?® — z| < log2R. Thus there is a constant C, depending only on R 

and K such that |J| < C, log2R. Therefore 


__ 4A(Q) : 
nw (¢ — w)(C —Z) Z| + [Ze] — |Je| 


< C, log2R + 2m log|z—w |’ 
-1 
128" € loge . 
jz -w|—e 


Letting « — O we see that there is a constant C that depends only on R 
and K such that 


a7 L (C cme z)|* 


whenever w # 2Z. 

Now the fact that L,, and L,, are bounded above implies that the 
measure pz can have no atoms. Hence |p x pl|({(z,z) : z € K}) = 0 by 
Fubini’s Theorem. So a holds a.e. [|~ x yj] on K x K and 


dA(¢) 
rece (¢ — w)(¢z) 


cof fe 2% 


= 4C' log2R + I(|p]) 


< OO. 


< C' log ——— 


jz — w 


d\u x p|(z,w) 


wy TMI) d|u|(w) 


From Fubini’s Theorem we get that 


[ister = Ue gw] Uh 23) AO 


heer Jesu (¢ Coa 5| d|p x p|(z, w) 
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Thus f € L7((C\ K). 

(a) implies (b). Now assume that K is polar; so K is totally disconnected 
and C\ K is connected. If f € L?(C \ K), then f has an expansion f(z) = 
>>, 9 Gn 2” (9.2). To show that each such f is the zero function, we need 
only show that a, = 0 for all n > 2. Note that this is equivalent to showing 
that for alln > 1, f,2z” f(z) dz =0, where I is any smooth Jordan system 
surrounding K. 

Without loss of generality it can be assumed that K C D. Let TI be 
a finite collection of pairwise disjoint smooth positively oriented Jordan 
curves in D \ K such that K C ins T; put y = rob(I), the Robin constant 
of the point set IT. 

Put W = C, \ [[ Uins I] = out TI, let w be harmonic measure for W 
evaluated at oo, and let g be the Green function for W. If u = y~1L,,, then 
u is harmonic on W and, by (3.5), u(z) = 1 — y~!g(z, 00) for all z in W, 
and u(z) = 1 for all z not in W (because OW =T is a system of curves 
and so each point of I is a regular point). 

For e > 0, set [, = {z: u(z) = 1—e} and EF, =T, Uins T,. The value 
of € can be chosen as small as desired with I, a smooth positive Jordan 
system that contains I in its inside. If U = {z: u(z) > 0} \ F., U isa 
bounded open set that contains E, and has a smooth boundary. Note that 
if |z| > 2, dist(z,T') > 1 and so |z — w|~! < 1 for all w in T; thus u(z) < 0. 
Hence U C 2D. 

If g is any function analytic in a neighborhood of cl[{z : u(z) > 0} \ 
cljins [|], then 


[9 dz = [ g(z) dz= — [ u(z) dz. 


Thus applying Green’s Theorem we get 


2 =~ 2 _ 
9.8 [ 92) d= | Ou aa= > | gduaa 


Taking g = Ou in (9.8) and using the fact that wu is real-valued, we get 


| du(z) dz = —— / aul? dA. 
r. l—€é Jy 


Now fix n > 1, let f € L?(C \ K), and let g = z" f in (9.8); this yields 


[te dz 


2 4 2 


(ne [ z"foudA 


< top| finan [re 


gnt+l 2 
< Ta lifiP [ du(z) ae, 
—eE Tr. 
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According to (19.5.2), du = —(2y)~!w, the Cauchy transform of w. Thus 


[ ame) ae “sf [lwo] & 
: am acts] auto 


] 


2y 


since I is in the inside of [,;. This combined with the fact that € was 


arbitrary gives that 
/ z” f(z) dz 
r 


for any such system I’. Since c(i) = 0, we can get a sequence of such curve 
systems {I} that squeeze down to K. Thus rob(I,) — oo; but Sr, z”f 
remains constant. Thus this integral must be zero and so f =0. O 


* 2 {IFIP 
~ rob(L) 


The first reference for the preceding result that the author is aware of is 
Carleson [1967], page 73. The proof above is based on Hedberg [1972a]. In 
this paper and its cousin, Hedberg [1972b], various capacities are introduced 
that are related to logarithmic capacity and Green capacity, and connec- 
tions are made with removable singularities of certain spaces of analytic 
and harmonic functions. In particular, a g-capacity is defined, 1 < q < 2, 
and a compact set K has q-capacity 0 if and only if Z?(C\ Kk) = (0), where 
p and q are conjugate exponents. When 2 < q < oo (1 < p < 2), the story is 
simpler. See Exercise 4. The reader can consult these references for details. 


9.9 Theorem. If G is any open set and a € 0..G, then a € rem(G) if and 
only if there is a neighborhood U of a such that c(clU \ G) = 0. 


Proof. Suppose U is a neighborhood of a and c(cl U \G) = 0. We assume 
that a is a finite point, the case that a = oo being obtained from the 
finite case by applying a suitable MGbius transformation. Thus cl U \ G is 
totally disconnected and there is another neighborhood V of a such that 
V (cl U \ G) is compact. Put Q = GUV and K = Vn (cl U\G). So 
K CQ and 2\ K = G. By Theorem 9.5 each function in L2(G) has an 
analytic continuation to 2 and so a € rem(G). 

If c(cl U \ G) > 0 for every neighborhood U of a, then for every such U 
there is a non-zero function f in L2(C \ (cl U\G)). Thus f|G € L2(G) and 
f cannot be extended to U. O 


Further results on spaces L2(G \ kK’) can be found in Axler, Conway, and 
McDonald [1982] and Aleman, Richter, and Ross [preprint). 
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Exercises 


1. If a € OG and the component of 0,,G that contains a is not trivial, 
then a ¢ rem(G)). 


2. If a € OoG and for each f in L?(G) there is a neighborhood U of a 
such that f has an analytic continuation to GUU, then a € rem(G). 


3. In Lemma 9.4, show that if the function f is bounded, then so are fo 
and foo. 


4. If K is a compact subset of the bounded open set G, 1 < p < 2, and 
G \ K) = L2(G), then K = 9. 


810 Logarithmic Capacity: Part 2 


We resume the study begun in 87. 


10.1 Lemma. If K is a compact set with positive capacity and p is an 
equilibrium measure, then L,,(z) = v(K) for all z in int K. 


Proof. Let a € int K and let B = B(a;r) such that cl B C int K. Since 
the logarithmic potential is superharmonic, (7 r?)~' [,, LyudA < L,(a) < v. 
But L, = v = v(K) qe. in K and so L, = v ae. [Area] (7.12). Thus this 
integral equals v and we get L,(a) =v. O 


10.2 Theorem. If K is a compact set with positive capacity, then: 
(a) vu(K) is the Robin constant y for K; 


(b) The equilibrium measure is unique. In fact, if G is the component 
of Cao \ K that contains oo, then the equilibrium measure for K is 
harmonic measure for G at oo. 


(c) The Robin constant of K is also given by the formulas 


rob(K)~? sup{u(K):p€ My(K):L, <1 0n K} 


inf{u(K): we M,(K):L,>1@e. on k} 


Moreover if c(K) > 0, both the supremum and the infimum are attained for 
the measure y~'w, where w is harmonic measure for G at oo. The measure 
y~1w is the only measure at which the supremum is attained. 


Proof. Adopt the notation in the statement of the theorem and put v = 
vu(K). Let w be harmonic measure for G at oo, let yw be an equilibrium 
measure for K, and let g be the Green function for G. By Proposition 3.5. 
Lw(z) = 7 — g(z, cc) for all z in G and L, < y on C. 
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Now h(z) = v — L,(z) is a positive harmonic function on G except 
for the point oo. From (19.5.3), D,(z) + log|z| — 0 as z — oo. Hence 
h(z) — log|z| — v as z — oo. 

By the definition of the Green function, y — Ly(z) = g(z,co) < A(z) = 
v —L,(z). Letting z — oo, we get that ; < v. Since we already know that 
v <7 (7.5), this proves (a). 

Note that I(w) = f Ldw < y =v. By the definition of v(K), I(w) = v 
and w is an equilibrium measure. Put vy = w — pw. From the preceding 
paragraph we have that L, > 0. We also have that L, < y — L, and 
is therefore bounded above on compact sets. But v(k) = 0 implies that 
L,(z) — 0 as z — oo; therefore L, is a bounded harmonic function on 
C. \ K. Now Theorem 7.12 implies there is an F, set FE with c(E) = 0 
such that L,,(z) = L,(z) = 7 for z in K \ E. By Corollary 7.13, L,(z) = 
L(z) — Ly(z) — 0 as z approaches any point of O[C \ K] \ E. By the 
Maximum Principle, L, = 0 in C \ K. But we also have that L,(z) = 0 on 
int K from the preceding lemma. Hence L, vanishes q.e. on C (off the set 
E) and thus L,(z) = 0 ae. [Area]. By Theorem 19.5.3, w-w=v=0. 

To prove (c), let a = sup{u(K): wp € M,(K): L, < 1on K}. Taking 
yu = y tw in this supremum shows that a > y* On the other hand, if 
uw € M,(K) with L, < 1o0n K, then py = w(K)~'p € Mi (K) and I(111) < 
u(K)—!. Hence y < inf{u(K)7!: we M,(K) with DL, < lon K} =a™ 
so that a < y~!. This shows that a = y~! and the supremum is attained 
for the measure y~‘w. If is any positive measure supported by K such 
that L, <1 and p(K) = 77", put 1 = yp. So py is a probability measure 
and I(p1) < y. Hence py = yw by part (b). 

Now let @ denote the infimum in part (c). If ~ is any measure in M,(K) 
with L,, > 1q.e. on K, then L,, > 1 a.e. [w]. Therefore y~* < y~* f Lydw = 
yo} f Lodu < p(K). Thus y~! < @. On the other hand, L, >1q.e.on K 
for w= yw so that y~' = 8. O 


So you noticed there is no uniqueness statement for the infimum ex- 
pression for rob(K)~! in part (c) in the preceding theorem. This is be- 
cause there is no uniqueness statement! Consider the following example. 
Put K = {z: |z| < 1/2}. So rob(K) = log2 (3.3). If 69 is the unit 
point mass at z = O and m is normalized arc length measure on OK, 
then it is left to the reader to check that for both p = (log2)~'69 and 
pu = (log 2)~'m, L, > 1q.e. on K. Where does the proof of uniqueness for 
the expression for rob(K)~! as a supremum break down when applied to 
the expression as an infimum? 


10.3 Corollary. If K is a compact set with positive capacity, G is the 
component of Coo \ K that contains co, and w is harmonic measure for G 
at oo, then c(OK \ supp w) = 0 and c(K) = c(K) = c(OK). 


Proof. Let F = OK \ supp w. For each z in F, L,, is harmonic in a 
neighborhood of z. Since L,, < y, the Maximum Principle implies L,,(z) < 
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y for all z in F. But Theorem 7.12 implies L,,(z) = y q.e. on K, which 
includes 0K. Hence c(F’) = 0. The rest of this corollary follows from the 
definition of the Robin constant. O 


The next three corollaries follow from computations of the Robin con- 
stant in §3. 


10.4 Corollary. If K is a closed disk of radius R, c(K) = R. 
10.5 Corollary. If K is a closed line segment of length L, cK) = L/4. 


10.6 Corollary. Let K be a compact connected subset of C and let G be 
the component of C. \ K that contains oo. If rt : G — D is the Riemann 
map with r(co) = 0 and p = 7T'(oo) > 0, then c(K) = p. 


If we combine this last corollary with the proof of the Riemann Mapping 
Theorem, we have that for a compact connected set K 


c(K) = sup{|f'(oo)| : f is analytic on C \ K, f(co) = 0, and |f| < 1}. 


Thus in the case of compact connected sets, c( A) is the same as analytic 
capacity (Conway [1991], p 217). 

Once again we record pertinent facts about the r-logarithmic capacity. 
The proof is left as an exercise for the reader. 


10.7 Theorem. If K is a compact subset of rD, then 


cr(K) = sup{u(k): ue My(K): Li) <1 on K} 
inf{p(K): we M,(K): £7 >1 qe. on K}. 


If cp(K) > 0, both the supremum and the infimum are attained for the 
measure c,(K)~1w, where w is harmonic measure for G = Cy \ K at 
oo. The measure c,(K)~1w is the only measure at which the supremum is 
attained. 


10.8 Proposition. Let K be a compact set with positive capacity and let 
G be the component of C,, \ K that contains oo. If w is harmonic measure 
for G at cw anda € OG, then a is a regular point for G if and only if 
L,,(a) = v(K). 


Proof. If g is the Green function for G, then a is a regular point if and only 
if g(z,0o) — 0 as z — a (5.2). On the other hand, L,,(z) = y — g(z, 00), 
where y = vu(K). So if Ly(a) = y, then the fact that L,, is lsc implies 
that y = L,(a) < liminf, ,, D(z) < limsup,_,, L.(z) < y (3.5). Thus 
L..(z) — 7 as z — a and so g(z,co) — 0 as z — a, showing that a is 
regular. 

Now assume that a is regular. Combining Theorem 10.2 with (7.12) we 
have that L,, = 7 q.e. on C \ G; so, in particular, this equality holds a.e. 
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[Area]. If e > 0, the regularity of the point a implies there is a 6 > 0 such 
that g(z,0o) < « for z in G(a;6). Thus 


1 
y>Lu(a) > =a | LidA 
(\ nm 6? B(a:6) 
1 1 
m O° JB(a:6)\G m O° JSa(a:6) 
> Area(B(a;6)) + T7* Area(G(a; 6) 
— a 62 mt 62 
> y-e OU 


We turn now to an application of the uniqueness and identification of 
the equilibrium measure for a compact set. 


10.9 Theorem. Let G be a hyperbolic region in C,. with G = UnGyn and 
assume that a € Gn C Gnii for all n. If w and w, are the harmonic 
measures for G and Gy, at a, then wn, > w weak* in M(C.). 


Proof. There is no loss in generality in assuming that a = oo. If K and 
K,, are the complements of G and G,, then K =,K, and w and wy, are 
the equilibrium measures for K and K,. Recall Proposition 7.15, where it 
is shown that every weak* cluster point of {w,} is an equilibrium measure 
for K. Since the equilibrium measure is unique and these measures lie in a 
compact metric space, w, — w weak*. O 


Exercises 


1. Show that if F is any set and F is a set with c(F’) = 0, then c(E) = 
C(EUF)=c(E\ F). 

2. If K is a closed arc on a circle of radius R that has length 0 R, show 
that c(k) = Rsin(0/4). 

3. If K is the ellipse x7/a? + y*/b? = 1, then c(K) = (a+ b)/2. 


4. Let p(z) =z" +a,z" !4+...+4a, and put K = {z €C: |p(z)| < Ry}. 
Show that c(K) = YR. (See Exercise 19.9.3.) 


811 The Transfinite Diameter and Logarithmic Capacity 


In this section we will identify the logarithmic capacity with another con- 
stant associated with compact sets: the transfinite diameter. This identifi- 
cation shows an intimate connection between the logarithmic capacity and 
the geometry of the plane. 
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Let K be a fixed compact set and for each integer n > 2 let K™) = {z= 
(Z1,---,2n) €C": 2; © K forl1 <j <n}. Let c, = n(n —1)/2 = (5), the 
number of ways of choosing 2 things from n things. Define the constant 


1/en 


11.1 6,(K) = max Il |2Z5 — Zr| -ZEK™ 
1<j<k<n 


Let’s note a few facts. First, because of the compactness of K‘"), this 
is a maximum and not just a supremum. Second, if K has N points, then 
bn(K) = 0 for n > N. So for the immediate future assume that K is infinite. 
In particular, 6,() > 0 for an infinite K. Also note that if z; = z, for some 
7 < k, the product in (11.1) is zero. So the maximum can be taken over Z in 
K™) with z; # z, for 1 <j <k <n. Next observe that 62(K) = diam K. 
Finally, if z ¢ K‘™), then the Vandermonde of Z, V(Z), is defined as the 
determinant 
V(z) = det [1, 25, 23, - 20 hejen. 


It follows that 


VzZ= |] (&-%). 


1<j<k<n 
So 6,(K) = max{|V(z)|!/cr : ze K™}. 
11.2 Proposition. For any compact set K the sequence {6,(K)} is de- 
creasing. 


Proof. Let Z€ K +") such that 6n41 = 6n41(K) = |V(z)|?/en+?. Thus 


Ort = dential l@nga—2nl [YT lee - 2 
1<j<k<n 
< |Zng1 — 21| +--+ |2n41 — 2n |G". 


Similarly, for each k = 1,...,.n+1 
ort < 66" |] lex — 251. 
j#k 
Taking the product of these n + 1 inequalities gives that 


n+1 
gir tVents < Il Il Zk _ z;| g(ntlen 
k=l j£k 


grin th) Gr(n—V(nt1)/2_ 


Performing the algebraic simplifications and taking the appropriate roots, 
we discover that 6n41 <6n. O 
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11.3 Definition. For a compact set K the number 
6o0(K) = lim 6,(K) 
is called the transfinite diameter of K. 


The existence of this limit is of course guaranteed by the preceding propo- 
sition and it is clear why the terminology is used. For finite sets the trans- 
finite diameter is zero, but there are examples of compact sets that are 
infinite and have zero transfinite diameter. Indeed the next theorem com- 
bined with Example 8.17 furnishes such an example. 


11.4 Theorem. If K is a compact set, then the transfinite diameter of K 
equals its logarithmic capacity. 


Proof. If K is finite, then both 6..(K) and c(K) are zero. So assume that 
K is infinite. Let 6, = 6,(K) and 6. = 60(K). 

Let w be the equilibrium measure for K and let 21,...,2Z, be any points 
in kK. Observe that 


> log |zz — z;|~' > cn log 6," 
1<j<k<n 


even if these points are not distinct. If L is the function defined on K™) 


by L(z1,...,2n) = the left hand side of the preceding inequality and v = 
w X---xXw (n times), then v is a probability measure and so 


Cn logé,*+  < [Bea an)av 


[XS doe tee = 25\ Ader) ++ doen) 


j=1 k=j+1 


_ Jy . log |z% — 2;|~ *dw(z;)dw(zx) 
~ vs & lk k 

= Cyl (w) 

= Cnrob(K). 


Thus 6. > c(K). 

For the reverse inequality, choose an arbitrary ¢ > 0. By Corollary 7.16 
there is an open set U that contains K and satisfies c(U) < c(K) +6. Let 
n be sufficiently large that 1/,/na < dist(K,OU) and let z1,...,2n be 
points from K such that 6, = |V(z)|'/". Put B; = B(z;;1//n7). (So 
Area(B;) = n~!.) Define r(z) to be the number of disks B; that contain 
z. Note that 7 is a Borel function with 0 < 7 < n. If ps is the measure 7.A, 
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then py > 0 and || || = >); Area(B;) = 1. So w € Mi (U). Therefore 
v(U) < | fs |z — w|—'r(z) r(w) dA(z) dA(w) 
> I, y [. log |z — w|~ tals) dA(w). 


Now for any w, z — log|z — w|~* is superharmonic. Thus [ p, log |z — 
w| td A(z) < n~/ log |z, — w|~!. Thus 


v(U) < 7d, Yo osla wi} dA(w). 


Similarly for 7 # k, Ja, log |z_ — w|~*dA(w) < n~! log |z, — z;|~). If j =k, 
then an evaluation of the integral using polar coordinates gives 


1 
/ log |z_ — w|_*dA(w) = — (1+ lognr). 
B, 2n 
Hence 


(U) < - 


IA 
| 


1 1 
S- 7, log |z% —zj\"' +n an (1 + log nz) 


2 _ 1 
= 3 S log |z, — 2;|7* + 5, 1 + log nz) 
1<j<k<n 
- £m, | _ | 
7) 5 og 65° + on (1 + log nz) 
Letting n — oo we get that v(U) < logé,! so that c(K) > c(U) —e > 
boo — €. Hence c(K) > 6,,.(K). O 


The advantage of the transfinite diameter over logarithmic capacity is 
that the transfinite diameter is more geometric in its definition. After all, 
the definition of the logarithmic capacity of a set is given in terms of mea- 
sures, while the definition of the transfinite diameter is in terms of distances. 
This is amplified in the next corollary, which would be more difficult to 
prove without the preceding theorem. 


11.5 Corollary. If K is a compact set and f : K — L is a surjective 
function such that there is a constant M with |f(z)— f(w)| < M|z—w| for 
all z,w in K, then c(L) < c(K). 


Proof. Let ¢1,...,¢n € L such that 6¢"(L) = [[{|Ce -—G|: 1 <j<k<n} 
and pick z1,...,2n in K with f(z;) = ¢;. So 6¢"(L) = [[{|f(ze) — f(z;)| : 
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1<j<k<n} < M6¢(K); equivalently, 6,(L) < M1/6,(K). Letting 
nm — oo gives the conclusion. O 


11.6 Corollary. [fy is a rectifiable Jordan arc or curve and K is a compact 
subset of y, then c(K) > |K|/4, where |K| denotes the arc length of K. 


Proof. Assume that y is parametrized by y : [0,1] — C with a = +¥(0) 
a point in K. If z € K, z # a, there is a unique ¢ in (0,1] such that 
y(t) = z. Define f : K — [0,|K|] by f(z) = |K 1 4((0,¢])|. It is clear 
that f is surjective. If z,w € K and z = 7(t), w = y(s) with s < t, then 
lf(z) — f(w)| = |K nN y¥((s, 4])| < lyCs,t])| < |z — w| since the shortest 
distance between two points is a straight line. According to the preceding 
corollary, c(K) > c((0,|A|]) = |K|/4 by Corollary 10.5. O 


11.7 Corollary. Jf K is a compact connected set and d = diam K, then 
c(k) > d/4. 


Proof. Let a,b € K such that |a — b| = d. By a rotation and translation 
of kK, which does not change the capacity, we may assume that a = 0 and 
b=deER. By the choice of a and b, 0 < Re z < d for all z in K. Since 
K is connected, Re : kK — (0, d] is surjective. According to Corollary 11.5, 
c(K) > e([0,d]) = 4/4 (10.5). O 


There is an equivalent expression for the transfinite diameter and hence 
the logarithmic capacity of a compact set connected to polynomial approx- 
imation. This development is sketched below without proof. The interested 
reader can see Chapter VII of Goluzin [1969] and §16.2 of Hille [1962]. 

Let K be an infinite compact set and for n > 1 let P,, be the vector space 
of all polynomials of degree at most n. If ||p||k = max{|p(z)| : z € K}, 
then || - ||x defines a norm on P,,. Let M,, be the collection of all monic 
polynomials of degree n. That is, M,, consists of all polynomials of the 
form p(z) = 2" +a ,z"-1+4.---+ ay. Define the constant 


M,, = inf{||p||xk : pe My}. 


Note that 0 < M, < oo. It can be shown that there is a unique poly- 
nomial T, in M, with ||T,||k = M,. The existence of T, is easy but 
the uniqueness is not. The polynomial 7, is called the Tchebycheff poly- 
nomial for K of order n. The Tchebycheff constant for K is defined by 
tch(K’) = limp... 7/M,(K), which always exists and is finite. In fact, it 
is easy to see that tch(K) < diam K. It turns out that the Tchebycheff 
constant and the transfinite diameter are the same. 


Exercise 


1. Let K be a compact set and suppose Z = (21,...,2n) € K (2) such 
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that 65" = [Ticjcecn |2k — 2j|. Show that z1,...,2, belong to aK 
(the outer boundary of K). 


$12 The Refinement of a Subharmonic Function 


Because of the intimate connection of subharmonic functions with so many 
of the properties of capacity and the solution of the Dirichlet problem, it is 
no surprise that the ability to manufacture these functions will extend the 
power of the theory and increase the depth of the results. In this section a 
new technique is developed that increases our proficiency at constructing 
subharmonic functions. In the next two sections this augmented skill will 
be put to good use as we prove Wiener’s criterion for regularity. 

Let G be a hyperbolic open subset of C and suppose F is an arbitrary 
subset of G. For a negative subharmonic function u on G define 


Ip(z) = sup{d(z): ¢ is a negative subharmonic function on G 
that is not identically — co on any component of G 
and @<uon EF}. 


The function Jf is called the increased function of u relative to E. Be aware 
that in the notation for the increased function the role of G is suppressed. 
Also note that Ij may fail to be usc and thus may not be subharmonic. To 
correct for this, define 


[%(z) = limsup I%(w) 


Wz 


for all z in G. The function I @ is called the refinement of u relative to E. The 
term for this function most often seen in the literature is the French word 
“balayage.” This word means “sweeping” or “brushing.” The term and 
concept go back to Poincaré and the idea is that the subharmonic function u 
is modified and polished (or brushed) to produce a better behaved function 
that still resembles u on the set E. That the function J ~ accomplishes this 
will be seen shortly. We are avoiding the word “sweep” in this context as 
it was used in §2 in a different way. 

Here are some of the properties of the increased function and the refine- 
ment. Let ®% be the set of negative subharmonic functions used to define 
Ih. 


12.1 Proposition. Jf G is a hyperbolic open set, E and F are subsets of 
G, and u and v are negative subharmonic functions on G, then: 


(a) I*% is subharmonic on G; 


(b) u<It< It <0 onG; 
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(c) I#=u on E; 

(d) I% = I% on int E; 
(e) Iv =0; 

(f) FECF, p> tp; 
(g) Ifusv, lh < tp; 
(h) Ift>0, fe =tT¥; 
(i) (gt > Ig + Ie; 


(j) b= Iv on G\cl E and this function is harmonic there. 


Proof. Part (a) is a direct application of (19.4.6). Parts (b) through (h) are 
easily deduced from the definitions, while part (i) follows from the relation 
h% + 6%, C OE". To prove part (j) we will use Lemma 19.7.4. First note 
that if gd, and ¢2 € &%, then so does ¢ V ¢2. Second, if d € &%, D is 
a closed disk contained in G\ cl E, and ¢; is the harmonic modification 
of ¢ on D, then ¢, € ®%. Hence I} is harmonic on G \ cl FE. Since [% is 
continuous there, 17 = Te. 0 


It may be that strict inequality holds in part (b). See Exercise 1. In fact, 
this exercise is solved by looking at the proof that the origin is not a regular 
point for the punctured disk and this is no accident. It will be shown later 
in this section that I = I i except on a polar set (Corollary 12.10). 

Now for one of the more useful applications of the refinement of a sub- 
harmonic function. 


12.2 Proposition. If u is a negative subharmonic function on G and K 
is a compact subset of G, then there is a positive measure 4 supported on 
K such that Iz = —G,, (the Green potential of 1). 


Proof. By Corollary 4.11 it suffices to show that the least harmonic ma- 
jorant of [% is 0. First assume that G is connected and u is bounded on K; 
so there is a positive constant r such that u > —r on K. Fix a point a in 
G and let ga(z) = g(z, a) be the Green function for G with pole at a. Since 
Ja is Isc, there is a positive constant s such that g,(z) > s for all z in K. 
So fort =r/s > 0, —tga € ®% and so —t gq < I%. Now g, is harmonic on 
G \ {a} and so —t gq < I% <0. Thus if h is a harmonic majorant of I%, 
Ga > —h/t. Since the greatest harmonic minorant of g, is 0, this implies 
h > 0 and so the least harmonic majorant of I x must be 0. 

Now assume that u is bounded on K but G is not connected. Because K 
is compact, there are at most a finite number of components Gj,...,G, of 
G that meet K. Also K; = K 1G; is compact. If H is a component of G 
different from G1,...,G,, then the fact that HN K = 0 yields that Iu =0 
on H (12.1.e). This case now follows from the preceding paragraph applied 
to each of the components Gj,...,Gn. 
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Now for the arbitrary case. Let h be the least harmonic majorant of I kK: 
Since Te <0, h <0, it must be shown that h > 0. By Theorem 4.10 there 
is a positive measure y on G such that ie = h—-G,. In fact, p = Ary 
in the sense of distributions. Since Ie is harmonic on G \ K, suppy C K; 
in particular, ys is a finite measure. If v = —G,, then v is a negative 
subharmonic function on G and u = h+v. By (12.L.i), [e > Iv. + rh. 
Thus h is a harmonic majorant of [. But A is bounded on K and so the 
least harmonic majorant of [2 is 0. That is,h >0. 0 


12.3 Corollary. [f G is a hyperbolic open set, u a negative subharmonic 
function on G, and K a compact subset of G, then there is a positive 
measure jt supported on K such that u(z) = —G,,(z) for all z in int K. 


Proof. According to Proposition 12.1, Ie = u on int K. Now use the 
preceding proposition. O 


In the next proposition we will see how the refinement is used to show 
that subharmonic functions can be extended in some sense. 


12.4 Proposition. [fu is a subharmonic function on the disk B, = B(a;r) 
and0 <s <1, then there is a subharmonic function u, on C such that 
u,; = u on B, and uy, is finite on C \ cl B,. In fact, ui(z) = log(|z — a|/r) 
for |z-—a|>r. 


Proof. Clearly, by decreasing r slightly, it can be assumed that u is subhar- 

monic in a neighborhood of cl B,, and hence bounded above there. There 

is no loss in generality in assuming that u < 0 on cl B,. Put K = cl B, 

and consider I. From Proposition 12.1 we know that I% =uon B, and 

is harmonic on B, \ K. If g is the Green function for B,, then Proposition 
12.2 implies there is a positive measure ys supported on cl Bs such that 
K = Gp. 

But if ¢ € OB,, g(w,z) — 0 uniformly for w in K as z — ¢ (Exercise 
6.2). Thus G,,(z) — 0 as z — ¢ for all ¢ in OB,. By Corollary 13.4.13 
[t= —G,, can be extended across the circle 0 B,. That is, there isat>r 
and a function w defined on B; such that w = Te on B,, w is harmonic 
on B; \cl B,, and w < 0. Define u; on C by letting u; = I% =won B, 
and u3(z) = log(|z — a|/r) on C \ B,. It follows from Exercise 19.4.9 that 
u;, is subharmonic. O 


In the next two propositions we will construct subharmonic functions 
that have specified behavior relative to a polar set. These results are im- 
provements of the definition of a polar set and Proposition 5.5. 


12.5 Proposition. If Z is a polar set anda ¢ Z, then there is a subhar- 
monic function u on C such that u = —oo on Z and u(a) > —oo. 
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Proof. By definition there is a subharmonic function v on C that is not 
constant with uv(z) = —oo for all z in Z. Let {z,} be a sequence of points 
in Z and {r,} a sequence of radii with 0 < 2r, < |z, — a| such that if 
Bn = Blen;tn), ZC UnBn. By Proposition 12.4 there is a subharmonic 
function u, on C with u, = v on B, and u,(z) > —oo for z ¢ cl By. In 
particular, u,(z) > —oo for |z—a| < ry. Since uy, is usc, there is a constant 
GQ, such that —oo < un(z) +a, < 0 for |z — a| < rn. Now choose positive 
scalars {G,} sothat )>) Bnlun(a)+an] > —oo. If u(z) = 0, Bnlun(z)+an], 
then it is easy to check that u has the desired properties. O 


12.6 Proposition. If G is a hyperbolic open set, Z is a polar set that 
is contained in G, anda € G \ Z, then there is a negative subharmonic 
function u on G with u(z) = —oo for all z in Z and u(a) > —oo. 


Proof. First observe that it suffices to prove the proposition under the 
additional condition that there is an open disk D that contains Z with 
cl D C G. Indeed, if the proposition is proved with this additional condition, 
then in the arbitrary case let {B,} = {B(an;rn)} be a sequence of disks 
such that Z C U,, B, and cl B, C G for all n. According to the assumption, 
there is a negative subharmonic function u, on G such that un(a) > —oo 
and un(z) = —oo for z in ZB,. Let {G,} be a sequence of positive scalars 
such that >°,, Bntn(a) > —oo and put u= >>, Brun. 

So assume that D = B(b;s) is an open disk with Z C D and cl DCG. 
Let r > s such that B(b;r) C G. Using Proposition 12.4 and Proposition 
12.5, there is a subharmonic function w on C such that w(z) = —oo for all 
z in Z, w(a) > —oo, and w(z) = log(|z — b|/r) for z not in B = B(b;r). 
Let g be the Green function for G and let h be the harmonic function 
on G such that g(z,b) = h(z) — log|z — 6] for all z in G. So on G \ B, 
w(z) = log |z — b| — logr = h(z) — g(z,b) — logr. 

Define u(z) = w(z) — h(z) + logr for z in G. So u is a subharmonic 
function on G and, for z in G\cl B, u(z) = —g(z,b) < 0. Since wu is usc, 
this gives that u is bounded above on all of G. By Theorem 6.5 there is a 
polar set & contained in 0..G such that for ¢ € 0G \ E, g(z,b) — 0 as 
z — ¢. Thus for all ¢ € 0G \ E, u(z) — 0 as z — ¢. By Theorem 8.2, 
u <0 on G. Clearly u(a) > —oo. O 


Now for a lemma about upper semicontinuous functions that could have 
been presented in §19.3 but has not been needed until now. This is the first 
of two lemmas that are needed for the proof of Theorem 12.9, the main 
result of this section. 


12.7 Lemma. For an arbitrary family of functions {f; : i € I} on a 
separable metric space X and L any subset of I, define fr, (x) = sup{f;j(x) : 
t € L}. There is a countable subset J of I such that if g is any upper 
semicontinuous function on X with g(x) > fs(x) for all x in X, then 
g(x) > fr(x) for all x in X. 
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Proof. Before getting into the formal part of the proof, let’s recall that 
an usc function is not allowed to assume the value 00; —oo is the only 
non-finite value it can take on. Thus the countable set J should be chosen 
so that, if there is a point x with f;(x) = oo, then f(z) = oo. In this way 
if there is a point where f;(x) = oo, there can be no usc function g with 
g(x) = fa(z). 

Let {U,,} be a countable base for the topology of X and for each n > 1 
let M, = sup{f;(z) : x € U,}. If M, < oo, there is a point z; in U, with 
f1(z1) + (2n)-1 > M,. Thus there is an i, in I with f;, (21) + (2n)7* > 
fr(zi). Thus for every n with M,, < oo, there is an 7, in I with 


1 
sup fi,(z)+— > Mp. 
xrEU, n 


If M, = oo, then an argument similar to the preceding one shows that 
there is an 7,, in J with 

sup fi,,(z) > n. 

zeU, 
Let J = {i1, t2, _ 

Suppose g is an usc function on X with g > fz. Fix an Zp in X and 
let € > 0. Note that if g(azo) = —oo, there is nothing to verify; so assume 
that g(zo) is finite. From the definition of an usc function and the fact that 
{U,} is a neighborhood base, there is an integer n with n~' < e€ such that 
g(x) < g(xo) + € for all z in U,. Now if M, = «~, 


9(zo) = [9(zo) — sup g(x)] + [sup g(x) — sup fi,(x)] + sup fi, (z) 
zrEeU, xreU, xe€U, reU, 


V 
| 
ey 
+ 
—) 
+ 
3 


] 
> -Et+t-. 
E 


Since € was arbitrary it must be that g(xq) = oo, an impossibility. Thus 
M,, < © for all n. Therefore 


g(xo) — sup f(z) [9(zo) — sup g(x)] +[sup g(x) — sup fi, (x)| 
xe€U, reuyn xzE€Un xeU, 


+[sup f;,(x) — sup fr(z)| 
reu,n reEu, 


1 
> -e+0-—- 

n 
> —2e. 


Since € was arbitrary, g(r0) > fr(zo). O 


12.8 Lemma. If {; : i € I} is a family of positive measures on an open 
disk D having the following properties: 


(a) supp p; C D for alli in I; 


21.12. The Refinement of a Subharmonic Function 365 


° oe . ° ° D . D D . 
(b) for anyi and j inI there isak inI withGy, < min{G7,, Gz}; 
(c) sup, 14(D) < 0; 


then there is a positive measure supported on cl D such that G? < 
inf; GP? and Gr = inf; GP q.e. 


Proof. For any measure uw on D put Gy, = G?. According to Lemma 
12.7 there is a countable subset J of J such that if g is a Isc function 
with g < inf;G,, = vo, then g < inf,G,, = y. Write {uj : 7 € J} as 
a sequence {,}. By property (b) it can be assumed that Gy, > Gy... 
for all n > 1. By property (c) the sequence {p,,} can be replaced by a 
subsequence, so that it can be assumed that there is a positive measure pu 
on cl D such that p, — p weak* in M(cl D). By Exercise 4.6, for all z 
in D, G(z) < liminf, G,,(z) = limn G,,,(z) = Ho(z). Since G, is a Isc 
function, the choice of the subset J implies G, < # < Yo. 

Let FE = {z € D: G,(z) < Yo(z)}; so E is a Borel set. The proof will be 
complete if it can be shown that c(£) = 0. Suppose it is not. Then there 
is a compact subset K of EF with c(K) > 0. By Proposition 7.14 there is a 
positive measure v on K such that L, is continuous and finite-valued on 
C. But Theorem 4.5 implies that G,(z) = L,(z) — f LL(¢) dw? (¢). Since 
L, is continuous and disks are Dirichlet sets, G,(z) — 0 as z approaches 
any point of 0 D. Thus defining G,(z) = 0 on 0D makes G, a continuous 
function on cl D. Therefore [ Gidun — { Grdu. By Fatou’s Lemma this 
implies fWodv < lim, f G,,dv = lim, [Gidu, = {Grd = f[ G,dv. 
Thus [{(G, — %o)dv > 0. But G, — % < 0 on the support of v, so this is a 
contradiction and c(F) =0. O 


Recall from Proposition 19.4.6 that if U is a family of subharmonic func- 
tions that is locally bounded above, v = supU, and u(z) = limsup,,_,, v(w), 
then u is subharmonic. It was also shown there that if v is usc, then v = u. 
The question arises as to how badly can u and v differ. The next theorem 
answers this. 


12.9 Theorem. If U is a set of subharmonic functions on an open set G 
that is locally bounded above, v(z) = supU, and u(z) = limsup,,_,, v(w), 
then u =v @.e. 


Proof. First enlarge UW to include the functions defined as the maximum 
of any finite subset of U/ and realize that this does not change the value 
of v and wu. Let dp € U and observe that replacing U by the collection of 
functions {¢ € U: ¢ > go} does not change the value of v and wu. So it can 
also be assumed that there is a function ¢g9 in U such that ¢ > ¢p for all d 
in U. 

We first prove a special case of the theorem and then this will be used 
to prove the theorem in total generality. 
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Claim. If G = D, an open disk, and each function in U is negative, then 
there is a Borel subset FE of D with c(F) = 0 andu=von D\ E. 


Let K be any closed disk contained in D and for each tunction p in U 
form the refinement ie . So on int K, Proposition 12.1 implies i? K= =e = @. 
Thus v = = sup{I? : : @ € U} on int K. By Proposition 12.2 for each @ in 
U there is a positive measure 1g on K such that [2 = —G,,, on D. Since 
od, V d2 € U whenever both ¢; and @¢2 are, it follows that the family of 
measures {yg : d € U} satisfies conditions (a) and (b) of the preceding 
lemma. 

Let B be a closed disk contained in D with K C int B and consider the 
refinement I >. Once again mere. Js a positive measure 7 on B such that 
I;' = —G, on D. Thus G, zy = 1onint B. Thus for any ¢ in U, 
w(K) = f Gydug = [Cyaan = = Tika < —fifedn = fGy,,dn = 
{ Gide, = Ud ,(K). Therefore Lemma 12.8 implies there is a positive 
measure ps supported on K with G, < G,, on D and G,(z) = inf{G,,(z) : 
gd € U} except for a Borel subset of D having capacity zero. (Actually, the 
lemma only gives that the support of yw lies in cl D, but, since each pg 
has its support in K, the proof of the lemma shows that suppy C K.) It 
follows that on int K, —G, = u and sup{—G,,(z) : ¢ € U} = v(z) and 
there is a Borel subset Ex of int K having zero capacity such that u = v 
on (intK) \ Ex. But D can be written as the union of a sequence of such 
closed disks. Since the union of a countable number of polar sets is polar, 
this proves the claim. 

Now for the general case. Write G as the union of a sequence of open 
disks {D,} with cl D, C€ G. Since U is locally bounded above, for each 
n > 1 there is a constant M,, such that every ¢ in U satisfies 6 < M, on 
D,. If the claim is applied to the family U — M, = {¢-M,:¢€U}, we 
get that there is a Borel set E,, contained in D, with c(£,,) = 0 such that 
u=von D, \ En. Taking E = U,E, proves the theorem. O 


12.10 Corollary. [f G is a hyperbolic open set, u ts a negative subharmonic 
function, E is a subset of G, and Z = {z € G: If(z) # If(z)}, then Z is 
a Borel set having capacity zero and Z C E. 


Proof. The fact that Z is a Borel set and c(Z) = 0 is immediate from the 
theorem. Now let a be any point in G \ E; it will be shown that a ¢ Z. 
According to Proposition 12.6 there is a negative subharmonic function v 
on G such that v(z) = —oo for z in ZM E and v(a) > —oo. Thus for any 
e > 0, [4+ ev < uon E. By definition this implies if; +ev < I} onG. 
Since v(a) > —oo and ¢ is arbitrary, this implies that [%4(a) < I%(a). Since 
[4 < I%, this completes the proof. O 


12.11 Corollary. If G is a hyperbolic open set, u is a negative subharmonic 
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function on G, E CG, and Z is a polar subset of E, then [e = Thy 2: 


Proof. From Proposition 12.1 we know that Thy za Ie, FixainG\Z 
and let w be any negative subharmonic function on G such that w < u 
on F \ Z. According to Proposition 12.6 there is a negative subharmonic 
function v on G with v(z) = —oo for all z in Z and v(a) > —oo. Therefore 
for any € > 0, wtev < won all of E. Using the preceding corollary, [4 (a) = 
I%(a) > w(a) + ev(a) for all e > 0. Letting « — 0 gives that I[%(a) > w(a) 
for all a in G\ Z. Since Z has area 0, this implies that whenever B(b;r) C G, 
(xr7)—1 Ser) [%dA > (xr?)7} Sacer) w dA > w(a). By Proposition 19.4.9 


this implies that re > won G. Therefore by definition of EN Z rv > EN a 
Taking lim sup’s of both sides and using the observation at the beginning 
of the proof shows that [% = Tey gz O 


Exercises 


1. Let G = D and E = {0} and define u(z) = log |z|. Show that [#(z) = 
0 for z in D \ {0} and J#(0) = —oo. Hence [# = 0 so that [4 # If 
on D. 


2. Show that there is a subharmonic function u on C that is finite-valued 
everywhere but not continuous. (Hint: Let Z be a non-closed polar 
set, let a € cl Z such that a ¢ Z, and let u be a subharmonic function 
as in Proposition 12.5. Now massage uw.) 


3. Let G be a hyperbolic open set, let K be a compact subset of G, and 
let 4 be the positive measure on K such that J}, = —G,, (12.2). Show 
that w(K) = sup {v(K) : v is a positive measure supported on K 
such that G, < 1 on G}. So yp is the “equilibrium measure” for the 
Green potential. See Helms [1975], p 138, and Brelot [1959], p 52, for 
more detail. 


4. Let G be a hyperbolic open set and W a bounded open set with cl 
WC G. If wu is a negative subharmonic function on G, show that 
on W, I C\w is the solution of the Dirichlet problem with boundary 
values u|OW. 


813. The Fine Topology 


This section introduces the fine topology as a prelude to proving in the 
next section Wiener’s Criterion for a point to be a regular point for the 
solution of the Dirichlet problem. This topology was introduced by the 
French school, which proved the basic properties of the topology and its 
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connection with the regularity condition. See Brelot [1959] and the notes 
there as well as Helms [1975], both of which were used as a source for the 
preparation for this section and the next. 


13.1 Definition. The fine topology is the smallest topology on C that 
makes each subharmonic function continuous as a function from C into 
[—oo, 00). This topology will be denoted by F. 


Note that the discrete topology is one that makes every function, includ- 
ing the subharmonic ones, continuous. Since the intersection of a collection 
of topologies is a topology, the fine topology is well defined. 

When we refer to a set that belongs to F we will say that the set is finely 
open. Similarly, we will use expressions such as finely closed, finely continu- 
ous, etc., when these expressions refer to topological phenomena relative to 
the fine topology. If a set is called “open” with no modifying adjective, this 
will refer to the usual topology on the plane. A similar convention applies 
to other topological terms. For convenience the usual topology on C will 
be denoted by U. It is not hard to see that if U is finely open, then so is 
a+avU for alla in C anda> 0. 


13.2 Proposition. 


(a) The fine topology is strictly larger than the usual topology on the plane. 


(b) If G is open and ¢: G — [—co, 00) is a subharmonic function, then 
@ is continuous tf G has the relative fine topology, Fg. 


(c) A base for the topology F consists of all sets of the form 


wn (fz : bp (z) > Cr}, 


k=1 


where W EU, 4,.-.,¢n are subharmonic functions, and c1,...,Cn 
are finite constants. 


(d) The fine topology is a Hausdorff topology. 


Proof. (a) To establish that U C F, we need only show that each open disk 
belongs to F. But the observation that for any a the function log |z — a| is 
subharmonic and B(a;r) = {z : log|z—al < logr} shows this. To show that 
this containment is proper, we need only exhibit a subharmonic function 
that is not continuous. 

(b) Suppose {z;} is a net in G that converges finely to a in G. We need 
to show that $(z;) — ¢(a). Fix an open disk D whose closure is contained 
in G and let ¢) be a subharmonic function on C such that ¢;(z) = $(z) for 
all z in D (12.4). By definition, ¢1(z;) — ¢1(a) = ¢(a). But by (a) there is 
an ig such that z; € D for 1 > ig. Part (b) now follows. 
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(c) We observe that {z : ¢(z) < c} is open when ¢ is subharmonic, 
because subharmonic functions are upper semicontinuous. The proof of (c) 
is now a routine exercise in the definitions that is best left to the reader. 

(d) This is immediate from (a). O 


13.3 Corollary. Finely open sets are infinite. 


Proof. This follows immediately from part (c) of the preceding proposition 
if Proposition 19.4.8 is used to show that, for any subharmonic function ¢ 
and any real constant c, {z : ¢(z) > c} is infinite (or empty). O 


Note that the last corollary shows that F is not the discrete topology. 


13.4 Proposition. Polar sets have no fine limit points. 


Proof. Let Z bea polar set. By replacing Z with Z\{a}, it can be assumed 
that a ¢ Z. By Proposition 12.5 there is a subharmonic function ¢ on C 
such that 6 = —co on Z and ¢(a) > a > —oo. If U = {z: o(z) > a}, then 
U €F (13.2.a),aeU,andUNZ=9. O 


13.5 Corollary. All countable subsets of C are finely closed and the finely 
compact sets are finite. Thus F is not a locally compact topology. 


Proof. Since countable sets are polar, they have no fine limit points by 
the preceding proposition. Hence they contain all their fine limit points and 
thus must be finely closed. Since no sequence can have a limit point, finely 
compact sets must be finite. Now combine this with the fact that finely 
open sets are infinite and it is clear that the fine topology is not locally 
compact. U 


13.6 Corollary. Every subset of C is finely sequentially closed. In partic- 
ular, the fine topology is not first countable. 


13.7 Definition. A subset E of C is thick at a point a if a is a fine limit 
point of FE. If F is not thick at a, say that EF is thin at a. 


So polar sets are thin at every point. Also since U C F, if E is thick at a, 
a is a limit point (in the usual sense) of FE. It is the notion of thickness that 
is the prime reason for discussing the fine topology. This can be seen by the 
following argument. Let K be a compact set and let G be the component 
of C. \ K that contains co. Suppose a € OG and K is thick at a. If w 
is harmonic measure for G at oo, then there is a polar set Z contained 
in K such that for all z in K \ Z, L,(z) = ¥, the Robin constant for K. 
Since polar sets are thin at every point and K is thick at a, a topological 
argument shows that K \ Z is thick at a. Thus there is a net {z;} in K \ Z 
such that z; — a (F). But then L,,(z;) — L,(a) since superharmonic 
functions are finely continuous; thus L,,(a) = y and by Proposition 10.8 
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this implies that a is a regular point for G. So each point of 0G at which 
K is thick is a regular point for G. The converse of this will be proved in 
Theorem 13.16 below. 

Here is a bit of notation that will be useful in this study. If E is a subset 
of G, ¢ is a function defined on G, and a is a limit point of E in the usual 
topology, define 


F& — lim sup ¢(z) = limsup{@(z) : z € E,z — a}. 


Similarly, define E — liminf and E — lim. It is perhaps worthwhile to re- 
mind the reader here that the definition of the various limits does not use 
the value of the function at the limit point. Thus EF — limsup,_,,(z) = 
lim,_,o[sup{¢(z) : z € E and 0 < |z—a| < r}] and E — lim,_,, d(z) = 
E—limsup,_,, ¢(z) = E—lim inf,_,, ¢(z) when these two last limits agree. 


13.8 Theorem. If E is any non-empty subset of C and a is a limit point 
of E, then following are equivalent. 


(a) The set E is thin at a. 

(b) For everyr >0, EN B(a;r) is thin at a. 

(c) There is a subharmonic function @ defined on C such that ¢(a) > 
FE — limsup,_,, ¢(z) > —oo. 

(d) For anyr > 0 there is a positive measure p supported on B(a;r) such 
that L,,(a) < E — liminf,_,, Ly(z) < oo. 

(e) There is a subharmonic function ¢ defined on C such that ¢(a) > 
FE — lim,_,g ¢(z) = —oo. 

(f) For any r > 0 there is a positive measure supported on B(a;r) such 
that L,,(a) < E —lim,, D(z) = oo. 


Proof. First, let’s agree that (a) and (b) are equivalent by virtue of basic 
topology and the fact that B(a;r) € F for all r > 0. Also observe that it 
suffices to assume that a ¢ E. 

(a) implies (c). Assume that E is thin at a. So there is a set U in F such 
that a € U and UNE = 9. From Proposition 13.2 there is a neighborhood W 
of a, subharmonic functions ¢),...,¢n on C, and finite constants ci, ..., Cn 
such that 


aewn (fz: be (2) > ch} CU. 
k=1 
Choose € > 0 such that ¢;(a)—é > cy, for 1 << k < nand set 6= ¢)+...4+ 
gn. Since each ¢ x is usc, there is an r > 0 such that B = B(a;r) C W and 
op (z) < b¢(a)+e/n for all z in B. But a is a limit point of E so BNE £ ; 
if z € BOE, then z ¢ U and so there isa k, 1 < k <n, with o4(z) < Cx. 
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Thus 
o(z) = dx(z)+>_ 45(2) 

j#k 

< cr+ > [d;(a) +e/n] 
j#k 
< ox(a) e+ > ;(a) + nae 
jFk 

= ¢(a)—e/n. 


Hence E — limsup,_,, ¢(z) < ¢(a) —e/n < ¢(a). If -co < a < g(a) and ¢ 
is replaced by max{¢, a}, all the conditions in (c) are met. 

(c) implies (d). Let ¢ be as in part (b) and put D = B(a;r) with r < 1/2. 
By Theorem 19.5.6 there is a positive measure 4 on D and a harmonic 
function h on D such that ¢|D = h — L,. Since h is continuous at a, 


-L,(a) = 4(a)—A(a) 
> E-—limsup ¢(z) — h(a) 


za 


= ££ -—limsup(—L,(z)) 
> —C 


and (d) follows. 

(d) implies (e). Let D = B(a;1/2); so L, > 0 on D. Put C = E- 
lim sup,_,,|—L(z)] < —L,(a). Let {en} be a sequence of positive numbers 
such that €, < 1/2 and e, — 0 monotonically; let D, = B(a;e,) and py = 
p|D,,. Since L,,(a) is finite, 4 does not have an atom at a. By the Monotone 
Convergence Theorem, L,,(a) — 0. Replacing {e,} by a subsequence if 


necessary, we can assume that >>, D(a) < oo. If 6=—)>),, L,z,, then ¢ 
is subharmonic on C and ¢(a) > —oo. 
Ifh, = Ly, — Ly = —Lp—p,), then h, is harmonic on Dy; so hn(z) > 


hn(a) as z— a. If0<6< 1/2 and Es = {2 € E:0 < |z —a| < 6}, then 
sup{—L,,,(z): z € Es} < sup{—L,(z): z € Es} +sup{—hn(z) : z € Eg}. 
Thus 


FE — limsup{—L,,(z)} < C—hyz(a) 
= C—Ly,(a) + £y(a) 
< C+L,(a) 
< 0. 


So for any m > 1, 


FE — limsup S- [—Ly,, (z)] < m[C + L,(a)]. 


za 
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Therefore 


E — limsup ¢(z) — lim sup yt Ly, (2)] 


za 


< E—limsup > [-Ly,, (2)] 
< m(C+L,(a)| 


for all m > 1. Hence FE — lim,_,, ¢(z) = —oo < G(a). 

(e) implies (f). This is like the proof that (c) implies (d). 

(f) implies (a). Suppose yp is as in (f). If E were thick at a, then there 
would exist a net {z;} in EF such that z; — a in the fine topology. Since L,, is 
F-continuous, L,,(2;) — L,(a). But this is a contradiction since L,,(a) < 00 
and L,,(z;) — oo. O 


There are other statements equivalent to those in the preceding theorem 
that involve capacity; for example, see Meyers [1975]. 


13.9 Corollary. Jf E is a Borel set and 


lim lOBla:r)N£E| 0 


r—0 Tr , 


where the absolute value signs denote arc length measure on the circle 
O B(a;r), then E is thick at a. 


Proof. Suppose £& is thin at a. By the preceding theorem there is a sub- 
harmonic function ¢ defined on C such that ¢(a) > E—lim,_., ¢(z) = —oo. 
Since ¢ is usc, there is a constant M such that M > ¢(z) for |z — a] < 1. 
Replacing ¢ by ¢ — M, it can be assumed that ¢(z) < 0 for |z —a| < 1. 
Thus for r < 1 and A, = {8:a+ re” € E}, 


1 20 


—coo< ¢(a) < — b(a + re’’) db 
21 0 
1 0 
< _ a 
< oz |, Marre ) 0 
< [measure(A,.)] sup $(a + re’) 
27 6EA, 
OBl(a;r)NE 
< PRGir) NEI sup (z). 
nr z€O B(a;r) 


But sup{¢(z) : z € OB(a;r)} — —oo as r — O. Therefore |O B(a;r) 
E|/r — 0 as r > 0, contradicting the assumption. O 


If the set EF is contained in a hyperbolic open set, then the equivalent 
formulation of thinness can be improved. 
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13.10 Proposition. If G is a hyperbolic open set, E CG, anda is a limit 
point of E that belongs to G, then the following are equivalent. 


(a) FE is thin ata. 


(b) There is a negative subharmonic function ¢ on G that is also bounded 
below and satisfies ¢(a) > E — limsup,_,, $(2). 


(c) There is a negative subharmonic function ¢ defined on G such that 
o(a) > EF — lim,_., ¢(z) = —oo. 


Proof. (a) implies (b). Let D = B(a;s) be chosen such that cl D C G. By 
Theorem 13.8 it can be assumed that F& C D and there is a subharmonic 
function ¢; on C such that ¢;(a) > H—limsup,_,, ¢1(z). Let B, = B(a;r) 
be chosen with r > s such that cl B, C G. By Proposition 12.4 there is a 
subharmonic function ¢2 on C with ¢2 = ¢) on D and ¢2(z) = log(|z—a|/r) 
for |z —al| >r. 

Let g be the Green function for G and let h be the harmonic function 
on G such that g(z,a) = h(z) — log|z — a| for z in G. Define ¢3 : G — 
[—co, 00) by ¢3(z) = de(z) — h(z) + logr. So ¢3 is subharmonic on G. 
For z in G\cl B,, ¢3(z) = —g(z,a) < 0. Since ¢3 is usc, there is a 
constant M with ¢3 < M oncl B,. Let d4 = ¢3 — M. So @zg is a negative 
subharmonic function on G and it is easy to check that since ¢d2 = ¢1 on 
D, E—limsup,_,, ¢4(z) < ¢4(a). Now let ¢ = max{¢4, d4(a) — 1} and the 
proof is complete. 

(b) implies (c). The proof of this is similar to the corresponding proof in 
Theorem 13.8 and will not be given. 

(c) implies (a). Since subharmonic functions are finely continuous, a can- 
not be a fine limit point of FE. O 


13.11 Definition. If G is any set and u is an extended real-valued function 
defined on G, say that u peaks at a point a in G if for every neighborhood 
V of a, u(a) > sup{u(z) :zE€ G\ V}. 


Note that if u peaks at a, then wu attains its maximum value on G at 
the point a. This alone, however, will not guarantee that u peaks at a. The 
object here will be to find superharmonic functions on an open set G that 
peak at certain points. (Actually, sticking with the fixation of this book 
on subharmonic functions, we will be concerned with finding subharmonic 
functions wu such that —u peaks at a.) If G is a hyperbolic open set and 
a € G, then the Green function g is a function such that g, peaks at a, 
Ja = 0, and gg is superharmonic. The next example will be used later. 


13.12 Example. If R > 0 and up is the restriction of area measure to 
B(a; R), then L, peaks at a. In fact, according to Exercise 3.6, L,,(z) = 
mR? log |z — a|~' if |z —a| > R and L,(z) = wR? [log R7! +. 1/2] — az — 
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a|?/2 = L,,(a) — r|z — a|*/2 for |z —a| < R. It is left to the reader to show 
that sup{Z,,(z) : |z-—a| > r} < L,(a) for any r > 0. 


The first task is to relate peaking with thinness. 


13.13 Proposition. Let G be a hyperbolic open set, leta € G, and suppose 
u ts a negative subharmonic function on G such that —u peaks ata. If E 
is a subset of G, then E is thin at a if and only if Ip(a) > u(a). 


Proof. Since I% = Th, fa} (12.11), we may assume, without loss of gener- 


ality, that a ¢ E. But we also know that [% = I% on G \ E (12.10) so that, 
in particular, [%(a) = I%(a). So we want to show that E is thin at a if and 
only if [#(a) > u(a). 

Assume that [#(a) > u(a). To show that F is thin at a, it is assumed 
that a is a limit point of &. From the definition of If, there is a sub- 
harmonic function ¢ on G such that ¢ < u on E and ¢(a) > u(a). Thus 
E — limsup,_,, o(z) < EF — limsup,_,, u(z) < u(a) < ¢(a). By Theorem 
13.8, & is thin at a. 

Now assume that F is thin at a. If a is not a limit point of £, then there 
is a neighborhood V of a such that VM E = 0 and cl V C G. Since —u 
peaks at a, u(a) < inf{u(z) : ze G\V} < inf{I#(z): z € G\V}. But I} is 
harmonic on V (12.1) and so the Maximum Principle implies I%(z) > u(a) 
for all z in V; in particular, this holds for z = a. So it can be assumed that 
a is a limit point of F and F is thin at a. 

By Proposition 13.10 there is a negative subharmonic function ¢ on G 
that is bounded below such that ¢(a) > E — limsup,_,, ¢(z). Choose a 
constant M such that ¢(a) > M > E — limsup,_,, ¢(z) and let D be an 
open disk about a such that M > ¢(z) for all z in DN E. For t > 0 define 
the function w; = u(a) + t|}¢é — M]. Thus for z in DN E£, 


w1(z) < u(a). 


Now u peaks at a so there is a constant C > 0 with u(z) — u(a) > C for 
all z in G \ D. Because ¢ is a bounded function, the parameter t¢ can be 
chosen so small that t]¢(z) — M| < C for all z in G. Thus for z in G \ D, 
t|é(z)-—_M] < C < u(z)—u(a). Therefore w:(z) = u(a)+t[d(z) — M] < u(z) 
for all z in G \ D. On the other hand, for z in DN E, wi (z) < u(a) < u(z) 
since —u peaks at a. Thus uw; < u on EF and so uy; < J}#. But u;(a) = 
u(a) + t[d(a) — M] > u(a), proving the proposition. O 


The next result is often called the Fundamental Theorem for thinness. 
(It is probably best here to avoid the variety of possible minor jokes that 
such a title affords. ) 


13.14 Theorem. I/f E is any set and Z={acé E: E is thin at E}, then 
Z is a polar set. 
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Proof. Cover E by a sequence of open disks {D,,} each having radius less 
than 1/2 and let Z, = ZN Dn. Clearly Z = UnZ, and if each Z, is shown 
to be a polar set, then so is Z. Thus it can be assumed that & C D, an open 
disk of radius < 1/2. Let p be the restriction of area measure to D and 
put u = —L,. So u is a negative subharmonic function on D. If a € Z, let 
r > 0 such that B(a;r) C D, put py = p|B(a;r) and pe = p|[D \ B(a;r)], 
and let u; = —L,,, j = 1,2. Clearly u = ui + ue and both u; and ug are 
negative subharmonic functions on D. By (13.12) —u1 peaks at a and so by 
the preceding proposition [%'(a) > u(a). Thus I'%(a) > F(a) + ['(a) > 
u(a) = I%é(a), since a € E. Thus Z C {z : I#(a) > I#(a)} and this is a 
polar set by Corollary 12.10. O 


13.15 Corollary. A set Z is polar if and only if it is thin at each of tts 
points. 


Proof. The proof of one direction of the corollary is immediate from the 
theorem. The proof of the other direction was already done in (13.4). O 


In Theorem 13.14 let us emphasize that the polar set Z is contained in 
E. Clearly the set of all points at which F is thin is not polar since it is 
thin at each point of C \ cl &. But not even the set of points in cl E at 
which F is thin is necessarily a polar set. For example, if E is the set of all 
points in C with rational real and imaginary points, then FE is countable 
and hence polar and hence thin at every point. 


13.16 Theorem. If G is a hyperbolic open set and a € 0,,G, then a is a 
regular point of G if and only if Cy \ G is thick at a. 


Proof. Put FE =C,. \G. If E is thick at a, the argument given just after 
the definition of thickness shows that a is a regular point for G. 

For the converse, assume that a is a regular point of G. By (19.10.1) there 
is a non-constant negative subharmonic function u on D \ E = G(a;r) 
such that (D \ E) — lim,_..,u(z) = 0. Also assume that EF is thin at 
a and let’s work toward a contradiction. According to Proposition 13.10 
there is a bounded subharmonic function ¢ on D such that ¢(a) > E — 
limsup,_,, ¢(z). By changing scale it may be assumed that ¢(a) = 1 and 
FE — limsup,_,, ¢(z) < —1. Choose 6, 0 < 6 < 1, so that D, = B(a;5) 
satisfies cl D; C D and ¢(z) < —1 for all z in (cl D1) N (E \ {a}). The 
contradiction to the assumption that F is thin at @ will be obtained by 
showing that there is a positive scalar t such that @ < —t u on D, \ E. 
Indeed once this is shown it follows that (D, \ F&) — limsup,_,, d(z) < 
(D, \ £) — limsup,_,,[—t u(z)] = 0. But F — limsup,_,, ¢(z) < —1, so we 
get that 1 = ¢(a) = limsup,_,, o(z) < 0, a contradiction. 

It will be shown that there is a positive scalar t such that for any ¢ > 0 


13.17 (D, \ F) — limsup,_,,[$(¢) + t u(¢) + € log |¢ — al] < 0 
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for all z in O(D,; \ E) = (0 Dy \ FE) U(OEN cl D,). If this is shown to 
hold, then the Maximum Principle implies that, for every « > 0, é+tu+ 
élog|z—a| <0 on D, \ E. Letting « — 0 shows that ¢ < —t u, as desired. 

From the properties of ¢ there is an open set W containing 0D, N E 
such that @ < 0 on W. Thus no matter how the positive number t is 
chosen, (13.17) holds for all z in WN (0D, \ E). Also ¢ is bounded and u 
is negative and usc, so t > 0 can be chosen with 6+tu <0 on OD, \ W; 
fix this choice of ¢. Combining this with the preceding observation shows 
that (13.17) holds for all z in OD, \ E. If z € OE Ncl D, and z ¥ a, 
then ¢(z) < —1 and so ¢(¢) < 0 in a neighborhood of z. Thus (D, \ FE) — 
lim supc_,,[O(¢) + ¢ u(¢) + elog|¢ — al] < elog|z — a| < elogd < 0, so 
(13.17) holds for z in OE Mcl D; and z # a. If z = a, then (13.17) also 
holds, since the left hand side is —oo. O 


Remarks. The fine topology is fully studied in the literature. In addi- 
tion to Brelot [1959] and Helms [1975], cited in the introduction of this 
section, the following sources are useful: Hedberg [1972b], Hedberg [1993], 
and Landkof [1972]. 


Exercises 


1. Suppose the set F is thin at a and f : C — C is a mapping such that 
lf(z) — f(w)| < |z — w| and |f(a) — f(z)| = Ja — z| for all z,w in C. 
Show that f(£) is thin at a. 


2. Is there a set EF such that both F and C \ E are thin at a? 


$14 Wiener’s Criterion for Regular Points 


In this section Wiener’s Criterion for the regularity of a boundary point will 
be stated and proved. This statement is in terms of logarithmic capacity. 


14.1 Definition. For any subset FE in C, define the outer capacity of E as 
the number 


c*(£) = inf{c(U) : U is open and contains E}. 
It is clear that 
c*(E) = exp(—v"(E)), 


where 
u*(E) = sup{v(U) : U is open and contains F}. 


It is a standard fact about capacities that c*(E) = c(£) for a collection of 
sets that includes the Borel sets. This is not proved in this book, but we 
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have seen that this is the case when E is compact (Corollary 7.16). The 
reader interested in this fact can see Carleson [1967]. 


14.2 Wiener’s Criterion. Let E be a set, aE C, and0 <1 < 1/2; for 
each n > 1, let Ey, = EN{z: Xt! < |z—a| < A"}. The set E is thick at 
a if and only if 


cans Tr 
14. —_—____———_ = ©. 
° D- joge(Ey 4] 


First a few observations and corollaries. Note that the condition (14.3) 
is equivalent to 


[© @) 
14.4 > - ” 
n=1 


The reason for the restriction A < 1/2 is to guarantee that diam EF, < 1 
for all n > 1 and thus that c*(E,,) < 1 for all n. Thus the series does not 
diverge by virtue of having one of its terms equal to oo. This also assures 
that each term in the series is positive. 

To dispose of the trivialities, observe that a is not a limit point if and 
only if E,, = 0 for all n larger than some no. In this case c*(E,,) = 0 for 
n > no and the series in (14.3) is convergent. The same holds of course if 
E,, is polar for all large n. 

Originally Wiener stated his criterion as a necessary and sufficient con- 
dition for a point to be a regular point for the solution of the Dirichlet 
problem. The following corollary is immediate from Wiener’s Criterion and 
Theorem 13.16. All the corollaries below will be stated for finite boundary 
points of the hyperbolic open set G. The condition for the regularity of the 
point at co is obtained by inversion. 


14.5 Corollary. If G is a hyperbolic open set,a € OG, 0 <1 < 1/2, and 
K, = {2 €C\G: At! < |z—a| < A"}, then a is a regular point if and 
only if 


oo 


2 ig isa yo 


14.6 Corollary. With the notation of the preceding corollary, if Un is the 
equilibrium measure for K,, then a is a regular point of G if and only if 


Ly, (a) (a) = 66 
» log{c(K,)74] 


Proof. Put vn = log|c(K,)~+). For z in Ky, A"*1 < |z —a| < A” and so 
n < [log A~*]~* log |z — a7! < n+1. Hence n < [log A~1]-!L,, (a) <n+1 
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and so the two series }|,, n/vp, and >_,, Ly, (a@)/Un simultaneously converge 
or diverge. O 

Now observe that the function zlogz~! is increasing for 0 < x < e7!. 
Adopting the notation of the preceding corollary, K, C An = {z: At! < 
|z—a| < A”} and so c(K,) < c(Ay) = X” (10.6). So if c, = c( Ky), we have 
that cp loge; < A" logA7~” = nd" logA~!. Thus the following corollary 
follows from Corollary 14.5. 


14.7 Corollary. With the notation of Corollary 14.5, if }),c(Kn)/Xr” = 
oo, then a is a regular point of G. 


14.8 Corollary. If G is a hyperbolic open set, a € OG, and, for r > 0, 
c(r) = c((C \ G)N Bla;r)) and 


1 


l _ 
lim sup,_,9 ost > 0, 


og e(r)~? 
then a is a regular point of G. 
Proof. Assume that a = 0 and put E, = (C\G)NM B(a;r) and v(r) = 
log c(r)—}. Fix A, 0 < A < 1/2, and let {K,,} and {u,} be as in Corollary 
14.6 above. Put vp = logc(Kn)~'; so Ly, = v,,' qe. on Kn. 

Suppose a is not a regular point of G and let e« > 0; it will be shown 


that the lim sup in this corollary is less than this arbitrary ¢. According to 
Corollary 14.6, >, Ly, (a)/Un < co. Thus there is an integer N such that 


s Lyn (0) — & 
Un 2 


for all m > N. Fix r < X% and let m be such that A"+! < r < X™. Let 
n be the positive measure supported on £, such that L, = 1 q.e. on E, 
and n(E,) = v(r)~'. For each n let ¢n(w) = fx log|z — w|~*dn(z) and 
y= > dn. Note that with B, = (C\ G)N {z: A"tt < |z| < A”} 


Df tow |eltdn() 
n=m Kn 


J rele tante)+ > ff togle|tan(e) + 
Km Bn 


n=m+1 


+> I log |z|"dn(z) 


n=m+1 n\Bn 


LO) + Sof lowlai ante) 


n=m+1 


(0) 


| 
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So L,(0) < ¥(0) < 2L,,(0). 

Now L,,, = Un q.e. on Ky and hence n(Kn) = un" fx, Lundn = Un? Sx. 
Wndun. But Ly, = 1 q.e. on E, and log|z—w|~* > 0 on E,, so for jz, almost 
all z in K,,1=L,(z) = fy log|z — w|~*dn(w) = Yn(z). Therefore 


n(Kn) < Un 


for all n and so 


Wn (0) I log |z|~*dn(z) 


< (n+1)(log \~*)n( Kn) 
< Vv," ae n log \~? 


< 2v7*L,, (0). 
Combining this with previous inequalities we get 
L,(0) < ¥(0) 
Y= ¢n(0) 


< 2 > Zun(O) 


< €. 


But basic inequalities show that L,(0) > v(r)~logr~! and so we have 
that v(r)~logr-1 —Oasr—0. O 


14.9 Corollary. With the notation of Corollary 14.5, if k, = Area(K,) 
and \>, Kn,/ A?" = oo, then a is a regular point. 

Proof. According to Proposition 7.8, cn = c(Kn) > [Kkn/me]'/?. Since 
Kn © B(a;”) we also have that Kk, < 7A?". Hence 


vn _ V < ./ ; 
\2n vn Nn — VT vn 


Thus a is a regular point by Corollary 14.7. O 


Now to begin the proof of Wiener’s Criterion. 


14.10 Lemma. /f U is a bounded open set, then there 1s a positive measure 
y. supported on OU such that p(OU) = 1/v(U) and L, =1 onU. 


Proof. Write U as the union of a sequence of compact sets {K,} with 
Ky, © intKn41. So c(K,,) T c(U) and vp, = v(K,) | v(U) = v. Let vy, be the 
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equilibrium measure for K,, and put un = v;,'Yp. Now ||un|| = un(U) = 
v,! < v7! < oo. So {pp} is a uniformly bounded sequence of positive 
measures in M(cl U); by passing to a subsequence if needed, it can be 
assumed that there is a positive measure py on cl U such that un, — ps weak*. 
Because supp fin C O Ky, supp wp C OU. Also v7* = un(cl U) = f ldun > 
u(cl U); thus u(OU) = v—'. Finally, fix a z in U and pick m with z in int 
Km. By (10.1) Ly, (z) = 1 for all n > m. But it is easy to use Tiezte’s 
Extension Theorem to show that , — py weak* in M(cl U \int K,,). Since 
w — log|z — w|~" is continuous there, L,,,(z) > L,(z). 0 


14.11 Lemma. /f 0 < X < 1/2, there is a constant C = C(X) such 
that for n > 1, if A°*! < |z| < XA” and w satisfies either |\w| < rA"*? or 
dA"! < |w| < 1/2, then log |z — w|-! < Clog |w}7!. 


Proof. Put L =~! and draw circles centered at 0 with radii \”+?, A", 
A”, and A"—!; fix z with A"*! < |z| < \”. First, suppose |w| < A"*? and 
examine the picture to see that |w—z| > A"t! — At? = A"+2(L —-1). Thus 
jw — 2\-2 < L"+4(L —1)7! < wl} (2 —-1)~!. Thus 


log |w — z|~1 log(Z —1)7} 
OVA ge 44 SRN 
log |w|~* log |w|-* 

_4)-1 
< 1 oslh 1) 
(n+ 2) log L 
_4)-1 
1 + ost 1) | 


~ 2 log L 


Now suppose A”~! < |w| < 1/2. Another examination of the picture 
shows that |w—z| > A"—!— A” = A*—1(1—A) and so |w—2|7! < L™*(1- 
r)~1 < Jwl-t( — A)~t. Thus 


log |w — 2|~! log(1 — A)7? 
SoA ec 74 Se 
log |w|~* log |w|~* 

_ y)-1 
1+ log(1 — A) | 


log 2 
QO 


Proof of Wiener’s Criterion. By translation it can be assumed that the 
point a = 0. Also recall (13.8) that a set FE is thick at 0 if and only if for 
every r > 0, EMD is thick at 0. Thus in this proof it suffices to assume 
that E C $D. Thus log|z — w|~* > 0 for all z, w in E. As pointed out 
in the discussion following the statement of (14.2), it can be assumed that 
v*(En) > 0 for all n. We will prove the contrapositive of (14.2). 

Assume that the series (14.3) converges and choose an arbitrary sequence 
of positive numbers {¢,} such that }),, nén < oo. Now for each n choose 
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an open set U,, that contains E,, such that cl U,N{z : |z| < A"*+?} = @ and 


1 1 1 
v°(En) ~ 0(Un) ~ o*(En) **™ 
By Lemma 14.10 for each n there is a positive measure pz, supported on 
OU, with pn(OU,) = v(Un)~! and L,,,(z) = 1 for all z in U,. For each 
n define the subharmonic function ¢, = —)_;,, Ly,. Note that @, is 
negative on 5D. 
Note that for any k > 1 and z in OUj, |z| > A**? and so 


| log |z|"*duz (2) 
OU, 


Ly, (0) 


< (log A~**?))u,.(0 Ux) 
1 
< (k+2)1 at | a +e 


Since both 5°, k/v*(E;,) and >_, ke, converge, this implies there is an n 
such that ¢,,(0) > —1; fix this value of n. If k > n and z € Ex, which is 
contained in U;, then L,,(z) = 1. Since each L,, is non-negative on E, 
this shows that ¢, < —1 on 


LJ Fe = EN{z:0< |z| < A*}. 


k=n 


Hence E — limsup,_,9 én(z) < —1 < ¢,(0). By (13.10), E is thin at 0. 

Now suppose that F is thin at 0; it can be assumed that 0 is a limit 
point of E. So (13.8) there is a positive measure 4 with compact support 
contained in 3D such that L,(0) < E — lim,z.9 L,(z) = +oo. Put a, = 
inf{L,(z) : z € En}; so an — oo. Let 6 be an arbitrary positive number; 
since L, is Isc, {z : Ly(z) > an — 6} is an open set containing E,. Put 
U, = {z: Ly(z) > an — 6} N{z: A" < |z| < A”}. So U, is a Borel set 
that contains E,,; it suffices to show that )),, n/v(Un) < oo. 

Let {en} be a sequence of positive numbers such that >> nén < oo 
and for each n choose a compact subset K, of U, such that v(K,)~! > 
v(U,,)~1 — En. It is therefore sufficient to show that 


Tu 
2 UK) < 00. 


Breaking this sum into 6 separate sums, we see that it suffices to show that 


6n +7 <0 
v(Ken+;) 


n=1 


for 7 = 0,1,...,5. This will be shown for 7 = 0. (By only considering 
the series consisting of every sixth term, this will separate the sets Ken+; 
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sufficiently that estimates such as in Lemma 14.11 can be applied.) Note 
that Ken © Uen © An = {2 : A8r#? << |z| < 46-1}. 


Claim. Ke, 9 An = @ fork #n. 


To see this, first assume that k > n;sok=n+p, p> 1. Thus \®* = 
ROr+6P < H6"+2 and so Kez M An = 0. Now assume that k < n; so k = 
nm—p, p> 1. Thus \®%*+! — )6r—-6pt+1 5 )6n-1_ This proves the claim. In 
particular, the sets {Kg,} are pairwise disjoint. 

Now K = {0} UU, Ken is a compact subset of $D and u = —L, isa 
negative subharmonic function there. If 6 = I x» then Proposition 12.2 says 
there is a positive measure v supported on K such that ¢ = —G, = —L,+h 
for some harmonic function h on 5D. Because —oo < u(0) < (0) and h is 
harmonic, L,(0) < oo. Thus v({0}) = 0. Write 


L,(z) = I log |z — w|~*dv(w) +/ : log |z — w|~*dv(w). 
6n kén 6k 


According to Lemma 14.11 there is a constant C' depending only on A such 
that for z in Ke, and w in U,_,, Ker, log lw — z|—! < Clog|w|—!. Thus 
for all z in Ken, 


| log |z — w|~2dv(w) < Clv]. 
Ker 


kn 


Thus 


14.12 L,(z) < Cllv| + | log |z — w|~2dv(w). 
6n 

By (12.10) there is a polar set Z contained in K such that —L, +h = 
@=u=-L, on K \ Z. Let |h| < M on K. Therefore on K,, \ Z, Ly = 
—-¢+h=L,+h>a,—-—65—-—M and so (K \ Z) — lim, L,(z) = oo. So 
if Cy is any number with C, — C||v|| > c > 0, there is an integer m such 
that Ly(z) > Ci on [Un>mKen!] \ Z. 

Hence if n > m and z € Kgn, (14.12) implies 


| log |z — w|~'dv(w) > L,(z) — C||v|| > e. 
Ken 


Thus v(Ken)~! < c7'v(Ken) by Theorem 10.2. But for z in Ken, A®"t! < 
|z| < A®”, so that 6n log A~! < log |z|~! < (6n + 1) log A—!. Therefore 


——__ < €¢ 6n V( Ken 


n=1 
1 | 4 
— log |2|~2dv(z) 
clog > os Ken 
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